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A  third  order  thermodynamic  perturbation  theory  for  the  surface 
tension  of  polyatomic  liquids  has  been  developed  using  a  Pople  reference 
fluid.   The  expansion  includes  terms  containing  the  unknown  pair  and 
triplet  interfacial  correlation  functions,  g  (z.._r  „)  and  g  (z.r  „r.J, 
for  the  reference  fluid.   These  are  removed  by  using  the  Fowler  approxima- 
tion for  the  interface.   The  resulting  theory  has  been  tested  against 
Monte  Carlo  results  for  the  Fowler  model  surface  tension  of  a  fluid 
whose  molecules  interact  with  a  Lennard-Jones  plus  dipole  potential. 
The  behavior  of  the  theory  compared  with  similation  parallels  that 
of  bulk  fluid  properties;  namely,  the  second  order  theory  agrees  with 

the  Monte  Carlo  results  for  small  values  of  the  dipole  moment  up  to 

3  1/2 
U/(ea  )  '  "  -  0.6.   For  larger  dipole  strengths  neither  the  second  nor 

third  order  theories  agree  with  the  computer  simulation  results.   How- 
ever, when  the  third  order  expansion  is  recast  in  the  form  of  a  simple 

[1,2]  Pad!  approximant,  the  theory  agrees  with  the  Monte  Carlo  results 

3  1/2 
up  to  dipole  moments  as  large  as  u/(ea  )     =  1.75.   This  Pade  theory 

has  been  used  to  calculate  the  surface  tension  of  pure  dipolar  and 
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quadrupolar  liquids.   The  theory  agrees  with  experimental  values  of 
surface  tension  in  the  neighborhood  of  the  triple  point;  however,  the 
Fowler  model  does  not  give  the  correct  temperature  dependence  of  the 
surface  tension.   The  theory  has  also  been  used  as  a  basis  for  develop- 
ing useful  correlations  of  surface  tensions  of  pure  polyatomic  liquids. 

A  first  order  perturbation  theory  has  been  developed  for  the 
interfacial  density-orientation  profile  p(z  w  )  for  polyatomic  fluids. 
Upon  introduction  of  a  Pople  reference,  the  first  order  term  p  (z  w  ) 
vanishes  for  multipolar  anisotropies,  but  does  not  vanish  for  anisotropic 
overlap  or  dispersion  potential  models.   Calculations  of  p(z  00  )  for 
axially  symmetric  molecules  interacting  with  each  of  the  latter  potentials 
have  been  performed,  using  a  Lennard-Jones  reference  fluid  and  the  inter- 
facial pair  correlation  function  model  used  by  Toxvaerd.   The  calculations 
indicate  that  the  axially  symmetric  molecules  have  preferred  orientations 
in  the  interfacial  region. 

A  method  has  been  devised  for  using  a  NOVA  2  minicomputer  with 
32K  words  of  core  and  external  disc  storage  to  perform  Monte  Carlo 
simulations  of  128  nonspherical  molecules.   The  simulations  generally 
require  several  days  of  continuous  calculation;  however,  several 
equilibrium  property  values  and  values  for  the  angular  pair  correlation 
function  gCr^o^u^)  at  five  to  seven  specific  orientations  may  be  obtained 
at  a  fraction  of  the  cost  of  doing  the  calculations  on  a  full  size  machine. 
Results  from  the  minicomputer  compare  within  the  statistical  precision 
with  results  previously  obtained  on  CDC  and  IBM  machines. 

The  method  of  molecular  dynamics  has  been  used  to  study  systems 
of  256  molecules  interacting  with  Lennard-Jones  plus  quadrupole  and 
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Lennard-Jones  plus  anisotropic  overlap  potentials.   The  equilibrium 
properties  determined  include   conf igurational  internal  energy, 
pressure,  Fowler  model  surface  tension,  Fowler  model  surface  excess 
internal  energy,  mean  squared  force,  and  mean  squared  torque.   In 
addition,  the  coefficients  g.  .   (ri?)  in  an  expansion  for  the 
angular  pair  correlation  function  g(r..„U)  co  )  in  terms  of  products 
of  spherical  harmonics  of  the  molecular  orientations  are  determined. 
Site-site  pair  correlation  functions  g  R(r)  are  also  found.   Relations 

are  developed  between  the  g„  „   (r.J  coefficients  and  the  above  listed 

X--X,  m  lz 

equilibrium  properties  for  several  anisotropic  potential  models.   Study 
is  made  of  orientational  structure  in  quadrupolar  and  overlap  fluids 
via  glr.^u,^)  as  obtained  from  the  recombined  spherical  harmonic 
expansion.   A  method  of  producing  filmed  animations  of  molecular 
motions  from  molecular  dynamics  data  is  described. 
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CHAPTER  1 
INTRODUCTION 

The  development  of  rigorous  methods  for  prediction  of  properties 
of  liquids  must  come  from  an  understanding  of  how  molecules  are  dis- 
tributed and  interact  with  one  another.   Such  fundamental  understanding 
of  liquids  may  be  pursued  from  three  directions:   theory,  experiment, 
and  computer  simulation.   Molecular  theory  is  the  domain  of  statistical 
mechanics;  molecular  level  experimentation  usually  involves  light, 
x-ray,  or  neutron  scattering,  while  computer  simulation  embodies  the 
Monte  Carlo  and  molecular  dynamics  techniques.   Computer  simulation 
adds  a  powerful  new  dimension  to  the  study  of  matter  which  in  no  way 
supplants  the  other  two  methods  of  study.   As  indicated  in  Figure  1, 
simulation  complements  both  theory  and  experiment.   Thus,  comparison 
of  simulation  with  laboratory  experiment  provides  information  about 
the  molecular  interactions  in  the  liquid.   On  the  other  hand,  com- 
parison of  simulation  with  theory  provides  a  stringent  test  of  the 
theory. 

In  spite  of  current  gains  being  made  in  the  study  of  liquids, 
fundamental  understanding  of  fluid-fluid  interfacial  phenomena  has 
been  slow  to  develop.   The  difficulty  with  study  of  interfacial 
properties  arises  from  the  inhomogeneity ,  nonuniformity  and  anisotropy 
of  the  interfacial  region  between  homogeneous  fluid  phases.   In  general, 
microscopic  fluid  properties  vary  through  the  interface  from  their 
values  in  one  bulk  phase  to  their  values  in  the  other  bulk  phase,  as 
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Figure  1.   Relation  of  Theory,  Experiment,  and  Computer 
Simulation  in  the  Study  of  Liquids 


in  Figure  2.   These  properties  include  density,  refractive  index, 
dielectric  constant,  etc.   The  oft  measured  (macroscopic)  properties 
of  interfaces  are,  in  many  cases,  related  to  integrals  over  the 
microscopic  properties  [1]: 


X  =  k 


[MB  -  M(z)]dz  (1-1) 


where  X  represents  a  macroscopic  property,  M  is  a  microscopic  property, 
subscript  B  indicates,  usually,  a  bulk  phase  value  and  k  is  a  pro- 
portionality constant.   Examples  of  specific  properties  having  the 
general  form  of  (1-1)  are  given  in  Table  1.   Equation  (1-1)  indicates 
that  prediction  of  macroscopic  interfacial  properties  and  comparison 
with  experiment  is  not  a  completely  satisfactory  test  of  theory.   Of 
more  value  is  understanding  of  the  microscopic  properties  and  their 
relations  to  macroscopic  properties  of  interest.   In  the  case  of 
theoretical  study,  such  an  approach  must  lie  in  statistical  mechanics. 

The  prediction  of  macroscopic  property  values  in  a  variety  of 
situations,  e.g.,  over  a  large  portion  of  the  phase  diagram  and  in 
multicomponent  systems,  remains  a  vital  engineering  concern.   In  the 
case  of  interfacial  problems,  the  macroscopic  property  of  interest  is 
the  interfacial  tension.   The  ability  to  predict  interfacial  tensions 
is  required  in  the  equipment  and  process  design  and  operation  of  numerous 
fluid-fluid  contacting  operations,  such  as  distillation,  solvent  extrac- 
tion, liquid  membrane  separation  techniques,  and  tertiary  oil  recovery. 
Interfacial  tension  is  also  important  in  understanding  various  biological 
processes  such  as  blood  oxygenation  and  eye  lubrication.   Of  particular 


Figure  2.   Variation  of  Fluid  Density  with  Position  through 
a  Planar  Vapor-Liquid  Interface 


TABLE  1 


Examples  of  Macroscopic  and  Microscopic 

Interfacial  Properties  Related  by  Equations 

of  the  Form  (1-1) 


X  =  k 


[MB  -  M(z)]dz 


ri  =  J  [P±(«)  -  P^dz  +  j  [p.(z)  -  pj]ds 
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=   surface  adsorption  of  component  i 
=  density  of  component  i 

bulk  vapor  phase  density 
=  bulk  liquid  phase  density 

surface  tension 

normal  component  of  stress  tensor 


PT(z)   -   tangential  component  of  stress  tensor 

K      =   coefficient  of  ellipticity  for  light  plane  polarized  at 

45°  to  the  plane  of  incidence,  when  incident  at  Brewster's 

angle 

p         .  th 

^-i     _   i   component  of  local  polarization  vector 


bulk  phase  index  of  refraction 
wavelength  of  incident  beam 


importance  is  the  determination  of  how  molecular  characteristics  of 
the  fluid  contribute  to  the  interfacial  tension.   An  important  goal 
in  design  considerations  is  the  improved  efficiency  of  fluid-fluid 
contacting  operations  by  modifying  the  system  (e.g.,  by  introduction 
of  additives)  in  order  to  lower  the  interfacial  tension.   This,  in 
turn,  leads  to  consideration  of  how  molecules  absorb  and  orient 
themselves  in  the  interfacial  region. 

1.1  Theory  of  Surface  Properties 

Readily  used  methods  currently  available  for  predicting  inter- 
facial tension  have  been  reviewed  [5,6].   These  methods  include 
corresponding  states  approaches,  techniques  based  on  regular  solution 
theory  and  scaled  particle  theory,  and  more  empirical  methods.   These 
methods  are  generally  applicable  to  spherical  and  nearly  spherical 
molecules,  nonpolar  polyatomics  and  their  mixtures.   These  methods 
fail  to  accurately  predict  interfacial  tensions  for  strongly  polar, 
quadrupolar  or  associating  liquids. 

Almost  all  rigorous  theoretical  work  on  interfacial  phenomena 
has  been  for  fluids  with  spherically  symmetric  molecular  interactions. 
Two  rigorous  relations  have  been  developed  for  surface  tension.   The 
Kirkwood-Buff  equation  relates  the  surface  tension  y   to  the  inter- 
facial density  profile  p(Z;L)  and  the  interfacial  pair  correlation 
function  g(Z]Lz2r12)  [2,7] 


Y  =  2 


dz. 


du(r12)  'x— ~  z2 


-12   dr19   P(zi>P(z2)  8(ziz2rl2) 
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12   12 


r12 


(1-5) 


The  Kirkwood-Buff  equation  is  valid  for  spherical  molecules  and 
assumes  the  intermolecular  potential  to  be  a  sum  of  pair  potentials. 
This  relation  is  intractable  as  it  stands  because  of  the  unknown 
function  g(z1z„r   ) .   Consequently,  the  Kirkwood-Buff  relation  has 
been  studied  using  various  simplifying  models  for  the  interfacial 
region.   The  simplest  such  model  is  due  to  Fowler  [8]  and  assumes 
an  abrupt  transition  from  liquid  to  vapor  phase.   Further,  the  vapor 
phase  density  is  assumed  to  be  negligible  compared  to  the  liquid 
density.   Thus,  the  model  may  be  expressed  as: 


p(Z;L)p(z2)  g(Zlz2r12)  =  6(-Z;L)0(-z2)  pL8L(r12>  (1_6) 


where  0  is  the  unit  step  function, 


( 


'(x)  = 


1   if   x  *  0 


0   if   x  <  0 


(1-7) 


subscript  L  indicates  a  bulk  liquid  property  and  the  negative  z 
direction  is  into  the  liquid.   The  resulting  Fowler-Kirkwood-Buf f 
expression  for  surface  tension  is: 

2  °° 
TPL  (•       ,   du(r12) 

Y  =  T-  J  dr12  rl2  —^—   8L(r12)  (1"8) 

0 

As  could  be  expected,  the  Fowler-Kirkwood-Buf f  theory  works  well  near 
the  fluid  triple  point  but  gives  increasing  errors  in  surface  tension 
as  the  temperature  is  raised  towards  the  critical  point.   Recent 


evidence  indicates  that  the  good  agreement  at  the  triple  point  is 
due  to  cancellation  of  errors  [6]. 

The  second  rigorous  relation  for  surface  tension  is  a 
generalized  van  der  Waals  equation  which  gives  the  surface  tension 
in  terms  of  the  density  gradient  dp(z  )/dz1  and  the  interfacial 
direct  correlation  function  c(z  z  r  )  [9]: 
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This  relation  is  more  general  than  the  Kirkwood-Buf f  expression  since 
no  assumption  of  pairwise  additive  potential  is  made  in  its  derivation. 
It  has  the  further  advantage  that  the  direct  correlation  function  c(r  „) 
is  generally  of  shorter  range  than  the  pair  correlation  function  g(r  „). 
The  generalized  van  der  Waals  equation  (1-9)  has  not  been  as  thoroughly 
studied  as  the  older  Kirkwood-Buf f  formula. 

The  Kirkwood-Buf f  equation  has  recently  been  generalized  to 
nonspherical  molecules  [10].   From  both  a  practical  standpoint  and  a 
desire  to  gain  understanding  of  interfacial  phenomena,  there  is  strong 
need  for  using  this  new  relation  as  a  basis  for  developing  predictive 
methods  for  surface  tension  of  polar  and  quadrupolar  systems. 

Evaluation  of  the  interfacial  density  profile  p(z  )  is  required 
in  order  to  determine  the  surface  tension  from  the  rigorous  expressions 
(1-5)  and  (1-9).   Study  of  the  interfacial  density  profile  is  also 
of  interest  per  se.   Nearly  all  studies  thus  far  have  been  for 
spherical  molecules.   A  variety  of  approaches  have  been  used:   a) 
van  der  Waals  theory  [11],  b)  constant  chemical  potential  through 


the  interface  [12,13],  c)  first  Born-Green-Yvon  equation  [14],  d) 
constant  normal  pressure  through  the  interface  [15,16],  e)  minimiza- 
tion of  system  free  energy  obtained  by  perturbation  theory  [17,18], 
and  f)  computer  simulation  [19,20,21].   Determination  of  surface 
tension  for  nonspherical  molecules  will  require  knowledge  of  the 
interfacial  density-orientation  profile  p(z  U)  ),  where  w   is  a  set 
of  Euler  angles  specifying  the  orientation  of  molecule  1.   Further, 
there  is  considerable  interest  in  determining  how  modification  of 
molecular  orientation  affects  "the  surface  tension. 

1.2  Computer  Simulation  Methods 

In  the  computer  simulation  approach  to  the  study  of  liquids 
either  the  Monte  Carlo  or  molecular  dynamics  technique  may  be  used. 
These  methods  provide  detailed  information  on  equilibrium  and  time 
dependent  properties  and  on  liquid  structure  for  molecules  interacting 
with  known  force  laws.   In  addition  to  use  of  simulation  results  as 
a  standard  for  evaluating  theories  of  liquids,  there  is  now  serious 
interest  in  using  simulation  as  a  vehicle  for  evolving  and  evaluating 
realistic  potential  models  for  liquids.   Much  of  the  simulation  work 
has  been  performed  for  simple,  spherical  molecules.   Only  in  the  past 
few  years  has  simulation  of  nonspherical  molecules  been  undertaken. 
There  is  need  of  exploiting  these  simulation  methods  as  fully  as 
possible  since  they  provide  a  wealth  of  detailed  information  for 
study. 

Much  of  the  effort  in  the  history  of  computer  simulation  has 
been  expended  in  developing  the  methods,  demonstrating  their  usefulness 
and  potential  applicability  and,  in  general,  making  simulation  a 
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respectable  research  tool.   There  is  currently  a  need  to  explore 
methods  for  improving  the  efficiency  of  these  calculations  with  a 
view  towards  conserving  computer  resources  and  making  the  simulation 
techniques  accessible  to  more  users.   One  possible  approach  is  the 
use  of  a  minicomputer  for  performing  simulations  of  liquids. 

1.3  Outline  of  Dissertation 

This  work  is  divided  into  two  parts.   Part  1  includes 
Chapters  2-4  and  is  concerned  with  the  theory  of  vapor-liquid 
interfaces  for  nonspherical  molecules.   In  Chapter  2  a  statistical 
mechanical  perturbation  theory  is  developed  for  the  surface  tension 
of  polyatomic  fluids.   The  general  first  order  perturbation  term  is 
obtained  and  the  second  and  third  order  terms  are  found  when  a  Pople 
reference  is  used.   Specific  relations  for  the  perturbation  terms 
are  given  for  several  anisotropic  potential  models:   dipole,  quadrupole, 
overlap  and  dispersion.   The  corresponding  perturbation  terms  are  also 
derived  when  the  Fowled  approximation  for  the  interface  is  introduced. 

In  Chapter  3  numerical  calculations  are  reported  for  surface 
tension  using  the  perturbation  theory  in  the  Fowler  model.   The  results 
are  compared  with  experiment  and  computer  simulation.   Semiempirical 
methods  based  on  perturbation  theory  are  explored  for  correlating 
surface  tensions  of  polyatomic  and  polar  substances. 

Chapter  4  develops  a  perturbation  theory  for  determining  the 
vapor-liquid  interfacial  density-orientation  profile  of  fluids  with 
anisotropic  potentials.  Calculations  are  presented  for  overlap  and 
dispersion  model  interactions.  The  calculations  predict  that  these 
nonspherical  molecules  exhibit  preferred  orientations  in  the  inter- 
facial region. 


.11 


Part  II  of  this  work  describes  computer  simulation  studies 
of  linear  molecules.   Chapter  5  reports  development  of  a  method  for 
performing  Monte  Carlo  calculations  for  linear  molecules  on  a  NOVA  2 
minicomputer. 

Chapter  6  describes  the  molecular  dynamics  method  for  linear 
molecules,  including:   derivation  of  expressions  for  efficient  evalua- 
tion of  the  force  and  torque  exerted  on  a  molecule  due  to  various 
anisotropic  potential  interactions,  the  method  used  to  solve  Newton's 
equations  of  motion  and  the  molecular  dynamics  algorithm  for  linear 
molecules,  evaluation  of  the  coefficients  in  a  spherical  harmonic 
expansion  of  the  angular  pair  correlation  function,  and  development 
of  relations  between  these  coefficients  and  various  fluid  equilibrium 
properties. 

Chapter  7  reports  the  results  of  the  molecular  dynamics 
calculations  for  equilibrium  property  values  obtained  for  Lennard- 
Jones  plus  quadrupole  and  Lennard-Jones  plus  anisotropic  overlap 
fluids.   Comparisons  of  the  equilibrium  property  values  are  made 
with  perturbation  theory  predictions  in  the  case  of  the  quadrupole 
fluid  calculations.   Study  is  made  of  the  local  structure  in  these 
fluids  using  the  molecular  dynamics  determined  angular  pair  cor- 
relation functions.   A  method  for  producing  filmed  animations  of 
molecular  motions  from  molecular  dynamics  calculations  is  presented. 
Chapter  8  draws  conclusions  from  this  study. 


PART  I 
THEORETICAL  STUDY  OF  FLUID  INTERFACES 


CHAPTER  2 
THEORY  OF  SURFACE  TENSION 

111 — General  Expressions  for  Surface  Tension  of  Polyatomic  Fluids 

There  are  two  rigorous  expressions  for  the  surface  tension  of 
polyatomic  fluids.   One  is  the  generalized  van  der  Waals  equation  (1-9). 
The  second  is  a  generalization  of  the  Kirkwood-Buf f  expression  (1-5) 
which  has  been  previously  derived  [10,22].   In  this  section  the  deriva- 
tion for  the  general  Kirkwood-Buf f  equation  is  summarized  and  its 
simplified  form  obtained  when  the  Fowler  approximation  is  made. 

2.1.1  Generalized  Kirkwood-Buf f  Formula 

Consider  a  planar  interface  between  vapor  and  liquid  phases  with 
a  coordinate  system  oriented  such  that  the  xy  plane  is  in  the  plane  of 
the  interface  and  the  +z  direction  points  into  the  vapor.   The  two  phase 
system  has  N  molecules  ,in  volume  V  at  temperature  T  and  interfacial  area 
5.   Thermodynamically,  the  surface  tension  y  is  related  to  the  Helmholtz 
free  energy  A  of  the  two  phase  system  by  [23]: 
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9A 


dS 


(2-1) 
NVT 


Since  only  the  conf igurational  part  of  the  free  energy  AC  depends  on 
the  interfacial  area,  (2-1)  may  be  written  as: 


Y  =  -  kT 
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where 


A  =  -  kT  £n  Z 


(2-3) 


is  the  statistical  mechanical  definition  of  the  conf igurational 
Helmholtz  free  energy,  k  =  Boltzmann's  constant,  and  Z  is  the  con- 
f igurational  integral.   For  nonspherical  molecules: 


Z  = 


drN  dJ  e-^AN) 


(2-4) 


where  3  =  1/kT  and  U   is  the  full  intermolecular  potential.   For  non- 
spherical  molecules  U   depends  on  the  orientations  to  of  the  molecules, 
as  well  as  the  positions  of  their  centers  of  mass  r.   The  orientations 
0)  are  usually  specified  by  a  set  of  Euler  angles  to  =  00x  between  a 
body-fixed  reference  frame  on  the  molecule  and  a  space-fixed  frame 
located  external  to  the  system.   Substituting  (2-4)  into  (2-2): 
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The  differentiation  in  (2-5)  cannot  be  done  immediately  since  the 
integration  limits  on  the  integrals  over  rN  depend  on  5.   We,  therefore, 
follow  Green  [24]  and  change  r  variables  using  the  transformation: 
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Performing  the  differentiation  in  (2-5)  and  changing  back  to  the  old 
variables  gives: 


L5 


Y  = 


N  N, 


drN  d</  e-M(L") 


J         J 


9u(r  w  ) 
3S 


NVT 


(2-7) 


Assuming  the  potential  to  be  pairwise  additive, 


U   =  I  I   u(r  w  W  ) 
i<j     J   J 


(2-8) 


(2-7)  becomes 
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where  u(12)  =  uCr^w^)  and  the  definition  of  the  angular  pair  dis- 
tribution function  has  been  used: 


£<£iW2>  '^j-j  <£3-^*V%  -"eU<lV)    «-10) 


Integrating  (2-9)  over  x^   y;L  and  transforming  r   to  r   gives 


Y  =  J  —J    dzx  dr12  duyfc^   f(Zlrim)   5 


3u(12) 


as 


(2-11) 


NVT 


Q  3u(12) 

^   35   can  be  evaluated  for  nonspherical  molecules  by  considering: 


3S 


«,  8-12   3u(12) 

as  -T7^ 


1 

2 


3u(12)        3u(12) 
12  3r12   -3Z12-Hr^ 


(2-12) 
(2-13) 


Hence,  (2-11)  becomes: 


L6 


4   ,i    dzl 


dr12  do)1doJ2  f(zlLu^2) 


9u(12)   _    3u(12) 


-  -  3z 


12  8r12 


12 


Defining  the  angle  average  by: 


(2-14) 


<•  •  •> 


v2 =M1  ("*)dajidaj2 


(2-15) 


where 


B  -       did 


(2-16) 


Equation  (2-14)  can  be  written: 


-fi 


^iNu^-M^uTp" 


3,   «> 
12  8z12   Ulaj 


(2-17) 


ion. 


Equation  (2-17)  is  one  form  of  the  general  Kirkwood-Buf f  equat 
Another  form  may  be  obtained  by  transforming  (2-17)  to  spherical 
coordinates.   Since  [25] 


3u(12) 


9z 


12 


cos  G 


X12'y12 


12 


3u(12) 
8r12  J 


sin 


12 


12'Y12 


12 


9u(12) 


39 


12  Jrl2'*12 


(2-18) 


then 


r   3"  0-2)    ,    3u(12) 
12   3r12   -3Z12^7 


-2P2(cose12)r12M^) 

+  3  sin  9,„  cos  8,„  3"512)    (2-19) 


12  ""  "12  36 


12 


where  P2(x)  is  the  second  order  Legendre  polynomial,  P  (x)  =  -   (3x2  -  1) 
Substituting  (2-19)  into  (2-17)  gives: 


dz1 


2 
YB    4 


dz 
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Y  =  YA  +  YB  (2-20) 


dr12  P2(cos  612)  r12<f(z1r12a,1a,2)  *t^u  M   (2-21) 


dr10  sin  01O  cos  610  <f (*.r.,(i)-Ci),)   aa   '>      (2-22) 
—12      12      12     1—12  1  2   96-to  w  co„ 


Equations  (2-20,21,22)  give  the  general  Kirkwood-Buf f  equation.   The 

equation  applies  to  general  shaped  molecules,  the  only  assumption  being 

a  pairwise  additive  potential. 

In  the  case  of  spherical  molecules,  the  potential  u(12)  goes  to 

u(r,„)  so  that  the  derivative  in  the  Y„  term  vanishes  and  Y.  reduces  to 
12  B  A 

the  Kirkwood-Buf f  equation  (1-5). 

2.1.2   Fowler-Kirkwood-Buf f  Equation  for  Nonspherical  Molecules 

The  general  expression  for  the  surface  tension  (2-20)  is  in- 
tractable as  it  stands  due  to  the  unknown  distribution  function 
f(z  r.u  uj.   Various  simplifying  assumptions  can  be  made  for  f  to 
enable  calculations  to  be  performed.   The  simplest  assumption  is  that 
due  to  Fowler  [8] : 

2 

PL 
f(z1r12w1co2)  =  9(-Zl)  0(-z2)  -j   gL(12)  (2-23) 

where  6  is  the  unit  step  function  as  in  (1-7),  p   is  the  bulk  liquid 

Li 

density,  and  g   is  the  bulk  liquid  angular  pair  correlation  function. 
Introducing  the  Fowler  model  (2-23)  into  (2-21)  allows  the  integrations 
over  z  and  us        to  be  performed  giving: 


F       *Pl 


L8 

00 


0 


dr19   r*     <gT(12)  M^->  (2-24) 

12      12     6L  9r   _     0)  0) 


where  the  superscript  F  indicates  Fowler  model.   Similarly,  (2-22) 
reduces  to: 


F  =        3TL.     2 
YB  ="        32      PL 


dr12   r12   <^L'12>  T5^V2  (2"25> 


Further,  the  YD  term  can  be  shown  to  vanish  by  symmetry  arguments.   One 
B 

such  argument  is  that  9u(12)/80  „  is  proportional  to  the  9^  component 
of  the  force  on  molecule  2  due  to  molecule  1.   This  should  vanish  by 
symmetry  when  averaged  over  Ok  and  0)„.   Thus,  the  Fowler-Kirkwood-Buf f 
equation  for  nonspherical  molecules  is: 


2 

F   *Pl 
Y  -  -5- 


0 


dr10  r*  <gT(12)  %^>  (2-26) 

12  12  6L      9r  2  03,0) 


For  the  special  case  of  spherical  molecules,  (2-26)  reduces  to 
the  usual  FKB  expression  (1-8) . 

2.2  General  First  Order  Perturbation  Theory 
for  Surface  Tension 

2.2.1  Rigorous  First  Order  Term 

The  difficulty  with  using  the  general  Kirkwood-Buf f  expression 
(2-20)  lies  with  the,  in  general,  unknown  interfacial  distribution 
function  f  (z  r,  „to  0)„)  .   This  problem  may  be  avoided  by  use  of  per- 
turbation theory,  if  the  interfacial  pair  distribution  function  is 
available  (or  may  be  approximated)  for  some  reference  substance. 
Perturbation  theory  for  fluid  properties  may  be  developed  by  con- 
sidering the  anisotropic  pair  potential  u(12)  to  be  the  sum  of  a 
(known)  reference  term  u  and  a  perturbing  term  u. : 


10 


u(12;A)  =  uq(12)  +  Xu  (12) 


(2-27) 


where  X  is  a  perturbation  parameter  such  that  when  A  =  0,  (2-27)  gives 

the  reference  potential  and  when  X  -   1,  (2-27)  gives  the  full  potential, 

Expanding  the  two-phase  system  Helmholtz  free  energy  (2-3)  in  powers  of 
A  and  setting  A  =  1  gives: 


A  =  A  +  A,  + 
o    1 


(2-28) 


where   A  =  — 


d£idr2  <f0(*1r12u1a)2) 


3u(12;X) 


3A 


A=0  woo 


(2-29) 


and  f   is  the  interfacial  angular  pair  distribution  function  for  the 
reference  system. 

The  corresponding  expansion  for  surface  tension  is  obtained  by 
applying  (2-1)  to  (2-28): 


Y  =  Y0  +  Y-l  + 


(2-30) 


where   y 


|  d£ldr2  F^r^) 


NVT 


(2-31) 


and     Fx(Zlr12)  E  <fo(Zlr1203;La)2) 


9u(12;A) 


9A 


A=0  to  a) 


(2-32) 


Applying  Green's  method  as  in  section  (2.1),  integrating  over  x..  and 
y^,  and  transforming  r_  to  £   ,  (2-31)  becomes: 


20 


dz, 


dr125 


3Fl(zl£l2> 


dS 


NVT 


(2-33) 


S  3Fj  (z^,  „)/3S  may  be  evaluated  by  considering: 


^,(2,1,,)     3jL19    3F  (z  r_  )     3F  (z  r   )  3z. 
S  T^A        ~Vl     =  S_±£.-      —  +  S   \  x  1Z  _+    (2_34) 


3S 


3S 


3r12 


3zn 


3S 


r12   aF^z^) 


Thus,  (2-33)  becomes: 


3r 


12 


3     9F1(ZA2) 
2  Z12    3z12 


3Fl(Zlr12) 


'1    3z, 


(2-35) 


dzi  j  d^i: 


3Fl(Zlr12)  ^  3  _   ^(z^) 
1    3z..       2  12    3z  _ 


r12   SF^z^) 


9£12 


(2-36) 


The  second  two  terms  in  (2-36)  can  be  integrated  by  parts  and  shown 
to  cancel,  leaving: 


dr12 


dzl    Zl< 


3u(12;X) 


3X 


A=0 


3fo(z1r12a)lU32) 
3z, 


T2 


(2-37) 


Equation  (2-37)  is  valid  for  spherical  or  nonspherical  reference  fluids; 
the  only  assumption  has  been  a  pairwise  additive  potential.   Note  that 
if  the  reference  fluid  is  taken  to  be  a  Pople  reference,  defined  by 


(2-48)  below,  then  Yi  vanishes. 


:>i 


2.2.2  First  Order  Term  in  the  Fowler  Model 

To  make  (2-37)  amenable  to  calculation,  the  Fowler  approximation 
(2-23)  may  be  introduced: 


Yl  =  "^2  J  d^12  J  dzl  zl  ^  e(-Zl}  ^-2^ 


3u(12;A) 


d\ 


K   (12)> 
A=0  °L     ulu2 

(2-38) 


Substituting  (2-15)  and  changing  the  order  of  integration: 


20, 


d£12 


dw1  dw„ 


9u(12;A) 


d\ 


A=0 


(2-39) 


where  I 


dz,  z 


i  "i  aiT9^  e(-z2)  soL(12) 


(2-40) 


The  integral  I  may  be  evaluated  by  parts  to  give: 


I   -  -  g  . (12)  z 
z     °oL      max 


(2-41) 


where 


max 


-r12  cos  612 


if    e 


if    0 


>  2L 
12   2 


<  1 
12   2 


(2-42) 


and  0 ^  is  the  spherical  coordinate  polar  angle  for  r.17,  as  shown  in 
Figure  3.   Equation  (2-39)  becomes,  therefore: 


F     PL 

Yl  =  +  ~ 4 

2QT 


dr12 


d(x>-.dui 


3u(12;A) 


9A 


A=0 


g  .  (12)  z 
oL      max 


(2-43) 


22 


>?—   Z  =  0 


a.      Q       <  rr/2 


zmax    ° 


b.      0        >  tt/2 


Figure  3.   Two  Possible  Values  for  the  Maximum  z.    Value  (z max) 

for  a  Pair  of  Molecules  in  the  Fowler  Model  Interface 
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Reintroducing  the  angle  average  (2-15)  and  noting  that  g(12)  in  the 
bulk  liquid  is  independent  of  w   ,  (2-43)  can  be  written  as: 


Y!-  + 


2fr 


drl2  rl2  K 


9u(12;A) 
3A 


2   (12)> 
X=Q     oL  "    V2 


do).  „  z 
lz  max 


(2-44) 


Performing  the  integration  over  w   gives: 


Yl  =  " 


2 

PLTT 


m 


2  J 


dr12  rl2  * 


9u(12;A) 
3X 


0 


K   (12)> 
A=0  °L  '   ulw2 


(2-45) 


Equation  (2-45)  is  the  general  result  for  the  first  order  perturbation 
term  in  the  Fowler  approximation. 

2.3  Perturbation  Theory  for  Surface  Tension 
using  a  Pople  Reference 

When  the  general  expansion  for  surface  tension  (2-30)  is  in- 
creased to  higher  order,  the  second  order  term  is  found  to  include  a 
term  containing  the  reference  four-body  distribution  function.   Higher 
order  terms  in  the  expansion  contain  even  higher  order  multibody  terms. 
These  complicated  terms  can  be  made  to  vanish  up  to  at  least  the  second 
order  term  in  the  expansion  by  using  the  isotropic  reference  potential 
first  suggested  by  Pople  [26]: 


u  (r19)  =  <u(12)> 
o  12  w.o) 


(2-46) 


With  this  choice  of  reference,  (2-27)  becomes: 


u(12;A)  =  u  (r19)  +  Au  (12) 
o   1/      a 


(2-47) 
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(2-46)  and  (2-47)  together  give  the  simplification: 


9u(12;X) 


3  A 


>     =  <u  (12)>     =  0 

A=0  a)..w„  1  2 


(2-48) 


Then  (2-29)  and  (2-37)  have: 


A,  -  Yl  -  0 


(2-49) 


and  the  second  and  third  order  terms  (A„,A_ ,Yo>Yq)  simplify.   Thus,  in 
the  Pople  expansion,  (2-28)  and  (2-30)  become,  to  third  order: 


c    .  c 


A  = 


A  +  A„  +  A, 
o    2    3 


(2-50) 


Y  = 


Yo  +  Y2  +  ^3 


(2-51) 


2.3.1   Derivation  of  Second  Order  Terms,  y?   and  y 

The  second  order  term  in  (2-50)  for  the  bulk  phase  liquid  is  [27] 


A2  "  £"  |  d^2  <ua(12)  ^(12)> 

1  i 


(2-52) 


where  g  (12)  is  the  first  order  term  in  a  perturbation  theory  expansion 
of  the  angular  pair  correlation  function.   When  the  expansion  is  about 
a  Pople  reference,  g  (12)  is  given  by  [28]: 


gl(12)  =  -  3ua(12)  g0(r12)  - 


8o(rl2rl3r23) 


dr   [<u  (13)>  ,  +  <u  (23)>   ]  x 

—3    a     a)      a     oo,. 


(2-53) 


2  5 


where  S0(ri2r13r23^  ±S   the  triPlet  correlation  function  for  the  reference. 
When  the  anisotropic  potential  contains  only  spherical  harmonics  of  order 
I  ±   0,  such  as  multipoles,  then  the  angle  averages  in  the  second  term  in 
(2-53)  vanish.   Such  potential  models  as  anisotropic  overlap  and  dispersion 
contain  %   =  0  spherical  harmonics,  in  which  case  the  second  term  must  be 
included. 

Equation  (2-52)  may  be  written,  therefore,  as 


A2  =  A2A  +  A2B 


(2-54) 


where 


p2s 


2A 


dr-dr.  g  (r._)  <u  (12)> 
—1  —2  bo   12    av    wiwo 


(2-55) 


2B 


dlidr9dr  g  (r  r  r   )  <u  (12)u  (13)  +  u  (12)u  (23)> 

i  I      J  o  11   13   23  a     a        a     a     w  u  u>„ 

(2-56) 


Since  r^,  _r  and  £  are  each  integrated  over  in  (2-56),  the  indices  are 
dummy  indices  and  (2-56)  may,  hence,  be  written  as: 


p3~ 


2B 


d^dr^  g0(r12r13r23)  <ua(12)  ua(13)> 


UlW2a,3 


(2-57) 


For  a  fluid  nonuniform  in  the  z-direction,  (2-55)  and  (2-57) 
generalize  to: 


2A 


3 
4 


d£xdr2  P0(Zl)P0(z2)  g0(Zlr12)  <ua(12)> 


U),C0„ 

12 


(2-58) 


26 


2B     2 


dr.dr^  Po(Z;L)Po(z2)Po(z3)  g^r^^u^lZ)!.  (13)> 


W3 


(2-59) 


The  corresponding  terms  in  the  expansion  for  surface  tension  (2-51) 
may  be  found  by  applying  (2-1)  to  (2-58)  and  (2-59): 


r   --1 

2A     4 


2B     2 


3_ 

as 


9_ 

as 


d^2  F2A(Z1^12) 


NVT 


dr^drj  F2B(Z;Lr12) 


(2-60) 


(2-61) 


NVT 


where 


F2A  E  P0(Z1)P0(Z2)  80(^r12)  ^(12)^ 


(2-62) 


F2B  E  P0(»l)po(*2)po(«3)  go(z1^13}  <ua(12)ua(13)\a)2033   (2~63) 

Equations  (2-60)  and  (2-61)  have  the  same  form  as  (2-31);  thus  they  may 
be  evaluated  in  a  similar  manner  to  give,  analogous  to  (2-37): 


Y 


_  3 

2A   4 


dr,„   dz,  z 


9F2A(Z1^12) 


■12     1  1  3z, 


(2-64) 


2B   2 


dr,„dr,„   dz,  z 


8F2B(Z1^12) 


12-13     1  1  3z, 


(2-65) 


Substituting  (2-62)  and  (2-63)  into  (2-64)  and  (2-65),  respectively, 
and  using  the  relations: 


2  7 


f0(^rl2)  =  Po(Zl)Po(z2)  g0(z1rl2) 


(2-66) 


f0(^£12£13)  =  P0(zl)P0(z2)po(z3)  go(z1^12^13) 


(2-67) 


gives, 


2A   4 


drno  <u  (12)> 
-12   av    to  to 


dz,  z 


3fo(z1^12) 


1  1    3z, 


(2-68) 


2B  "  2 


dr19dr-,  <u  (12)u  (13)>  ,  n  ,. 
—12  —13   a     a     oj  oj„(jO„ 


dz,  z. 


9f0(^r12£13) 


3z, 


(2-69) 


The  derivation  of  (2-68)  and  (2-69)  only  assumes  a  pairwise 
additive  potential  and  use  of  a  Pople  reference  fluid.   If  the  aniso- 
tropic potential  contains  only  I  +   0  spherical  harmonics,  then  Y2B 
vanishes  because  of  (2-53). 


2.3.2  Derivation  of  Third  Order  Terms,  y   and  y 

The  third  order  'term  in  (2-50)  for  the  bulk  phase  liquid  is: 


(2-70) 


where  g9  is  the  second  order  term  in  the  perturbation  theory  expansion 
for  g(12)  [28].   If  only  anisotropic  potentials  containing  I  ±   0  spherical 
harmonics  are  considered,  g9(12)  simplifies.   Using  arguments  anologous 
to  those  for  simplifying  the  A,,,,  term  in  (2-56),  and  generalizing  to  a 

CD 

fluid  which  is  nonuniform  in  the  z-direction,  (2-70)  becomes  (for  1^0 
harmonics) : 
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A3  =  A3A  +  A3B 


(2-71) 


3A 


31 

12 


drxdr2   P0(Zl)P0(z2)    g0(Zlr12)    <ua(12)> 


W^W- 


(2-72) 


3B 


i    dr^drg   Po(z1)po(z2)po(z3)   g^^^)    x 


<u   (12)u    (13)u    (23)> 

a  a  a  www 


(2-73) 


Applying  (2-1)  to  (2-71)  gives: 


Y3  =  Y3A  +  Y3B 


(2-74) 


where 


'3A   12 


9_ 

3S 


d^2  F3A(Z1^12) 


NVT 


(2-75) 


Y 


3B 


§1 

6 


d_ 


dr^to.3  F3B(*1r12r13) 


NVT 


(2-76) 


and 


F3A(Zlr12)  =   P0(Zl)P0(z2)  gQ(Zlr12)  <ua(12)> 


0)  (D- 


(2-77) 


F3B(Z1^12^13)  E  Po(zl)Po(z2)po(z3)  S0(z1^13)<Ua(12)ua(13)ua(23)> 


"W3 


(2-78) 


Again,  (2-75)  and  (2-76)  have  the  same  form  as  (2-31)  and, 
consequently,  they  may  be  evaluated  in  the  same  manner  to  give 


29 


analogous  to  (2-37)  (the  Jacobian  of  the  transformation  dr^dr-dj-  =  J 
dr\.  dr_  „djr  -  is  unity) : 


f3A  12   J 

^2    f 


dr19   <u    (12)> 
—12        a  w.w„ 


dz,    z 


W0(«l£12) 


1      1  3z, 


(2-79) 


3 


3B 


9f    (z  jr   2_r      ) 

dr. -dr.,   <u    (12)u    (13)u    (23)>  dz.    z.   5 ^~ 

a  a  a  u)  U)„uj„   J         11  dz.. 

(2-80) 


where  f  (z,r,J  and  f  (z,r,„r.,-)  are  given  by  (2-66)  and  (2-67),  respec- 
o   1—12       o   1—12—13      b  J  r 

tively . 

The  derivation  of  (2-79)  and  (2-80)  assumes:   a)  pairwise  additive 
potential,  b)  use  of  a  Pople  reference  fluid,  and  c)  the  anisotropic 
potential  contains  only  terms  with  spherical  harmonics  of  order  I  4   0. 

2. A   Fowler  Model  Expressions  for  Perturbation 
Terms  Y2A,  y2D>  y^,  y3d  in  Pople  Expansion 

The  Fowler  approximation  for  the  spherically  symmetric  Pople 
reference  may  be  expressed  as: 


f0(Zlr12)  =  e(-z1)9(-z2)  PL  goL(r12) 


(2-81) 


fo(zlil2^13)  =  8(-z1)6(-z2)9(-z3)  pL  goL(r12) 


(2-82) 


Putting  (2-81)  into  (2-68),  (2-69),  and  (2-79)  for  Y2A»  Y2B  and  Y3A' 
respectively,  and  using  (2-82)  in  (2-80)  for  yOD,  all  give  terms  analo- 
gous  to  (2-39)  for  Y-i  in  the  Fowler  model.   In  each  case,  the  integration 
over  z1  may  be  done  by  parts  giving,  analogous  to  (2-44): 


30 


Y 


2     °° 
2A  4 


dr12  r2u  <«;|(12»  goL(r12) 


du)._   z  (2-83) 

12     max 


F  ^L 

r2B  2 


3       oo 


dr12   rl2 


dr„   r'     <u   (12)   u    (13)> 

13     13       a  a  oj..oo„oo,. 


x        doo  „   doo..,,   g  T(r10r10r„_)    z 

12    13  °oL   12  13  23   max 


(2-84) 


82   2     °° 

4=^jdrl2riW(12>W   ^^12^ 
0  X   Z 


dw10  z       (2-85) 
12  max 


Y 


2  3  oo 
F    ^L 
3B  "   6 


dr12  r12 


dr   r._  <u  (12)  u  (13)  u  (23)> 

13  13   a      a      a     oj  oo„oo_ 


dW12  dw13  8oL(r12r13r23)  z^ 


(2-86) 


In  the  case  of  the  two-body  terms,  Y„,  and  Y-.»»  the  values  for 

2A      3A 

Zmax  are  given  by  (2-42);  see  Figure  3.   Hence,  the  integration  over 


00 


, j   can  be  performed  giving: 


Y 


2  °° 
F    ^L  f 
2A  "   4 


0 


dr   r   g   (r10)  <u2(12)> 
12   12  °oL   12    a     to  d) 


02  2   oo 
ttB  pL 


3A      12 


dr   r3     g   (r.J  <u3(12)> 

12   12  °oL   12    a     oi  u 


(2-87) 


(2-88) 


The  integrations  over  CO.  _  and  oo  _  in  the  three-body  terms,  YoD 

and  YtP>  cannot  be  performed  immediately  since  z    and  e  T (r, „,r, -,r__) 
Jo  max      .oL   12   13   23 

depend  on  these  angles.   A  portion  of  this  angle  dependence  may  be 
integrated  out,  however,  if  the  angles  d>  0   cf»   6   are  transformed  to 


a  set  of  angles  which  include  Euler  angles  specifying  the  orientation 
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of  the  triangle  whose  vertices  are  the  molecules  1,  2  and  3.   Details 
of  the  coordinate  transformation  and  integration  over  the  Euler  angles 
are  reserved  for  Appendix  B.   The  resulting  expressions  are: 


2G  3  oo 

7T  3PL  , 


2B 


drl2  r12  |  drl3  rl3 


rl2+  rl3 

dr23  r23  8oL(r12r13r23) 
r12"  r13' 


x  <ua(12)  ^(13)^^  (r12  +  r13  f  r^) 


(2-89) 


y 


F 
3B 


2D2  3  ~ 
tt  6  PL  r 


drl2  rl2 


dr13  r13 


r  +  r 
12  r13 
f 

dr23  r23  8oL(rl2r13r23) 

rl2"  r13' 


x  <ua(12)  ua(13)  ^(23)^^  (r12  +  r13  +  r23>       ^^ 


F    F     F        F 
Computationally  convenient  forms  for  Y0A>  YQA,  YOT3»  and  YoD  are 

/A    jA    2B        3B 

derived  from  (2-87),  (2-88),  (2-89),  and  (2-90),  respectively,  in  the 

F     F 
next  chapter.   Equations  for  each  of  these  perturbation  terms  y„.,  y0r), 

2A    2B 

F    F   , 
^3A'  ^3B     specific  anisotropic  potentials  are  tabulated  in  Appendix  D. 

In  the  case  of  bulk  fluid  properties,  Stell  et  al.  [29]  have 

obtained  improved  results  over  the  perturbation  theory  by  resumming 

the  series  (2-50)  in  the  form  of  a  Pade  approximant: 


AC  + 
o 


(2-91) 


1  - 


The  analogous  form  for  the  surface  tension  expansion  (2-51)  is: 
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Y  ' 

Y2 

l     V 

■    y       i 

°    i-Il 

Y2 

(2-92) 


Calculations  based  on  (2-92)  in  the  Fowler  model  are  given  in  the  next 
chapter. 

2.5   Superficial  Excess  Internal  Energy  from  the 
Pade  Perturbation  Theory  for  Surface  Tension 

The  surface  excess  internal  energy  U   is  related  to  the  temperature 
dependence  of  the  surface  tension  by  the  classical  Gibbs-Helmholtz  equa- 
tion: 


u   =  Y  -  T 
s    ■ 


9Y 


l3T, 


(2-93) 

NV 


where  ug  is  the  surface  excess  internal  energy,  U,,  per  unit  of  surface 


s 
area  S: 


u  = 

s 


U 
s 


S~  (2-94) 


The  Fowler  approximation  does  not  predict  the  correct  temperature  depen- 
dence of  the  surface  tension  for  fluids  of  spherical  molecules.   Further, 

the  Fowler  model  may  be  used  to  obtain  an  equation  for  u   in  terms  of 

s 

the  pair  distribution  function  for  the  bulk  liquid  [2],  and  this  second 
equation  is  inconsistent  with  (2-93)  [30,31];  Freeman  and  McDonald  show 
that  these  two  expressions  give  quite  different  results  for  use  in  the 
case  of  Lennard-Jones  liquids  [31].   To  determine  the  validity  of  (2-93) 
for  the  Pade  perturbation  theroy  for  surface  tension  presented  above, 
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we  combine  (2-92)  and  (2-93)  to  obtain: 


u  =  u   +  u 
s    so    sa 


(2-95) 


where  u   is  the  isotropic  reference  contribution,  and 
so 


'  8Y3     9y2 
Y2  "  Y3  "  T  9T    T  Jf~ 


Y3^ 

1  -  2  IT 

12. 


sa 


1  - 


1l] 


(2-96) 


CHAPTER  3 
NUMERICAL  CALCULATIONS  OF  SURFACE  TENSION 

The  Fowler  model  perturbation  theory  developed  in  Chapter  2 
has  been  used  to  calculate  surface  tensions  for  pure  polyatomic 
fluids.   The  intermolecular  potential  used  for  the  fluids  is  of 
the  form: 

u(r12aT2)  =  Uo(rl2}  +  Ua(rl2WiaJ2)  (3"1} 


where  u  is  the  Lennard-Jones  potential, 


uo(r12)  =  4e[(a/r12)12  -  (a/r^)6]  (3-2) 


and  u  is  the  dipole,  quadrupole,  anisotropic  overlap  or  anisotropic 
dispersion  potential.   Equations  for  these  potentials  are  given  in 
Appendix  C.   In  these  calculations  the  superposition  approximation 
is  made  for  80(r12ri3r23^  : 


go(rl2rl3r23)  =  8o(rl2)  8o(r23)  g0(rl3}  (3"3) 


and  Verlet's  molecular  dynamics  results  are  used  for  g  (r)  [32]. 

In  Section  3.1  forms  amenable  to  calculation  are  presented 

,  F    F    F      ,   F 

Y2A»  Y2B»  Y3A»  and  Y3B-   In  Sections  3.2  and  3.3  calculations 
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3S 


of  surface  tension  and  surface  excess  internal  energy  are  presented 
for  various  model  fluids  which  obey  (3-1);  comparisons  with  Monte  Carlo 
calculations  are  made  for  surface  tension  of  polar  liquids.   In  Section 
3.4  results  for  real  fluids  are  given  and  compared  with  experimental 
measurements.   In  Section  3.5  the  perturbation  theory  is  used  as  a 
basis  for  developing  a  correlation  of  surface  tension  for  polyatomic 
liquids. 

3.1   Evaluation  of  y^.  y^.  y^  and_j^ 
Rewriting  (2-87,88,89,90)  in  dimensionless  form: 


2     p 

YF  a  -  E  L 
T2A  "  r2A  e   ~  4  * 


p* 


0 
*2  °o 


dr   r   g  '  (r19)<u   (12)> 

12   12   oL   12    a      u  W„ 


F*    F  o^  _  -rr  \ 
'3A  "  T3A  e    12  *2 


*3  °° 


2   Jp.   r 


F*  =   F   a    ^   ML 

I  on  -  I 


drl?  ri9  8^t  (r,,)<u  J(12)> 

1/   12   oL   12    a      OJ..C0,, 

*     * 
r  +  r 
12   r13 


2B  "  '2B  E    2   * 


dr12  rl2 


drl3  rl3 


0 
*   *   * 


/r23  r23 
_  *  I 
r12  r13' 


(3-4) 


(3-5) 


*  8oL(r12r13r23)  (r12+  rl3+  r23)<ua(12)ua(13)>a)  u  u   (3~6> 


10,0)   CO 


F*  _     F     a 


*3        oo 

TT2     PL         f  *  * 

6     „*2  J         12   rl2 
0 

k        k        k 


k  * 

rl2+  r13 

*  *  \  k  k 

drl3   rl3      Ldr23/23 
|r12-   r13| 


X  8oL(rl2rl3r23)    (rl2+  r13+  r23)<Ua(12)ua(13)ua(23)> 


(3-7) 


where  p   =  pa  ,  T  =  kT/e,  u*  =  u  /e,  and  r*  =  r/a. 
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The  angle  averages  in  (3-4,5,6,7)  have  been  evaluated  [33]  and 
are  tabulated  in  Appendix  A.   Substituting  those  expressions  into 
(3-4,5,6,7)  gives: 

yF2*A  =  l     I     Y^(A;ss')  (3-8) 

A  ss' 


Yob  =  I       I     y!*(M';ss')  (3-9) 

2B   AA'  ss'   2B 


Yot  =   I     I       y!?(AA'A";ss's")  (3-10) 


Yor  =  l  I       Y^(AA'A";ss's")  (3-11) 

J    AA'A"  ss's"  J 


In  each  of  these  equations  A  =  Si  H   £;  in  (3-10)  A'  =  Vl^V  ,  A"  =  i'^l" , 
while  in  (3-9)  and  (3-11)  A'  =  £|£^£',  A"  =  £^£" .   In  these  equations, 

Y*  (A;ss«)  =-\— A^_i-ii-—  j       .(p,T)  I 
2A         16T*  (2£1+1) (2A2+1)   ns+ns,-l        ^ 

x  Es(A;nin2)  E* ,  (Ajn^/e2  (3-12) 

*3 

T^jfc  TT    T  V 

Y2B(AA';ss')  =  ?—  6^,  6£^  6^£I  6^Q  6^  L  C^VV5 

ni 
x  I  (-)   Es(£10£1;n10)  Egl  (J^OJ^i^O/e        (3-13) 

nl   . 
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*2 
Y**<AA'A»;ssV')  -  -    [) 


(2£+l)(2£'+l)(2£"+l) 


x  Jn  +n  +n   i  (P  >T  ) 


£"   £'    £ 
0    0    0 


X*  -.       i       i 

£"   V        £ 


nln2nl 
n„n..n„ 


£"   £'   £, 


nx   nL 


ilJ 


£2   £2   £2 


iH2   ^2   ^2 


(3-14) 


x  Es(A;nin2)  E^A'jnjnp  Es„(A";n^)  /e' 


Y3B(AA'A";ss's") 


tt2  PL3    £2+r+£" 

6~/2  (_)         6£1£j  6£2£^ 


[(2£+l)(2£'+l)]1/2 
Vl'±    (2£1+1)(2£2+1)(2£^+1) 


x  &o <  o« 


£   £'    £" 


£3  £2   £1 


K'(££'£";n  n*n") 
s  s  s 


n  +n„+n ' 
(-)  l  Es(A;nin2)  Es,(A*;n»np 

nln2n3 


x  Esl)(A,,;n2n')/e- 


(3-15) 


In  these  equations,  6..  is  the  Kronecker  delta,  n  =  -n, 

ij  — 

[l         V        £") 


I"       V        I 
0    0    0 


is  a  3j  symbol,  ■ 


is  a  6j  symbol  [34,35],  and 
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1   *i   *i 

%2       *2   *2 


■  is  a  9j  symbol  [36].   The  E  are  coefficients  in  a 


spherical  harmonic  expansion  of  the  anisotropic  potential  u  .   The 


superscript  *  on  E  indicates  a  complex  conjugate.   Details  of  the 
expansion  and  equations  for  E  for  specific  interactions  are  given  in 
Appendix  C. 

In  (3-12)  and  (3-14)  J  (p  ,T  )  is  the  single  integral: 


Jn(p  ,T  ) 


*   *-(n-2)  f   *  , 
dr12  r12      8(r12) 


(3-16) 


Values  of  the  J  integrals  are  tabulated  elsewhere  and  have  been  fitted 
n 

*      * 
to  an  empirical  equation  in  p  and  T   [37]. 


In  (3-13)  L  (£..  ;n  n  ,)  is  the  triple  integral: 


L^(£;nn')  5  j  dr*2  r^*"1* 
0 


*   *-(n'-l) 
dr13  rl3 


r12+r13 


r12  r13 ' 


■k  "k  •& 


*     *     * 


x  dr23  r23(r12+  r13+  r23)  g^C^r^r^)  P^(cos  a±)    (3-17) 


Here  P„  is  the  &        order  Legendre  polynomial  and  a.,  is  the  interior  angle 

v 
at  molecule  1  in  the  triangle  formed  by  r..„,  r  „,  and  r  _.   Values  of  L 

are  tabulated  in  Appendix  E  and  have  been  fitted  to  an  empirical  equation 

in  p  and  T  . 


In  (3-15)  K'(££'£";n  n  ,n  „)  is  the  triple  integral; 


Kr(M,jr;nn,n") 
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*   *-(n-l) 
dr   r 
12  12 


.  *   *-(n'-l) 
dr13  rl3 


ri2+  r13 
e 


ri2"  rl3l 


x  dr   r   v    'g   (r  r  r   ) 


23   23 


\>LV  12  13  23' 


x  (r12+  r13+  r23)  ♦^..(c^O^) 


(3-18) 


The  function  <JJ».,,„  is  given  by  a  spherical  harmonic  expansion: 


*M,fc,,(ala2°3)  =   ^   CtMTjmV')  Yim^12) 


mm  m 


X  Y£'m'(M13)  YrW(u23) 


(3-19) 


where  C(££'£";mm'm")  is  a  Clebsch-Gordan  coefficient  [33].   The  Y„   are 
spherical  harmonics  in  the  convention  of  Rose  [38].   In  (3-18)  and  (3-19) 
the  a.  are  the  interior  angles  at  molecule  i  in  the  triangle  formed  by 
r  „,  r   ,  and  r  „.   Expressions  for  ^p  o  *  p "  ^or  multip°le  interactions 
are  given  in  Appendix  A. 

Note  that  Y3?(AA'A";ss 's")  given  by  (3-14)  vanishes  if  (£+£'+£") 

is  odd  or  if  the  molecules  are  linear  and  either  (JL +£.'+£")  or 

F* 
(£+£'+£")  is  odd.   YoR(AA';ss')  vanishes  unless  the  anisotropic  potential 

contains  £=0  spherical  harmonics. 

F*   p*   p*       f* 
Specific  expressions  for  Y,.,  Y„„.  Y„.,  and  Y,„  have  been  evaluated 

2A   2B   3A       3B 

from  (3-12),  (3-13),  (3-14),  and  (3-15),  respectively,  for  various  aniso- 


tropic potentials.   The  results  are  tabulated  in  Appendix  D. 

F 
The  contributions  to  y  given  in  (3-12,13,14,15)  are  simply 

related  to  the  corresponding  terms  in  the  free  energy  expansion  [33] 
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YF2>;ss')  =  - 


p  T 


n  +n  .-1 
s  s 


*■  n  +n  ,  ; 
s  s 


A^CAsss') 
NkT 


(3-20) 


Y*B<AA';ss')  =-£/ 


LY(£i;nsns.) 


L  (£, ;n  n  . ) 
11    1'  s  s1  J 


A2B(AA';ss') 
NkT 


(3-21) 


A  * 


Y3A(AA'A";ss's")  =  -  £~ 


n  +n  ,+n  ,,-1 
s  s   s 


k   n  +n  ,+n  „  ; 
s  s   s 


A  (AA'A";ss's") 
NkT 


(3-22) 


F*  *  *  KY(££'£";n  n  ,n  ,,)  A.R(AA,A,,;ss's") 

Y   (AA'A"-Ss's")  =  -  r  \       2_2 5 ££ (3-231 

T3BUUV  a  ,ss  s  ;      g    K  (U,r,;n  n    (|)        NkT       U  /J; 


s  s  s 


The  L  and  K  integrals  in  (3-21)  and  (3-23)  are  defined  by: 


L(£;nn')  5 


*   *-(n-l) 
drl2  rl2 


Hr*  r*-(n'-l) 
drl3  rl3 


*      A 

r  +  r 
12   13 

A     A 

.Adr23Ar23 
r12"  r13l 


X  8o(r12r13r23)  VC0S  V 


K(U'£";nn'n")  = 


a   *-(n-l) 
dr   r 
12  12 


a   *-(n'-l) 
drl3  rl3 


A      A 

r  +  r 
12   13 
r 


r12"  r13| 


(3-24) 


x  dr*3  r*-^"-^  g^rj^r^)  ^.j,,^)   (3-25) 


3.2   Surface  Tension  Calculations  for  Model  Fluids 

In  this  section  model  fluid  calculations  using  the  Pade  per- 
turbation theory  for  molecules  obeying  potentials  of  the  form  (3-1) 

are  presented.   For  these  calculations,  the  reference  fluid  surface 

F 
tension  y  was  obtained  from  the  Fowler  model  expression  for  a 


Lennard-Jones  fluid: 


4  1 


yV/e  =  37rp*2[J5  -  2JnJ  (3-26) 


where  the  J   integrals  are  defined  by  (3-16)  and  are  tabulated  elsewhere 
[37].   Figures  4  and  5  show  the  effect  of  dipolar  forces  (A  =  l^l~l   =  112) 
on  the  surface  tension  as  predicted  by  the  second  order  theory,  the  third 
order  theory,  and  the  Pade  theory  (2-92).   The  points  on  these  figures 
are  Monte  Carlo  calculations  of  the  Fowler  model  surface  tension  for 
the  Lennard-Jones  plus  dipole  fluids  [39].   Figure  6  shows  similar 
results  for  quadrupoles  (A  =  224) .   The  second  order  and  third  order 
terms  used  in  these  calculations  were  determined  from  the  expressions 
given  in  Appendix  D. 

The  results  in  Figures  4,  5,  and  6  are  similar  to  those  found 
from  the  corresponding  theories  for  the  Helmholtz  free  energy  [29,40]. 
Including  the  third  order  term  extends  the  range  of  application  of  the 
expansion  somewhat;  however,  the  third  order  term  overcorrects  the 
second  order  theory  for  u*  or  Q   >  1.   The  Pade  theory,  on  the  other 
hand,  interpolates  between  the  second  and  third  order  theories.   In 
the  case  of  the  polar  fluids,  the  Pade  agrees  well  with  Monte  Carlo 
results  up  to  \i*   -    1.75. 

In  Figure  7  comparison  is  made  of  the  effects  of  various  aniso- 
tropics on  the  surface  tension.   The  dipole  and  quadrupole  curves  are 
the  Pade  results  from  Figures  4  and  6,  respectively.   As  in  the  case 
of  bulk  fluid  thermodynamic  properties,  for  a  given  value  of  the 
multipole  strength  (u   or  Q  ) ,  the  quadrupole  potential  is  found  to 
have  a  larger  effect  on  surface  tension  than  the  dipole  potential. 
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Fowler  Model  Surface  Tension  for  a  Fluid  of  Axially 
Symmetric  Molecules  Interacting  with  Lennard-Jones 
plus  Dipole  Model  Potential,   pa3  =  0.85,  kT/e  =  1.273 
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Fowler  Model  Surface  Tension  for  a  Fluid  of 
Axially  Symmetric  Molecules  Interacting  with 
Lennard-Jones  plus  Quadrupole  Model  Potential. 
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Symmetric  Molecules  Interacting  with  Lennard- Jones 


plus  Various  Anisotropic  Potentials, 
kT/e  =  1.273 


po- 


0.85, 
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The  anisotropic  overlap  and  dispersion  results  are  from  the  second  order 

F        F 
theory,  using  expressions  for  y        and  Y2R  given  in  Appendix  D. 


3.3  Calculation  of  the  Superficial  Excess  Internal 
Energy  for  Model  Fluids 


To  obtain  the  surface  excess  internal  energy  from  the  Pade 
expression  (2-96) ,  the  temperature  derivatives  of  the  anisotropic 
contributions  to  the  surface  tension  are  required.   Equations  (3-12), 
(3-13),  (3-14),  and  (3-15)  give,  respectively: 


3Y^(A;ss')    F, 

s =  y2A(A;ss') 

9T        /a 


9£n  J 

n  +n    . 
s      s 

-1 

* 
9T 

(3-27) 


<B(AA';ss'>      F*  ,  ,\ 

-S =Y2B(AA';ss') 


din   L,(£1;nsns,) 


9T 


(3-28) 


3y!?(AA'A";ssV') 

I =  Yo.CAA'A-jss's") 

9T  JA 


32-n  J 


n  +n  ,+n  „  1 
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3Y^R(AA'A";ss's") 

— j =  YoR(AA'A";ss's") 

9T  3B 


9£n  K'(U'Jl";n  n  ,n  „ 

s  s  s    2 


9T 


(3-30) 


In  Table  2  values  for  u   from  (2-95)  and  (2-96)  are  compared 

with  computer  simulation  results  for  Lennard-Jones  plus  quadrupole 

model  fluids  (see  Chapters  6  and  7) .   The  reference  fluid  surface 

excess  internal  energy,  u   ,  was  obtained  from  the  Fowler  model 

so 


expression: 


47 


TABLE  2 

Test  of 

the 

Gibbs-Helmholtz  Equation  in  thp 

Fowler  MoHpI 

Perturbation 

Theory  for 

Lennard-Jones 

Plus  Quadrupole  Fluids 

Q/(ea5)1/2 

pa3 

kT/e 

Pade 

F  2, 
u  a  /e 
s 

MD 

0.5 

0.85 

1.277 

1.913 

1.923  +  .016 

0.707 

0.931 

0.765 

2.670 

2.656  ±  .012 

1.0 

0.85 

1.294 

2.505 

2.475  ±  .019 
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u%2/e  =  2ttp*2  [J5  -  Ju]  (3_31) 


where  the  J   integrals  are  defined  by  (3-16).   The  values  for  uF  were 
11  sa 

determined  in  the  simulation  by  evaluating  the  ensemble  average  given 
in  Chapter  5. 

In  view  of  the  demonstrated  inapplicability  of  Equation  (2-93)  in 
the  Fowler  approximation  for  Lennard-Jones  fluids  [31],  the  agreement 
between  the  theory  and  computer  simulation  shown  in  Table  2  is 
surprising.   Since  the  inconsistency  in  the  Fowler  expressions  for  y  and 
ug  is  not  limited  to  spherical  potentials  [6],  the  results  in  Table  2 
must  be  fortuitous.   The  agreement  may,  in  part,  be  attributed  to  the 
high  density  state  conditions  considered,  wherein  the  Fowler  approxima- 
tion is  more  accurate.   Much  of  the  agreement,  however,  must  be  due  to 
cancellation  of  errors  between  the  y  and  dy/dT  terms  in  (2-93). 

3.4   Surface  Tension  Calculations  for  Real  Fluids 

The  Pade  perturbation  theory  developed  in  Chapter  2  has  been  used 
to  predict  pure  liquid  surface  tensions  for  C02>  C2H  ,  and  HBr.   In  these 
calculations  the  reference  fluid  was  taken  to  be  a  Mie  (n,6)  fluid.   The 
anisotropies  considered  were  the  multipole  interactions  up  through  the 
quadrupole-quadrupole  term,  as  well  as  anisotropic  dispersion  and 
overlap  contributions. 

3.4.1  Mie  (n,6)  Reference  Contribution  to  Surface  Tension 

The  Mie  (n,6)  fluid  was  taken  as  the  reference  in  the  perturbation 
theory  calculations  since  Twu  has  determined  values  for  e,  a,  and  n  by 
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fitting  perturbation  theory  calculations  of  liquid  densities  and  pressures 
to  experimental  values  along  the  orthobaric  line  for  the  fluids  considered 
here  [37].   It  is  felt  that  the  test  of  the  Pade  theory  for  surface  ten- 
sion is  strengthened  by  using  these  independently  determined  potential 
parameters. 


u(n,6)(r)  m     ne 


(n,6) 

6(n-6) 


The  Mie  (n,6)  potential  u   '   (r)  is  given  by  [41]: 

-1 


(n-6) 


a 
r 


(3-32) 


To  determine  the  surface  tension  Y   '    f°r  this  potential,  the  Helmholtz 

o  v 

free  energy  of  the  nonhomogeneous,  two  phase,  (n,6)  fluid  is  expanded  to 
first  order  in  powers  of  n   about  the  Lennard-Jones  (12,6)  fluid  free 
energy.   The  surface  tension  is  obtained  by  applying  the  thermodynamic 
definition  (2-1).   Then,  the  Fowler  approximation  is  made  in  order  to 
obtain  a  form  amenable  to  calculation. 

The  expansion  of  the  (n,6)  free  energy  about  the  (12,6)  may  be 
done  in  two  ways.   In  "one  method,  the  values  of  e  and  a   are  taken  to  be 
the  same  for  the  two  fluids.   The  expression  for  y        '   resulting  from 
this  expansion  is: 


F(n,6)    2  F(12,6)    2 

^ =  l2 °-  _  48TTP*2   [in  2{J1(}2'6)   -  412>6)}  +  6  H<}2'6)] 

e         e  l      11       5  11    J 


1   1_ 
n   12 


In  (3-33)  H1 1      is  the  single  integral: 


(3-33) 


(12  6)   *   * 

h;,  'b;(p  ,t  )  e 


*   *-(n'-2)  „    *   (12,6),  *,      ,,  _., 
dr  r         £n  r  gv   '   (r  )     (3-34) 


so 


Values  of  this  integral  for  n'  =  11  are  tabulated  in  Appendix  K  and 

have  been  fitted  to  an  empirical  equation  in  p   and  T  . 

In  the  second  method  of  doing  the  expansion,  the  values  of  e 

and  r  are  taken  to  be  the  same  for  the  (n,6)  and  (12,6)  fluids.   Here 
m 

r  is  the  value  of  r  where  u(r)  =  -£.   The  expression  for  Y   ' 

m  r  o 


resulting  from  this  second  expansion  is: 


F(n,6)  2    F(12,6)  2 

-  48,p*2  [(l-to2)  J<J2'6)  ~  \  J<12'6)  +  6  H<"»6>] 


e         e         K   LV     '  11      2  5         11 

(3-35) 


1   1_ 
n   12 


When  the  (n,6)  fluid  is  used  as  the  reference,  the  second  and  third 
order  terms  Yo  and  Yo  in  the  perturbation  theory  involve  integrals  over 
the  (n,6)  pair  correlation  function  g   '   (r) .   These  (n,6)  correlation 
functions  can  be  related  to  Lennard-Jones  g   '   (r)  functions  (for  which 
there  are  molecular  dynamics  results  [32])  in  the  following  way  [42,43]: 


and 


g^n'6)(r)  «  g(12.6>'reP  H  e-3uU'6)'rep  yHS(d(n,6))       (3_36) 


gU2,6)(r)  B  ga2,6),reP  a  e-Bu(12'6)  'rep  yHS(<|(12.6))     (3_37) 


where  the  superscripts  rep  and  HS  indicate  the  repulsive  and  hard  sphere 
potential  contributions,  respectively.   The  function  y  is  defined  by: 


(r)  =  e6u(r)  g(r)  (3-38) 


SI 


In  (3-36)  and  (3-37)  the  hard  sphere  diameter  d  is  taken  to 
be  [42]: 


d  = 


[1  -  .-*"'«„ 


Idr  (3-39) 

0 

Further,  assuming 

/V-6>)  .  y«V12-6))  (3-40) 

(3-36),  (3-37),  and  (3-40)  give: 

g(n,6)(r)  m   g(12,6)(r)  e_3[u(n,6),rep  _  u<12,6),rePj      ^^ 

where  [u(n>6)>reP  -  uU2,6),reP]  ^.^  for  r  ,  r  # 

m 

Using  (3-41)  with  the  Mie  (n,6)  potential  in  the  integrals  J  , , 

n 

Equation  (3-16),  and  K (££'£»• nn » n") ,  Equation  (3-24),  Twu  has  found  the 
resulting  values  to  be  negligibly  different  from  those  values  obtained 
for  the  Lennard-Jones'  (12,6)  potential  [37],  at  least  for  values  of  n 
close  to  12.   Hence,  in  the  calculations  reported  here,  the  Lennard-Jones 
(12,6)  pair  correlation  function  has  been  used  in  evaluating  the  terms  y 
and  ^3  in  the  surface  tension  expansion. 

In  the  calculations  reported  here,  Equation  (3-35)  was  used  to 

determine  the  reference  fluid  contribution.   Values  for  the  Lennard-Jones 

F(12,6) 
term  Yo       were  obtained  from  a  corresponding  states  plot  of  surface 

tension  for  simple  fluids,  Figure  8.   For  the  temperature  range 

0.6  ^  kT/e  £   1.24,  the  curve  in  Figure  8  obeys: 
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Figure  8. 


Corresponding  States  Plot  for  Surface  Tension 
of  Simple  Liquids 
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Y(12,6)a2/e  =  0.8950T*2  -  3.5177T*  +  3.0166  (3-42) 


3.4.2  Anisotropic  Contribution  to  Real  Fluid  Surface  Tension 

The  calculations  presented  here  include  anisotropic  dispersion, 
overlap,  and  multipole  contributions  up  to  the  quadrupole-quadrupole 
term: 

u  -  uJJ  (202)  +  u,.  (022)  +  u,.  (224)  +  u    (202)  +  u    (022) 
a    dis        dis         dis        over        over 

+  u     ,.  (202)  +  u     ,.  (022)  +u, .   n(224) 
over-dis         over-dis        dis-Q 

+  u  .  (112)  +  u  .  (123)  +  u  . (213)  +  u  .(224) 
mul         mul         mul         mul 

(3-43) 
wherein  the  subscripts  dis,  over,  Q,  and  mul  refer  to  dispersion,  overlap, 
quadrupole,  and  multipole,  respectively.   Appropriate  parts  of  this  model 
have  been  used  by  Flytzani-Stephanopoulos  zyt   al.  [33]  and  Twu  [37]  in 
studies  of  bulk  fluid  thermodynamic  properties.   The  multipole  contribu- 
tions to  surface  tension  for  this  model  potential  are  obtained  by  combining 
(3-8),  (3-9),  (3-10),  and  (3-11)  with  (3-12),  (3-13),  (3-14),  and  (3-15), 
respectively: 

Y2A  =  Y2A(112)  +  2  Y2A(123)  +  Y2A(224)  (3"44) 

Y3A  =  3  t5a(112;112;224)  +  6  Y32(H2;123;213) 

+  6  Y32(123;123;224)  +  Y3^(224;224 ; 224)  (3-45) 

Y3B  =  Y3B (H2;  112;  112)  +  3  Y3*(112;123;123) 

+  3  Y3*(123;123;224)  +  Y3g(224;224; 224)  (3-46) 


54 


Expressions  for  the  terms  on  the  right  side  of  (3-44),  (3-45),  and  (3-46) 

F* 
are  given  in  Appendix  D.   The  Y2B  term  is  zero  for  multipoles  since  only 

terms  with  I   /  0  spherical  harmonics  occur  in  the  multipole  potentials. 

The  dispersion  and  overlap  anisotropies  in  (3-43)  have  been 

included  in  only  the  second  order  term  y„   in  calculating  the  surface 

tension  from  the  Pade  perturbation  theory  (2-92).   The  inclusion  of 

dispersion  and  overlap  contributions  to  the  third  order  term  y_  requires 

evaluation  of  difficult  multibody  terms.   Expressions  for  the  y9A  and 

^2B  terms  for  anisotropic  overlap  and  dispersion  are  given  in  Appendix  D. 

3.4.3  Results  for  Real  Fluids 

Figure  9  compares  the  Pade  predictions  of  surface  tension  for 
CC>2  with  experiment,  while  Figure  10  shows  a  similar  comparison  for 
C2H2  and  HBr.   The  experimental  values  for  surface  tension  of  C0„  and 
C2H2  were  taken  from  the  compilation  by  Jasper  [48].   The  corresponding 
values  of  saturated  liquid  densities  for  C0„  and  C„H  were  taken  from 
Vargaftik  [49].   Experimental  values  of  surface  tension  and  saturated 
liquid  density  for  HBr  were  obtained  from  Pearson  and  Robinson  [50]. 
Values  of  the  potential  parameters  for  CO  ,  C  H  ,  and  HBr  were  taken 
from  Twu  [37]  and  are  listed  in  Table  3. 

The  deviations  in  surface  tension  between  theory  and  experiment 
are  less  than  10%  for  C02  and  less  than  12%  for  C  H  and  HBr  for  the 
temperatures  shown  in  the  accompanying  figures.   The  consistent  deviations 
between  theory  and  experiment,  especially  for  C  H  and  HBr,  suggest  that 
adjustment  of  the  potential  parameters  would  improve  the  agreement.   It 
is  not  a  very  informative  test  of  the  theory,  however,  to  adjust  potential 
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Figure  9.  Surface  Tension  for  CO2  comparing  Perturbation 
Theory  Calculations  (points)  with  Experimental 
Values  (line) 
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Figure  10.   Surface  Tension  for  C2H2  and  HBr  comparing 
Perturbation  Theory  Calculations  (points) 
with  Experimental  Values  (lines) 
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TABLE  3 


Potential  Parameter  Values  Used  in 
Calculating  Surface  Tension 


Fluid 


CO, 


C2H2 


e/k 

(K) 


,t 


a 
(1) 


M(1018) 
(esu  cm) 


244.31'    3.687   16 
253.66    3.901   16 
HBr    248.47    3.790   12   0.788  [51 


Q(1024) 
(.esu   cm   ) 


-4.30    [51]        -0.1        0.257 
5.01    [52]  0.3        0.270 

4.0      [51] 


T 


All  values  for  e,    o,    n,  6  and  K  are  taken  from  Twu  [37]. 
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parameters  using  surface  tension  in  order  to  calculate  surface  tension. 
The  deviations  between  theory  and  experiment  shown  in  Figures  9  and  10 
do  not  increase  much  with  temperature,  and,  in  fact,  for  CO  the  devia- 
tions decrease.   This  is  in  contrast  to  the  results  found  for  simple 
Lennard-Jones  fluids  wherein  surface  tension  calculated  in  the  Fowler 
model  show  rapidly  increasing  disagreement  with  experiment  as  the 
temperature  is  increased  [2,31].   Further,  the  Fowler  model  values  of 
surface  tension  for  Lennard-Jones  fluids  are  generally  larger  than  the 
experimental  values  at  the  same  temperature.   It  may  be  that,  in  addi- 
tion to  the  questionable  adequacy  of  potential  parameter  values  used 
here,  the  Pad!  approximant  in  some  way  corrects  for  errors  introduced 
in  using  the  Fowler  model  for  the  interface.   There  is  some  evidence 
for  this  from  the  Pade  values  for  the  surface  excess  internal  energy 
presented  in  Section  3.3. 

3.5   Correlation  of  Surface  Tension  for 
Pure  Polyatomic  Liquids 

The  perturbation  theory  for  surface  tension  presented  in  Chapter  2 
has  been  used  as  a  basis  for  correlating  surface  tensions  of  a  large  number 
of  polyatomic  liquids.   The  perturbation  theory  gives  the  surface  tension 
in  the  Fowler  approximation  as: 

Y  =  Y0  +  4  +  Y2B  +  4  +  Y*B  (3-47) 

A  simple  correlation  for  y   may  be  obtained  by  making  the  van  der  Waals- 
type  assumption  that  the  reference  fluid  radial  distribution  function  is 
a  constant: 
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8oL(r12)  =  C 


(3-48) 


Using  (3-48)  in  (2-87),  (2-88),  (2-89),  and  (2-90),  together  with  a 
similar  approximation  for  the  tr 
(3-47)  becomes,  in  reduced  form: 


similar  approximation  for  the  triplet  correlation  function,  g  (r   r   r   ), 


* 
Y„  + 


.*2     ,  *2 


aiPL 


a2PL 


i  *3    ,  *4 
+  1^L_  +  a4PL 


*2 


*2 


(3-49) 


where 


,  _  IT  I    *   *3  *2 

a  i  =  T  \   dri9  ri9<u  (12)> 
1   4  J    12   12  a      ww- 

0  X  2   A      * 

r  +  r 

n   »  °°  12     13 


l2  -  2 


*     A 

dr12  rl2 


A     A 

drl3  rl3 


(3-50) 


AAA       A 

dr   r   <u  (12)u  (13)> 

a     u.w.a). 


23.  23   a 

A      A   . 


r12~  rl3l 


.  A       *       A 
X   (r     +  r     +  r    \ 

v  12  T  r13  +  r23; 


12  3 


(3-51) 


TT 

12 


TT 


,  A     A3     A3 

dr   r   <u  J(12)> 
12   12   a      o)0)_ 


dri2  rn 
o 


A     A 

dr13  r13 


r*  +  r 
12   13 

'  A     A 

dr23,r23 
*  I 

r12"  rl3l 


x  <u  (12)u*(13)u*(23)> 

a     av    av  >   o)1oi20)3  v  12   '13   "23 


,  *       A       A 

(r._  +  r._  +  r0-) 


(3-52) 


(3-53) 


Equation  (3-49)  can  be  written  in  an  equivalent  form  using  the 
critical  constants,  T^,  V^,  and  P£  as  reducing  parameters  rather  than 
the  potential  parameters,  e  and  a: 
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YR  -  YoR  +  Tr  +  -^"  +  -^T  +  -^2-  (3-54) 

R      R 

where       Yr  =  Y(Vc/NA)2/3  (M^)"1  (3-55) 


PR  =  P/Pc  (3-56) 


TR  =  T/Tc  (3-57) 


In  transforming  (3-49)  into  (3-54),  the  proportionality  of  the  potential 
parameters  to  the  critical  constants  is  obtained  by  the  usual  correspond- 
ing states  method  [41].   Here,  however,  the  potential  is  for  polyatomic 
fluids  and,  therefore,  contains  parameters  in  addition  to  the  energy  and 
distance  parameters  e  and  O,    e.g.,  the  multipole  moments,  |i,  Q,  and 
anisotropic  polarizability,  K,  and  overlap  parameters  6.   For  such  an 
intermolecular  potential,  if  the  usual  derivation  of  corresponding  states 
theory  is  followed  [41],  one  finds: 

*  kT        *   * 

Tc  =  ~   =  ^(y  ,Q  ,6,k,-.-)  (3-58) 

Pc  =  PQ03   =   c2(m*,Q*,6,k,---)  (3-59) 

*  Pc°3       *  * 

Pc  =  -j—   =  c3(y  ,Q  ,5, <,•••)  (3-60) 

where  c^,  c„,  and  c_  are  constants  only  if  the  anisotropic  potential  para- 
meters  \i    ,  Q  ,  6,  k,  •••  are  kept  fixed.   However,  these  "constants"  can 

be  absorbed  in  the  terms  a..,  a„,  etc.,  as  has  been  done  in  (3-54).   Thus, 

2 
a^  =  a|c„/c^,  etc.   The  transformation  from  the  potential  parameters  £ 

and  O  as  reducing  parameters  to  critical  constants  as  reducing  parameters 

may  then  be  made  in  the  usual  way  [41]. 
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Equation  (3-54)  has  been  used  as  a  basis  for  correlating  surface 
tension  by  treating  the  parameters  a±   as  semiempirical  constants.   Various 
truncated  forms  of  (3-54),  including  its  Pad!  form  analogous  to  (2-92), 
have  been  tested  against  experimental  surface  tensions  for  numerous  poly- 
atomic liquids.   The  form  giving  the  best  comparison  with  experiment  was 

found  to  be  that  terminated  after  the  y„      term: 

2B 

PR 
YR  "  YoR  +  T~  (al  +  a2PR}  (3"61> 


R 


Values  for  a±   and  a2  for  use  in  (3-61)  have  been  determined  for  numerous 
polyatomic  liquids  by  least  squares  fitting  to  available  experimental 
data.   The  resulting  values  are  listed  in  Table  4.   In  these  calculations, 
the  reference  contribution  was  obtained  from  a  fit  of  reduced  surface 
tensions  of  the  inert  gases  and  methane,  analogous  to  the  curves  in 
Figure  8. 


YoR  =  2.4724T2  -  7.5918TR  +  5.0748  (3-62) 

which  applies  for  0.4  <  T   1  0.95. 

R 

The  validity  of  the  correlation  (3-61)  may  be  tested  by  determining 

whether  experimental  data  give  a  linear  relation  between  (y  -  Y   )T  /d2 

WR    toR;  R/MR 

and  pR,  as  implied  in  (3-61).   Such  a  test  has  been  conducted  for  several 
polyatomic  liquids,  and  results  for  carbon  dioxide,  acetic  acid,  and 
methanol  are  shown  in  Figures  11,  12,  and  13,  respectively.   These 
figures  are  typical  results  for  small  to  moderately  large  polyatomics 
and  indicate  a  satisfactory  correlation.   The  corresponding  comparisons 
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TABLE   4 


Values   for   the   Parameters   a.,    and   a?    in   the 
Surface  Tension  Correlation   of   Equation    (3-61) 


Substance 


Range 
T 


a1(102) 


a2(l(T) 


References 

P  Y 


Paraffins 

Ethane 

Propane 

ri-Butane 

ji-Butane 

n-Pentane 

^-Pentane 

ji-Hexane 

n-Heptane 

n-Octane 

_i-Octane 

ri-Nonane 

ri-Decane 

n-Dodecane 

_n-Tridecane 

ri-Tetradecane 

n-Pentadecane 

n-Hexadecane 

ri-Heptadecane 

n-Octadecane 

n-Nonadecane 

n-Eicosane 


43- 

.59 

6.880 

-2.246 

49 

50- 

.77 

14.17 

-5.606 

53 

50- 

.57 

8.548 

-2.469 

49 

52- 

.60 

7.749 

-2.082 

49 

54- 

.67 

6.504 

-1.498 

49 

59- 

.66 

6.250 

-1.451 

49 

54- 

.93 

-2.398 

1.918 

49 

54- 

.95 

-1.860 

1.910 

49 

48- 

.90 

1.335 

0.7617 

49 

50- 

.67 

8.536 

-1.942 

49 

46- 

.63 

7.340 

-1.230 

49 

44- 

.60 

8.699 

-1.576 

49 

41- 

.57 

11.42 

-2.262 

49 

40- 

.55 

12.06 

-2.360 

49 

41- 

.54 

12.21 

-2.339 

49 

40- 

.53 

12.83 

-2.452 

49 

41- 

.55 

11.59 

-1.893 

49 

41- 

.54 

11.10 

-1.720 

49 

40- 

.52 

10.25 

-1.439 

49 

41- 

.52 

11.15 

-1.596 

49 

40- 

.51 

11.15 

-1.539 

49 

48 
48 
49 
49 
49 
49 
49 
49 
49 
49 
49 
49 
49 
4  9 
49 
49 
48 
48 
48 
48 
48 


Cycloparaf f ins 

Cyclopentane      .55-. 61      5.689    -1.339     49      48 
Methylcyclo-      .53-. 59      5.973    -1.288     49      48 

pentane 
Ethylcyclo-       .50-. 55     10.65     -2.832     49      48 

pentane 
Cyclohexane       .51-. 62      6.249    -1.351     49      48 
Methylcyclo-      .48-. 65      2.885    -0.4730    49      49 

hexane 


Reduced  temperature  range  over  which  a.  and  a„  were  fitted. 

Sources  of  experimental  data  for  liquid  densities  p  and  surface 
tensions  y. 
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TABLE  4    (Continued) 


Substance 

Range 

T 
r 

a-^102) 

a2(102) 

Ref 

P 

erences 

Y 

Olefins 

Propylene 

.53-. 67 

7.143 

-2.173 

49 

48 

1-Butene 

.48-. 70 

4.752 

-0.9880 

49 

48 

2-Butene 

.51-. 65 

3.606 

-0.8401 

49 

48 

1-Hexene 

.54-. 64 

8.630 

-2.142 

49 

49 

1-Octene 

.47-. 56 

8.047 

-1.876 

49 

49 

Cyclopentene 

.56-. 62 

5.445 

-1.195 

49 

49 

Aromatics 

Benzene 

.48-. 93 

0.4634 

0.5432 

53 

11 

Toluene 

.46-. 63 

8.130 

-2.080 

49 

49 

Ethylbenzene 

.44-. 60 

9.602 

-2.384 

49 

49 

Isopropylbenzene 

.46-. 57 

8.175 

-1.851 

49 

49 

Alcohols 

Methanol 

.53-. 92 

11.60 

-4.971 

49 

49 

n-Propanol 

.55-. 68 

25.56 

-8.854 

49 

48 

i-Propanol 

.56-. 60 

33.13 

-10.98 

49 

49 

n-Butanol 

.48-. 54 

20.35 

-6.624 

49 

49 

Organic  Halides 

Methyl  Chloride 

.68-. 73 

1.215 

-0.1476 

5  3 

48 

Ethyl  Bromide 

.56-. 60 

15.00 

-4.565 

53 

48 

Carbon  Tetra- 

.49-.89 

0.9412 

0.4869 

49 

49 

chloride 

Chlorobenzene 

.43-. 88 

2.138 

-0.000452 

49 

49 

Oxides 

Carbon  monoxide 

.61-. 68 

8.502 

-2.748 

49 

48 

Carbon  dioxide 

.71-. 95 

-1.587 

1.395 

49 

49 

Water 

.44-. 58 

34.75 

-11.90 

54 

48 

Others 

Acetic  Acid 

.49-. 86 

5.984 

-2.906 

49 

49 

Acetone 

.54-. 69 

6.178 

-1.783 

49 

49 

Ammonia 

.49-. 58 

6.878 

-2.269 

53 

48 

Aniline 

.39-. 65 

13.38 

-3.976 

49 

49 

Carbon  disulfide 

.51-. 58 

5.968 

-1.869 

Chlorine 

.47-. 57 

4.103 

-1.340 

49 

48 

Diethyl  ether 

.59-. 95 

-0.4972 

1.227 

49 

49 

Ethyl  acetate 

.52-. 90 

0.08686 

1.058 

49 

49 
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Figure  11.   Test  of  Surface  Tension  Correlation  (line) 
for  C0o 
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Figure  12.   Test  of  Surface  Tension  Correlation  (line)  for 
Acetic  Acid 
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3.0 


Figure  13.   Test  of  Surface  Tension  Correlation  (line)  for 
Methanol 
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of  predicted  surface  tensions  with  experimental  values  for  these  and 
several  other  liquids  are  shown  in  Figures  14  and  15. 

The  linear  relation  suggested  by  (3-61)  is  not  obeyed  by  experi- 
mental data  for  long  chain  hydrocarbons,  however.   Typical  plots  are 
shown  in  Figure  16.   In  spite  of  the  poor  correlation  for  these 
substances,  the  predicted  surface  tensions  using  (3-61)  were  usually 
within  3%  of  the  experimental  values  as  shown  in  Figure  17. 

Generally,  the  correlation  of  (3-61)  reproduced  the  experimental 
data  for  substances  tested  here  within  3%  for  values  of  TR  <  0.92.   In 
order  for  the  correlation  to  apply  in  the  critical  region,  we  must  have: 


TR'     'oR1 
C.P.     C.P. 


hence,  from  (3-61) 


ax  =  -  a2  =  a  (3-64) 


Then 

2 

'  *R  -  w£  (1 "  V  <3"65) 

K 

in  the  critical  region.   This  relation  was  not  obeyed  by  many  of  the 
liquids  in  Table  4. 
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Comparison  of  Surface  Tension  Calculated  from 
the  Correlation  (lines)  with  Experimental  Values 
(points)  for  Several  Polyatomic  Liquids 
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Figure  15.   Comparison  of  Surface  Tension  Calculated  from  the 
Correlation  (lines)  with  Experimental  Values 
(points)  for  Several  Polyatomic  Liquids 
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Figure  16.   Test  of  Surface  Tension  Correlation  (lines)  for 
n-Hexane  and  n-Octane 
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Figure  17.   Comparison  of  Surface  Tensions  Calculated  from  the 

Correlation  (lines)  with  Experimental  Values  (points) 
for  Several  Hydrocarbons 


CHAPTER  4 
VAPOR-LIQUID  DENSITY-ORIENTATION  PROFILES 

Calculation  of  surface  tension  for  polyatomic  fluids  from  the 
general  Kirkwood-Buf f  equation  (2-20)  requires  knowledge  of  the 
interfacial  pair  distribution  function  f  (z..r- -to-O)-)  .   This  function 
may  be  written  in  terms  of  the  interfacial  singlet  and  pair  correlation 
functions,  p(z  oi  )  and  g(z..£..  ?u),G0„) ,  respectively: 


f  (z1£12co1(jj2)  =  pCzjU^)  p(z2co2)  g (SE1£12W1W2^  ^_1^ 

Thus,  (4-1)  with  (2-20,21,22)  indicate  that  the  surface  tension  of 
polyatomic  fluids  is  a  function  of,  among  other  things,  the  concentra- 
tion and  orientation  of  molecules  in  the  interfacial  region.   As 
indicated  in  Chapter  1,  much  effort  has  been  expended  in  determining 
the  nature  of  the  interfacial  density  profile  p(z.)  for  atomic  fluids. 
Almost  nothing  has  been  done  in  determining  the  corresponding  profile 
p(z,0)1)  for  more  complicated  molecules.   In  this  chapter  a  first  order 
perturbation  theory  is  developed  for  p(z,(ju..)  and  calculations  are 
presented  for  model  fluids  interacting  with  anisotropic  overlap  and 
dispersion  forces. 

4.1   First  Order  Perturbation  Theory  for  p(z.|aj.|) 

4.1.1  Development  of  the  General  First  Order  Term 

For  a  pure  liquid  with  N  nonspherical  molecules  interacting  with 
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N  N 
total  potential  (J(r  oj  )  at  temperature  T,  the  singlet  distribution 

function  is: 


^lV  =  Z 


,  N-l  ,  N-l  -3U(rNooN)  r.  „. 

dr    du)    e    —  (4-2) 


Z  is  the  configurational  integral  of  (2-4),  3  =  1/kT,  and  U)  =  {<J>8x)  is 
a  set  of  Euler  angles  giving  the  molecular  orientations. 

Now  consider  the  pure  liquid  to  be  in  equilibrium  with  its  vapor 
and  to  have  a  planar  interface  between  the  vapor  and  liquid  phases. 
Assume  a  space-fixed  coordinate  system  oriented  such  that  the  xy  plane 
lies  in  the  plane  of  the  interface  and  the  positive  z-axis  is  directed 
into  the  vapor  phase.   If  the  fluid  at  any  height  z  is  considered  to  be 
uniform  in  the  x  and  y  directions,  then  only  the  z-component  of  (4-2) 
applies: 


P(z1a)1)  =  ^ 


,  N-l  ■  N-l  -gU(rNcoN)  ,.    „. 

dr    dto    e    —  (4-3) 


(4-3)  gives  the  unnormalized  probability  of  finding  a  molecule  with 
orientation  (*)..  at  height  z,  in  the  fluid. 

The  perturbation  theory  for  p(z..to, )  is  developed  by  writing  the 
potential  as  a  sum  of  isotropic  reference  plus  anisotropic  perturbation 
terms: 


(J(rV)  =  U  (rN)  +  XU   (rV)  (4-4) 

O  3. 


where  X  is  a  perturbation  parameter  as  in  (2-27).   Now  expand  p^.GJ,) 


n 


in  a  Taylor  series  with  respect  to  the  parameter  A  about  the  reference, 
i.e.,  about  X   =  0: 


pCz^) 


Pq<Z1> 


+  X 


SpCz^) 


9A 


+ 


X' 


A=0 


9  p(z1co1) 


dxl 


+  •••  (4-5) 


A=0 


Here  we  consider  only  the  first  order  theory: 


Po(zl} 
P(Z1U)1)  =_fi +  M^V 


(4-6) 


where 


P1(z1w1)  =  X 


9p(z1w1) 

9A 

A=0 


(4-7) 


Taking  the  derivative  of  (4-3)  with  respect  to  X   and  assuming  the  poten- 
tial to  be  pairwise  additive,  as  in  Equation  (2-8),  we  find: 


9p(z10J1) 


i)A 


3 
Q 


<*2   fo(z1^12>    <tt.(12)V 


A=0 


2ft 


dr2  dr3   f0(Zlr12r13)    <u.(23)> 


+  WZ1> 


dr.    dr„   f    (z.r.J    <u   (12)>     M  (4-8) 

—1     —2      o      1—12  a  wiu? 


where  the  angle  average  <•••>  is  defined  by  (2-15). 

If  the  reference  fluid  is  now  chosen  to  be  a  Pople  reference, 
(2-46),  then  (2-48)  causes  the  last  two  terms  in  (4-8)  to  vanish, 
leaving : 


75 


apCz^) 


dX 


A=0 


z6 


dr  f  (z  r   )  <u  (12)> 
z  o   1—12    a     0)r 


(4-9) 


For  anisotropic  potentials  having  1   /  0  order  spherical  harmonics 


<u  (12)>   =  0 


(4-10) 


Thus,  (4-9)  vanishes  for  multipolar  interactions,  and  the  density- 
orientation  profile  is,  to  first  order,  just  the  reference  profile, 

P0(2]_). 

Anisotropic  overlap  and  dispersion  interactions  contain  H=0 
spherical  harmonics,  however,  so  (4-9)  does  not  vanish  for  these 
potentials.   Combining  (4-9)  with  (4-6)  and  (4-7)  and  setting  A  =  1 
to  regain  the  real  fluid: 


p(z1w1) 


3 
Q 


d^2  fo(12)  <Ua(12)>0). 


(4-11) 


4.1.2  Evaluation  of  p1  (z.. ul  )  for  Anisotropic  Overlap  and  Dispersion 
The  anisotropic  overlap  potential  is  approximated  by  the  first 
two  terms  in  a  spherical  harmonic  expansion: 


u     =  u    (202)  +  u    (022) 
over    over         over 


(4-12) 


Using  the  general  spherical  harmonic  expansion  for  u  given  in  Appendix  C, 

3 

with  coefficients  E     from  Table  CI,  (4-12)  becomes: 

over 
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u  =16 

over 


1/2 


6e 


12 


12 


I       C(202;ra1m2m) 


m.ra.m 


x  Dio(v  DLl^  YL(ui2> +  J 

1  z  m1m  m 

x.C(022;mim2m)   D^*^)   D^*^)   Y^) 


(4-13) 


But 


?      * 
<D      _    ((D-)>        =   0 
m20        2'   U) 


(4-14) 


Thus,  on  angle  averaging  over  oj„,  (4-13)  reduces  to: 


<u    >   =  16 

over  a) 


TT 

L5J 


1/2 


6e 


12 


12'   m-m~m 


I        C(202;m  m  m) 


X  Dml0*«V  ^m/^^  YL(W125 


(4-15) 


Using  the  properties. of  the  representation  coefficients  and  spherical 
harmonics  [38],  (4-15)  reduces  to: 


<u    >     86c 
over  (j0„ 


12 


12 


P2(cos  B1)  P2(cos  6   ) 


(4-16) 


where  P   is  the  second  order  Legendre  polynomial. 

To  obtain  the  expression  analogous  to  (4-16)  for  anisotropic  dis- 
persion, we  proceed  in  a  similar  manner.   The  model  for  the  anisotropic 
dispersion  potential  is  based  on  London's  polarizability  approximation 
and  is  written: 


u,  .   =  u, .  (202)  +  u, .  (022)  +  u, .  (224) 
dis    dis         dis         dis 


(4-17) 
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The  terms  on  the  right  side  of  (4-17)  are  evaluated  from  the  expansion 

for  u   in  Appendix  C  and  the  expressions  for  E,.   in  Table  CI.   Taking 
a  dis 

the  angle  average  of  (4-17)  over  to  ,  the  second  two  terms  vanish  due 
to  arguments  analogous  to  (4-14).   Then,  carrying  out  steps  analogous 
to  those  cited  above  for  overlap,  we  obtain: 


<u  , .  >   =  -  4kg 

dis  (jo 


— J   P2(cos  9X)  P2(cos  612)  (4-18) 


Combining  (4-16)  or  (4-18)  with  (4-7)  and  (4-9)  and  noting  that 
for  linear  molecules  co..  =  {6..}  only, 


P1(ziei)  =  C  P2(cos  bx)   p0(z1) 


*_ 


n 


dr12  r12  P2(cos  612)  po(z2)  g^r^) 

(4-19) 


where 


fo(zlil2)  =  Po(zl>  po(z2}  8o(z1^12)  (4"2°) 

has  been  used,  and  for  overlap 

C  =  -  836e/fi  ,   n  =  12  (4-21) 

while  for  dispersion 

C  =  4BKe/ft  ,     n  =  6  (4-22) 

To  obtain  the  interfacial  density  profile  p(z1),  Equation  (4-6) 
is  integrated  over  the  orientation  CO,.   Integration  of  p..(z,9,)  over 
to1  vanishes  when  Pi(zi9i)  is  given  by  (4-19).   Thus,  for  the  weakly 


78 


anisotropic  potentials  for  which  the  first  order  perturbation  theory 
is  expected  to  apply,  the  interfacial  density  profile  p(z..)  is  just 
the  reference  fluid  profile  p  (z,).   Thus,  there  is  no  layered  structure 
in  the  interface  of  fluids  which  interact  with  these  weakly  anisotropic 
potentials.   Moreover,  the  Gibbs  dividing  surface  is  the  same  (to  first 
order)  for  the  real  and  reference  fluids.   However,  it  is  clear  from 
(4-19)  that  these  fluids  will  exhibit  preferential  orientation  of  the 
molecules  in  the  interfacial  region. 

4.2  Calculations  of  p^oO  for  Overlap  and  Dispersion 
4.2.1   Calculational  Form  for  p, (z. w , )  using  Toxvaerd's  Model  for 

In  order  to  avoid  the  integration  over  0..„  in  (4-19),  cylindrical 
coordinates  are  introduced,  giving: 


p1(z1e1)  =  c  p2(cos  e1)  p0(z1) 


dz12  Po(z12+  Zl} 


dr12  r12 
:12' 


(          - 

o 

n 
P2 

fZ12] 
J12) 

'o(zlZ12r12)    . 


_2tt 
d<j>12    (4-23) 


Performing   the  <}>..  „    integration  and  writing   in  dimensionless   form, 


P1(z181)    =   2ttC  P2(cos   Q±)    P0(z1) 


dz12  PQ(z12+  zx) 


dr*     r*(1-n)   P 
t      12     12  2 


'12 


12 


•k     "k        >V 

8o(zlz12r12) 


(4-24) 


To  proceed  further,  an  approximation  must  be  made  for  the  unknown  inter- 

*  *   * 
facial  correlation  function  g  (z.Z1nr10).   We  choose  the  model  used  by 

o   1  12  12 
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Toxvaerd  [14],  in  which  g  (z"z  „r   )  is  assumed  to  be  a  density 
weighted  average  of  the  bulk  fluid  correlation  functions: 


go(zlZ12rl2)  =  A<ZM2>  8oL(rl2PL)  +  B(Z1Z12}  ^oV^LV     (4"25) 


where 


A  A     ap  (z  )  +  (1-a)  p  (z  )  -  p 
A(Zlz12)  =  ^— (4-26) 

PL  "  PV 


*   *  A   * 


PL  -  ap  (z±)   -   (1-a)  p  (z2) 


B(zlz12)  =  5 * (4-27) 


PL"  PV 


and  a  is  an  adjustable  parameter.   It  has  been  pointed  out  that  the  model 
(4-25)  satisfies  the  symmetry  requirement  of  g  (z,z  _r -.„)  being  invariant 
under  a  renumbering  of  molecules  1  and  2  only  when  a  =  1/2  [55].   Toxvaerd 
found  .72  <  a  <  .8  when  solving  the  Born-Green-Yvon  (BGY)  equation  for 
p(z^)  for  a  Lennard-Jones  fluid  [14].   In  that  calculation  the  asymptotic 
limit  exp  (~3u)  was  used  for  the  vapor  phase  g„(r)  while  the  Percus-Yevick 
result  was  used  for  g-,(r)  .   We  have  used  the  same  vapor  phase  g(r);  how- 
ever, Verlet's  molecular  dynamics  results  have  been  used  for  g  (r)  [32]. 
Our  solution  of  the  BGY  equation  for  the  Lennard-Jones  p(z  )  using 
Toxvaerd's  method  required  0.2  <  a  <  .4.   The  resulting  profile  p(z.) 
is  very  nearly  the  same  as  Toxvaerd' s  results,  as  shown  in  Figure  (4-1). 
Further,  Toxvaerd  has  been  able  to  reproduce  the  results  for  p(z..)  shown 
in  Figure  18    by  a  method  which  does  not  involve  the  model  of  (4-25)  [16] 
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Figure  18.   Interfacial  Density  Profile  for  Lennard-Jones  Fluid 
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Thus,  we  conclude  that  while  the  model  of  (4-25)  is  open  to  criticism, 
it  seems  to  provide  the  correct  result. 

Combining  (4-25)  with  (4-24)  gives: 


P1(Z1°1)    =   2lJC  P2    (C°S   91)    Po(zl) 


*  *        *  A 

dz12   Po(z12+  Zl} 


dr*  r*(1-n)  P 
^  12  r12     r2 


Z12^ 


vr 


IA<«M2>  8oL(r12} 


12 


*  A 


+  B<Vl2)  goV(r12)] 


(4-28) 


P1(z191)  =  2ttC  P2(cos  ex)   p0(z1) 


AAA      A 

dz12  po(z12+  Zl} 


A  A 


A  A 


[A(z1z12)  KL(z12)  +  B(Z;Lz12)  Kv(z12)] 


(4-29) 


where 


V2^  5 


dr 


'12' 


r*^  P. 


12  12 


'12 


8oL(r12> 


12 


(4-30) 


V«12> 


dr*   r*(1~n)  P 
12   12      2 

'12' 


vr 


J12 

A 

12 


A 

'oV^r12^ 


(4-31) 


4.2.2   Calculation  Procedure  for  p(z-.8..)  for  Anisotropic  Overlap 
or  Dispersion 

A 

1.   For  a  given  temperature  T  and  liquid  and  vapor  bulk  phase 

A  A 

densities  p  T  and  p  „,  calculate  the  Lennard-Jones  reference  fluid  inter- 
oL      ov 

A   A 

facial  density  profile  p  (z..)  by  solving  the  BGY  equation: 


82 


*   *  A     *(     *     \        * 

a  a   a  a      ***du  ^rl2;  z12 
* 

dzl  "'12  '12 


dp  (z  ) 

=  6 


dr  2  P0(^)  P0(^)  80(zizi2ri2)  — J*     *" 


(4-32) 


The  model  (4-25)  is  used  for  g  (z  z  „r  2)  and  the  vapor  phase  correlation 

— Rufr   ) 
function  is  approximated  by  e     12  .   Verlet's  molecular  dynamics  results 

a 
are  used  for  g  T(r19)  [32].   Details  of  the  solution  method  are  given  in 

[14]. 

2.  Calculate  the  integrals  1C  and  K^,  (4-30)  and  (4-31),  as 

a 
functions  of  z  „.   In  these  equations  n  is  given  by  (4-21)  and  (4-22) 

for  overlap  and  dispersion,  respectively. 

3.  For  a  given  6  value  using  (4-21)  for  overlap  or  a  given  K 

value  using  (4-22)  for  dispersion,  fix  either  z^   or  0,  and  solve 

*  * 

(4-29)  for  p,  as  a  function  of  0,  or  z,  ,  respectively. 

A         A  A    A 

4.  With  p   and  p..  determined,  obtain  p  (z,8..)  from  (4-6). 

O        1  -L  J- 

A    A 

4.2.3   Results  for  p  (z.8..)  for  Dispersion 

A    A 

Figure   19    shows  the  p  (z,0..)  surface  calculated  by  the  above 
procedure  for  molecules  interacting  with  Lennard-Jones  plus  anisotropic 
dispersion  forces  with  K  =  .25.   Figures   20   and   21   are  cross- 
sectional  slices  of  the  volume  shown  in  Figure   19.     For  these 
calculations  the  z  =  0  plane  locates  the  Gibbs  equimolar  dividing 
surface.   These  figures  indicate  a  preference  for  these  linear 
molecules  to  orient  themselves  in  the  liquid  side  of  the  interface 
with  their  axes  at  an  angle  0  =  tt/2  to  the  normal  to  the  plane  of 
the  interface.   That  is,  the  molecules  prefer  to  lie  in  the  plane  of 
the  interface  on  the  liquid  side.   Away  from  the  interface  into  the 
bulk,  liquid,  all  orientations  are  equally  probable,  as  they  should  be. 
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Figure  19.   Interfacial  Density-Orientation  Surface  for  a  Fluid 
of  Axially  Symmetric  Molecules  Interacting  with 
Lennard-Jones  plus  Dispersion  Model  Potential. 
kT/e  =  0.85,  k  =  0.25 
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Figure  20.   Interfacial  Density-Orientation  Profiles  for  a  Fluid 
of  Axially  Symmetric  Molecules  Interacting  with 
Lennard-Jones  plus  Dispersion  Model  Potential. 
kT/e  =  0.85,  K  =  0.25 
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Figure  21.   Interfacial  Density-Orientation  Profiles  for  a  Fluid 
of  Axially  Symmetric  Molecules  Interacting  with 
Lennard-Jones  plus  Dispersion  Model  Potential. 
kT/e  =  0.85,  k  =  0.25 
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On  the  vapor  side  of  the  interface,  the  calculations  indicate  a  slight 
preference  for  the  opposite  orientations,  i.e.,  the  molecules  tend  to 
stand  perpendicular  to  the  plane  of  the  interface. 

A  plausible  explanation  for  this  change  in  most  probable  orienta- 
tions from  the  liquid  to  the  vapor  phases  can  be  obtained  by  considering 
the  difference  between  the  normal  and  tangential  components  of  the  stress 
tensor,  {p   -  p  (z)}.   Toxvaerd  has  calculated  {p   -  p  (z)}  as  a  function 
of  z  by  two  different  methods  [14,56].   In  both  calculations  he  finds 
{pN  -  p„(z)}  to  be  positive  in  the  liquid  side  of  the  interface,  cor- 
responding to  a  surface  tension  in  the  liquid.   On  the  vapor  side,  however, 
Toxvaerd  finds  the  difference  {p   -  p  (z)}  to  be  negative,  corresponding 
to  a  surface  compression  of  the  vapor;  see  Figure  22.   Hence,  the 
preferred  orientations  found  for  linear  molecules  interacting  with 
dispersion  forces  may  be  interpreted  as  follows.   The  surface  tension 
in  the  liquid  tends  to  pull  the  molecules  toward  orientations  in  which 
the  molecules  lie  in  the  plane  of  the  interface.   On  the  vapor  side,  the 
surface  compression  tends  to  push  the  molecules  together,  forcing  them  to 
stand  in  the  interface. 

Calculations  for  values  of  the  strength  constant  <  other  than  0.25 
show  the  anticipated  results,  i.e.,  for  K  <  .25  the  probabilities  for  the 
preferred  orientations  are  weaker  than  those  for  <  =  .25.   For  K   >    .25, 
the  corresponding  probabilities  are  stronger.   The  general  character  for 
all  these  calculations  is  the  same  as  shown  in  Figures  19,  20,  and  21. 

4. 2. A   Results  for  p*(z*6  )  for  Overlap 

Calculations  have  been  performed  for  the  Lennard- Jones  plus  overlap 
potential  using  both  positive  (rodlike  molecules)  and  negative  (platelike 


molecules)  values  for  the  overlap  parameter  6.   As  shown  in  Figures  23 
and  24,  the  behavior  of  p*(z*9  )  for  6  >  0  is  opposite  to  that  found 
for  the  dispersion  interaction.   The  molecules  tend  to  stand  perpendicular 
to  the  plane  of  the  interface  in  the  liquid.   On  the  vapor  side  there  is  a 
slight  preference  for  the  molecules  to  lie  in  the  plane  of  the  interface. 

Results  for  6  <  0  are  shown  in  Figures  25  and  26.   These  cal- 
culations show  the  opposite  features  to  those  for  6  >  0;  however,  for 
platelike  molecules  the  symmetry  axis  is  perpendicular  to  the  plane  of 
the  molecule.   Thus,  in  the  liquid  side  of  the  interface  the  platelike 
molecules  prefer  an  orientation  with  the  symmetry  axis  parallel  to  the 
interfacial  plane.   The  molecules  themselves  tend  to  stand  perpendicular 
to  the  interfacial  plane.   An  analogous  argument  holds  for  molecules  in 
the  vapor  side  of  the  interface. 
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Figure  23.   Interfacial  Density-Orientation  Profiles  for  a  Fluid 
of  Axially  Symmetric  Molecules  Interacting  with 
Lennard-Jones  plus  Anisotropic  Overlap  Model  Potential. 
kT/e  =  0.85,  6  =  0.1 
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Figure  24.   Interfacial  Density-Orientation  Profiles  for  a 

Fluid  of  Axially  Symmetric  Molecules  Interacting 
with  Lennard-Jones  plus  Anisotropic  Overlap  Model 
Potential.   kT/e  =  0.85,  6  =  0.1 
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Figure  25.   Interfacial  Density-Orientation  Profiles  for  a 

Fluid  of  Axially  Symmetric  Molecules  Interacting 
with  Lennard-Jones  plus  Anisotropic  Overlap  Model 
Potential.   kT/e  =  0.85,  6  =  -0.1 
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Figure  26.   Interfacial  Density-Orientation  Profiles  for  a 

Fluid  of  Axially  Symmetric  Molecules  Interacting 
with  Lennard-Jones  plus  Anisotropic  Overlap  Model 
Potential.   kT/e  =  0.85,  6  =  -0.1 


PART  II 
COMPUTER  SIMULATION  STUDIES 


CHAPTER  5 
MONTE  CARLO  SIMULATION  OF  MOLECULAR  FLUIDS 
ON  A  MINICOMPUTER 


5.1   Introduction 

The  Monte  Carlo  method  used  in  the  study  of  fluids  is  a 
form  of  the  standard  Monte  Carlo  technique  for  evaluating  multi- 
dimensional integrals.   Here  the  integrals  of  interest  are  those 
which  arise  in  statistical  mechanics  for  the  time-independent 
properties  of  fluids  [41].   In  the  study  of  fluids  the  method 
is  often  referred  to  as  computer  simulation  since  the  integrations 
are  over  the  positions  of  the  molecules  in  the  system.   Thus,  the 
random  generation  of  the  variables  of  integration  in  the  Monte 
Carlo  method  may  be  considered  to  represent  motion  of  the 
molecules  in  the  system.   Even  for  a  fluid  system  of  a  few  hundred 
spherical  molecules,  'the  integrals  to  be  evaluated  approach  1000-fold 
in  size.   Consequently,  sampling  over  several  hundred  thousand  or, 
often,  a  few  million  values  for  the  independent  variables  is  required 
in  order  to  obtain  reasonable  statistical  precision  for  values  of 
the  integrals  (<  3-5%).   Such  calculations,  therefore,  require  a 
significant  amount  of  computer  time.   The  amounts  of  time  vary  greatly 
from  one  machine  to  another,  of  course.   For  illustrative  purposes, 
one  Monte  Carlo  calculation  for  a  simple  Lennard-Jones  fluid  of  256 
particles  requires  a  few  minutes  of  CPU  time  on  a  CDC  7600,  a  major 
portion  of  an  hour  on  an  IBM  370/165,  and  a  few  hours  on  an  IBM  370/155 
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or  Honeywell  635.   Calculations  for  more  complicated  fluids  (non- 
spherical  molecules)  require  significantly  longer  times  (usually  by 
a  factor  of  five  or  six).   Such  a  requirement  of  computer  resources 
has  a  constrictive  effect  on  use  of  simulation  in  fluids  research. 
A  relatively  small  number  of  researchers  have  access  to  machines  for 
such  lengthy  calculations. 

The  value  of  computer  simulation  in  the  study  of  fluids  cannot 
be  overstressed.   Since  the  position  (and,  in  the  case  of  nonspherical 
molecules,  orientation)  of  each  molecule  is  known  throughout  the 
calculation,  computer  simulation  provides  a  degree  of  detail  which  is, 
as  yet,  unattained  by  either  theory  or  laboratory  experiment.   Such 
detail  allows  the  study  of  local  structure  in  fluids,  as  well  as  the 
effects  of  potential  models,  anisotropic  potential  strengths,  molecular 
shapes,  etc.,  on  fluid  properties.   Computer  simulation  is  the  only 
source  of  "experimental"  data  for  model  fluids  which  are  used  in 
developing  theories  of  fluids.   In  addition,  computer  simulation 
provides  a  valuable  method  for  studying  intermolecular  potential 
functions  applicable  to  real  fluids. 

In  light  of  the  value  of  machine  simulation  and  the  restricted 
availability  of  large  computers,  it  was  felt  worthwhile  to  explore 
the  possibility  of  using  a  minicomputer  for  performing  Monte  Carlo 
calculations.   Many  researchers,  it  is  felt,  have  access  to  mini- 
computers and,  further,  these  machines  are  often  only  in  use  for 
some  fraction  of  a  24  hour  day.   The  minicomputers  currently 
available  are  certainly  slower  than  the  big  machines,  and  so  they 
could  not  be  applied  to  many  simulation  problems.   But  though  the 
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problems  the  minicomputer  can  potentially  solve  may  be  less  glamorous 
than  some  presently  being  studied,  they  may  turn  out  to  be  no  less 
important. 

This  chapter  describes  a  method  of  performing  Monte  Carlo 
simulations  of  linear  molecules  developed  for  a  NOVA  2  minicomputer. 
The  areas  of  discussion  include:   an  outline  of  the  Monte  Carlo  method 
for  nonspherical  molecules,  description  of  the  NOVA  2  computer,  details 
of  the  Fortran  program  developed  for  the  NOVA,  and  comparison  of  results 
from  the  NOVA  with  those  obtained  on  a  CDC  6600. 

5.2  Monte  Carlo  Method  for  Nonspherical  Molecules 

5.2.1   Intermolecular  Potential 

The  Monte  Carlo  method  for  a  system  of  spherical  molecules  is 
well  documented  [57,58],  so  only  an  outline  of  the  procedure  is  given 
here.   The  emphasis  in  this  work  is  on  systems  of  nonspherical  molecules, 
wherein  the  intermolecular  potential  U  depends  on  the  orientations  to  of 
the  molecules  in  addition  to  their  locations  _r.   The  orientations  are 
usually  specified  by  a  set  of  Euler  angles  to  =  {<j>8x}  between  a  body-fixed 
frame  and  a  reference  frame  fixed  external  to  the  system.   The  full 
potential  for  a  system  of  N  molecules  is,  then: 


U  =  U(rNtoN)  (5-1) 


which  is  assumed  to  be  a  sum  of  pair  interactions: 


U(r\)N)  =  l  l   u(r.  a)  a)  )  (5-2) 

i<j     J   -> 
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Here  we  consider  pair  potentials  of  the  form: 


uCr.^.)  =  uLJ(r.  .)  +  ua  (r.. «,.(,.)  (5-3) 


In  (5-3) ,  u   is  the  Lennard-Jones  pair  potential  of  Equation  (3-2) 
and  u  is  an  anisotropic  potential,  e.g.,  dipole,  quadrupole,  aniso- 
tropic  overlap,  or  anisotropic  dispersion.   Expressions  for  these 
potential  models  are  given  in  Appendix  C. 

5.2.2  Monte  Carlo  Procedure 

Monte  Carlo  simulations  may  be  done  in  any  of  several  ensembles; 
here  we  use  the  canonical  ensemble.   A  number  of  particles  N,  system 
volume  V,  temperature  T,  and  form  for  the  intermolecular  -pair  potential 
(5-3)  are  chosen.   Initial  positions  and  orientations  are  assigned  to 
each  of  the  N  particles.   The  nature  of  this  initial  configuration  is 
arbitrary,  i.e.,  it  may  be  randomly  generated,  pathological  (e.g., 
FCC  lattice),  or  the  last  configuration  from  a  previous  calculation. 
The  position  of  the  i   particle  is  given  by  three  components  of  a 
vector  r.  locating  its  center  of  mass.   Rather  than  specify  the 
orientation  of  the  molecules  by  Euler  angles  IX),    =   {<(>.0.x.}»  it  is 
more  convenient  computationally  to  use  the  direction  cosines  of  the 
molecular  axes.   For  linear  molecules  the  orientation  is  completely 
specified  by  two  independent  variables,  though  in  practice  all  three 
of  the  direction  cosines  are  stored  for  each  molecule. 

The  simulation  then  proceeds  as  follows: 

1.   For  the  current  system  configuration,  denoted  by  superscript 
(1) ,  the  system  energy  is  calculated: 
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U(1)  =  V  V  u(1)(r..a).aj.)  (5-4) 

i<j       «  x   J 


2.   One  particle,  having  position  r.   and  orientation  0).   , 

is  selected,  either  cyclically  or  at  random,  and  a  new  position 

(2)  (2) 

r_:   and  orientation  w.   are  proposed  by: 


r(2)  =  rf1)  +  f  d  (5-5) 

—l     —l     — k 


wf2)  =  0)f2)  +  L^da  (5-6) 


where  £,  is  a  vector  of  random  components  uniformly  distributed  on 
(-1,1),  while  d  and  d„  are  maximum  allowable  steps  lengths  for  the 
translational  and  rotational  motion  of  the  molecules,  respectively. 

3.   The  energy  of  the  proposed  new  configuration  is  calculated: 


u(2)  m   y  y  u(2)(       j  (5_7) 

±4       ij  x  j 


4.   The  proposed  new  configuration  is  accepted  or  rejected, 
based  on  the  relative  probabilities  of  occurrence  of  the  two  con- 
figurations.  The  probabilities  are  proportional  to  the  Boltzmann 
factor: 

P(1)  =  exp  [-  U(1)/kT]  (5-8) 

P(2)  =  exp  [-  U(2)/kT]  (5-9) 
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The  criteria  for  accepting  or  rejecting  the  proposed  configuration  is: 

(2^    (1) 

a)  If  P    >  P    ,  accept  the  new  configuration. 

b)  If  P  <  P  ,  do  not  reject  the  new  configuration 
out  of  hand,  rather  accept  it  with  probability  proportional  to  the 
Boltzmann  factor.  This  may  be  accomplished  by  generating  a  random 
number  E,   on  the  interval  (0,1),  and: 

If  P   /P    >  £,  accept  the  new  configuration. 

(2)  .  fl) 
If  P   /P    <  £,  reject  the  new  configuration. 

5.  If  the  new  configuration  is  rejected,  the  old  configuration 
is  counted  as  the  new  configuration,  and  the  properties  of  interest 
are  determined  for  this  new  configuration. 

6.  Steps  1-5  are  iterated  over  the  length  of  the  calculation. 
At  the  end  of  the  run,  ensemble  average  property  values  are  obtained 
by  averaging  the  property  values  obtained  for  each  configuration. 
Relations  for  several  equilibrium  properties  in  terms  of  ensemble 
averages  are  given  in  Table  5.   In  Table.   5,  the  angular  correlation 
parameters  G  are  measures  of  the  correlation  of  orientation  in  the 

Li 

fluid.   When  fluctuations  in  the  collision-induced  dipole  moments  are 
neglected,  the  parameters  G  are  related  to  the  dielectric  and  Kerr 
constants  (F  and  F?)  for  linear  molecules.   The  parameters  G  also 
arise  in  theories  of  depolarized  light  scattering  [59].   (There  seems 
to  be  no  standard  notation  for  these  angular  correlation  parameters, 
cf.  Cheung  and  Powles  [60].) 
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TABLE  5 


Equilibrium  Properties  in  the  Form 
of  Ensemble  Averages 


Configurational  ^  =  h  <I   I   u(r  U)  0),)>  (5-10) 

Internal  Energy  i<j     J  x  -> 

CR 
Residual  Heat  ^  =  -~   [<U2>   -   <LI>2]  (5-11) 

Capacity  NT 

p         i  9u(r .  .ui.ui .) 

Pressure  -f—  =1 —  <Y  V  r   1J  1  J   >     f 5-1 21 

pkT   x   3NT  L   L   rij     9r_     *     O  i-D 

p  o   3u(r .  .oi.O).) 

Fowler  Model  y  =  -£-  <[  I  r2.  1J  x  3   > 

Surface  Tension  16N   i<j   lj     3rij 


,F  _  "P 


Mean  Squared  Torque 


t 


(5-13) 


Fowler  Model  Surface     n  =  ~  <]   Y  r..  u(r..w.oo.)>  (5-14) 

Excess  Energy  S    4N   i<j   ^     «  *  J 


Angular  Correlation    .  G   =  <  £   P  (cos  Y1.)>  (5-15) 

Parameters1"  j/1   L      iJ 


9  9 

Mean  Squared  Force       <F  >  =  <  \      {V  u(r  to  go. ) }  >  (5-16) 

j/1    X   1J  X  J 


<T1>  =  <  I      {Vu,  u(r  w  W.)}2>  (5-17) 


Y,  .  is  the  angle  between  the  axes  of  molecules  1  and  i .   PT  is  the  L 
order  Legendre  polynomial. 


th 
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During  the  first  few  hundred  configurations  of  the  calculation, 
the  system  is  relaxing  from  the  arbitrary  starting  configuration  to  an 
equilibrium  state,  which  is  reflected  by  the  system  energy  fluctuating 
about  a  minimum  value.   These  initial  configurations  are  "discarded" 
in  that  they  are  not  used  in  calculating  the  average  values  for  the 
properties.   At  regular  intervals  throughout  the  calculation,  the  step 
lengths  in  (5-5)  and  (5-6)  are  adjusted  to  maintain  acceptance  of  about 
half  the  proposed  new  configurations.   In  order  for  the  small  number 
of  particles  (here  N  =  128)  to  adequately  mimic  a  bulk  fluid  system, 
so-called  periodic  boundary  conditions  are  used.   Moreover,  the  potential 
is  set  to  zero  beyond  some  cut-off  distance  r  ,  taken  to  be  the  radius 
of  the  largest  sphere  which  can  be  inscribed  in  a  cube  of  volume  V. 
More  detailed  descriptions  of  the  method  can  be  found  in  [57>53]. 

5.3  Description  of  the  Minicomputer  System 

The  computer  used  in  this  study  was  a  Data  General  NOVA  2/10  with 
optional  32K  16-bit  words  of  core  storage  and  1000  nsec  memory  cycle 
time.   The  CPU  included  the  following  options:   power  monitor,  auto 
restart,  auto  program  load,  real  time  clock,  hardware  multiply/divide, 
and  high  performance  hardware  floating  point  processor.   The  CPU  serviced 
the  following  peripherals:   two  moving  head  disc  units  with  controller 
for  a  total  of  2.5  megawords  of  storage,  serial  matrix  line  printer 
(165  cps),  fast  paper  tape  reader  and  punch,  and  teletype. 

The  computer  was  operated  under  the  Data  General  real  time 
disc  operating  system,  RDOS,  revision  3.02,  which  handles  task 
scheduling  and  system  maintenance.   The  executive  remained  core 
resident  and  occupied  about  3K  words,  so  about  29K  word  locations 
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were  available  for  computation.   The  available  software  included 
Data  General's  Fortran  IV,  Fortran  V,  Basic,  and  Algol.   The  program 
for  this  work  was  written  in  double  precision  arithmetic  for  the 
Fortran  V  computer.   The  Data  General  Fortran  V  is  a  code  optimizer, 
in  that  redundant  operations  are  eliminated  and  floating  point  opera- 
tions are  optimized  for  effective  use  of  the  floating  point  hardware. 

5.4  Monte  Carlo  Program  for  the  NOVA 

5.4.1  Calculation  of  System  Energy 

The  major  time-consuming  calculation  in  Monte  Carlo  simulations 
is  evaluation  of  the  system  energy  U   in  (5-4)  and  (5-7).   The  full 
double  sum  in  (5-4)  and  (5-7)  does  not  have  to  be  evaluated,  however, 
since  the  particles  are  moved  sequentially.   Thus,  when  particle  i 
is  moved  from  configuration  1  to  configuration  2,  only  (N-l)  pair 
energies  change.   The  new  system  energy  can  be  found,  therefore,  from: 


u(2)    m  u(l)   +  AU_  (5_18) 

where 


AU. 

l 


AU.  =  f  u(r<?y2V)  -  f  u(r^V(1V)         (5-19) 
1   j/i    1J  ±       J    jfc    1J   X   J 

In  the  usual  Monte  Carlo  calculation  each  of  the  pair  energies 
u(r  oa.oj.)  for  the  starting  configuration  is  calculated  and  stored 
in  core.   The  total  system  energy  for  the  starting  configuration  is 
obtained  from  (5-4)  and  stored  as  U        .   For  each  subsequent  con- 
figuration generated,  the  system  energy  is  determined  from  (5-18) 
and  (5-19)  rather  than  (5-7).   For  this  calculation  the  pair  energies 
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for  the  first  term  on  the  right  side  of  (5-19)  are  calculated,  while 

the  pair  energies  for  the  second  term  are  obtained  from  storage. 

Whenever  a  proposed  configuration  is  accepted,  the  pair  energies 

u(r..  to.   0).)  in  storage  are  updated  to  the  new  values  u(r..  0).   U)  ) 
XJ  1       J  lj   i   j 

and  the  new  system  energy  U     is  stored  as  U    .   This  procedure 
significantly  decreases  the  amount  of  calculation  required,  but  places 
a  heavy  demand  on  core  storage.   Even  though  the  matrix  of  pair  energies 
is  symmetric,  i.e., 


u(r.  jtt.0).)  =  u(r..03.(D.)  (5-20) 


■j  N(N-l)  values  must  be  stored  just  for  the  energy.   If  other  properties 
are  being  calculated,  similar  storage  must  be  provided  for  each  of  them. 
This  large  storage  requirement  is  avoided  in  the  program  for  the 
NOVA  by  calculating  both  sums  in  (5-19)  for  each  configuration  generated 
and,  therefore,  storing  none  of  the  pair  properties.   Execution  time 
is  increased  accordingly.   Alternatively,  the  pair  energy  matrix  could 
be  stored  on  disc  and  transferred  into  core  column  by  column  as  it  is 
needed.   When  a  move  is  accepted,  however,  a  major  portion  of  the  matrix 
must  be  brought  through  core  in  order  to  update  the  changed  elements  from 
u(r   wi  a)  )  to  u(r|.  0)j  V).   On   the  NOVA  2  system,  for  128  particles, 
we  found  this  transfer  to  be  slower  than  recalculating  the  needed  matrix 
elements  as  indicated  above.   Hence,  the  program  described  here  does  not 
use  core-disc  data  transfers  during  execution. 
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5.4.2   Program  Structure 

Figure   27  shows  a  simplified  schematic  flow  diagram  of  the 
program  written  for  the  NOVA  2.   The  Monte  Carlo  calculation  is  done 
by  the  main  program  labeled  1,  which  is  supported  by  subroutines  INITIAL 
and  ENERGY.   Subroutine  ENERGY  consumes  the  major  portion  of  execution 
time  as  it  forms  the  sums  analogous  to  Equation  (5-19)  for  all  properties 
of  interest.   Disc  file  1  holds  the  starting  configuration's  location 
vectors  and  direction  cosines.   Disc  file  2  holds  intermediate  con- 
figuration particle  location  vectors,  direction  cosines,  and  property 
values,  all  of  which  are  dumped  at  about  half-hour  intervals  throughout 
the  calculation.   This  periodic  data  dump  serves  as  a  back-up  against 
possible  power  failure  and  allows  other  system  users  to  interrupt 
program  execution.   The  entire  program  for  128  particles  resides  in 
core  throughout  the  calculation  and  requires  about  27K  words  of  NOVA  2 
memory.   A  further  saving  of  3-4K  words  could  be  attained  by  making 
the  subroutine  INITIAL  a  separate  main  program,  as  it  is  only  used  at 
the  start  (or  restart)  of  a  calculation.   The  main  program  labeled  2  takes 
the  raw  data  generated  by  program  1,  scales  property  values,  and  estimates 
statistical  precision  of  the  results. 

5.4.3   Program  Execution  Speed 

Speed  of  execution  of  the  Monte  Carlo  program  was  found  to  be 
largely  a  function  of  the  number  of  particles  used  in  the  simulation. 
The  complexity  of  the  potential  model  used  and  the  number  of  properties 
calculated  were  found  to  have  only  slight  effect  on  program  execution 
time.   These  findings  are  summarized  in  Table  6  which  compares  the 
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Main  Program  1 


1.  Start-up,  l=0;  Restart,  1=1 

2.  Call  INITIAL 

3.  Move  particle  k  from  X^  to  X^k 
k.  Call  ENERGY (Xpk) 

5.  Call  ENERGY^iJ 

6.  Accept  or  reject  move 

7.  Accumulate  properties 

8.  Every  M  moves,  transfer  property 
values  and  system  configuration 
to  di  sc 

9.  k  =  k  +  1 

10.  If  end  of  run,  STOP;  otherwise, 
go  to  step  3 


Main  Program  2 


~v- 


Subroutine  INITIAL 


1 .  Read  initial  con- 
figuration  of  the 
system 

2.  Calculate  initial 
property  values  by 
N  calls  of  ENERGY 


-hr- 


1.  Read  properties  from  disc 

2.  Scale  properties,  normalize 
g(r)  counts,  and  estimate 
stat  i  st ics 

3.  Output  results 


Subroutine  ENERGY 


Form  sum  of  (N  -  1 ) 
pair  properties  P^.- 


<r:j 


Figure  27.   Simplified  Schematic  Flow  Diagram  of  FORTRAN  Monte  Carlo 
Program  Developed  for  NOVA  2 
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TABLE  6 


Approximate  Number  of  Monte  Carlo  Configurations 
Generated  per  Hour  on  the  NOVA  2 


LENNARD- 
JONES 

LENNARD-JONES  +  QUADRUPOLE 

NUMBER 
PARTICLES 

""■^--^^^          No. 

NoT--— _^_^^  g  (rujto) 
Properties  ^"""""^ — ^_^ 

1        5 

64 
128 

3025 
1616 

1 
8 

1 
8 

2153     1846 
1912     1671 

1131      997 
1003      893 
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number  of  configurations  generated  per  hour  by  the  Fortran  program  for 
64  and  128  particles  using  the  Lennard-Jones  potential  (5-4)  and  the 
Lennard-Jones  plus  quadrupole  potential  of  Equations  (5-3)  and  (C28) . 
Table  6  indicates  that  doubling  the  number  of  particles  roughly  doubles 
execution  time.   In  addition  to  the  results  shown  in  the  table,  the 
Lennard-Jones  plus  dipole  model  of  Equations  (5-3)  and  (C27)  executes 
about  2%  faster  than  the  Lennard-Jones  plus  quadrupole  model.   The 
Lennard-Jones  plus  overlap  model,  Equations  (5-3)  and  (C30) ,  in  turn, 
executes  about  2%  faster  than  the  Lennard-Jones  plus  dipole  model. 
These  program  execution  speeds  on  the  NOVA  may  be  compared  with  speeds 
attained  on  IBM  and  CDC  machines.   A  Fortran  program  for  simulating 
the  Lennard-Jones  plus  overlap  model  fluid,  using  64  particles  and 
calculating  only  the  system  internal  energy  and  the  angular  pair 
correlation  function  at  seven  orientations  generates  about  2(10  ) 
configurations  per  hour  on  an  IBM  370/155  and  about  1(10  )  con- 
figurations per  hour  on  a  CDC  6600.   Each  of  these  programs  tested 
was  written  in  double  precision  arithmetic. 

5.5   Comparison  of  NOVA  Results  with  Full-Size 
Computer  Results 

Equilibrium  property  values  are  obtained  in  the  Monte  Carlo 
method  by  forming  ensemble  averages  over  appropriate  functions  of  the 
positions  and  orientations  of  the  molecules,  as  shown  in  Table  5. 
In  addition  to  the  properties  listed  in  the  Table,  the  program  written 
for  the  NOVA  determines  the  center-to-center  pair  correlation  function 
g^r^)  and  values  for  the  angular  pair  correlation  function  g(r1„u)..U)  ) 
at  five  specific  orientations. 
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Property  values  calculated  on  the  NOVA  for  a  Lennard- Jones 
plus  quadrupole  model  fluid  are  compared  in  Table  7  with  results 
previously  obtained  on  a  CDC  6600  [61,62,63].   The  value  for  the 
energy  U   reported  in  reference  [61]  does  not  include  a  long-range 
correction  for  values  of  the  radial  component  r  greater  than  the 
value  at  which  the  potential  is  set  to  zero,  r  .   For  the  sake  of 
consistency  in  the  comparison,  no  long-range  correction  has  been 

made  to  the  minicomputer  value  for  U  shown  in  Table  7.   Further, 

2 
the  values  for  the  mean  squared  force  <F  >  and  mean  squared  torque 

2 
<T  >  reported  in  [62,63]  were  obtained  by  integration  over  a  histogram 

of  Monte  Carlo-determined  g(r  „w  w  )  values.   Determination  of  such  a 

histogram  is  difficult  to  accomplish  since:   (a)  long  runs  are  required 

in  order  to  obtain  statistically  reliable  sampling  of  less  probable 

configurations  (especially  in  angle  space),  and,  (b)  small  radial  and 

angular  increments  are  required  in  order  to  obtain  sufficient  data 

2        2 
on  g(r^2W -|W2)  for  accurage  integration.   The  values  for  <F  >  and  <T  > 

calculated  on  the  NOVA  were  obtained  by  direct  evaluation  of  the  averages 

given  in  Table  5.   It  is  felt,  therefore,  that  the  NOVA  property  values 

are  more  reliable  than  those  obtained  from  the  CDC  machine. 

Further  comparisons  of  NOVA  results  with  CDC  results  are  made 

in  Figures  28  and  29.   Figure  28  shows  values  for  the  center-to-center 

pair  correlation  function  g  (r..~)  for  a  Lennard-Jones  plus  quadrupole 

fluid.   The  CDC  values  for  g  were  obtained  for  a  system  of  64  linear 

molecules  from  a  Monte  Carlo  chain  of  some  8(10  )  configurations  after 

the  system  had  reached  equilibrium  [61].   The  minicomputer  results  are 

from  a  run  of  similar  length  on  a  system  of  128  molecules. 
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TABLE  7 


Comparison  of  NOVA  and  CDC  Results  for  Property 
Values  of  Lennard-Jones  +  Quadrupole  Model 
Fluid.   kT/e  =  0.719,  pa3  =  0.80, 
Q/(ea¥/2  ■  1 


Property 


NOVA  2 


CDC  6600 


U/Ne 
<F2>c2/e2 

<Tj>/e2 


-  8.642  ±  0.197 
744.0   ±34.0 
31.2   ±  1.09 


-  8.483  ±  0.131   [61] 

772.0   ±15.0     [62] 

31.0   ±  1.5     [631 
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1.5 


7o- 


2.0 


Figure  28.   Comparison  of  CDC  (line)  and  NOVA  2  (points)  Monte  Carlo 
Results  for  the  Center-Center  Pair  Correlation  Function 
for  a  Lennard-Jones  plus  Quadrupole  Fluid 


Ill 


Figure  29.   Comparison  of  CDC  (line)  and  NOVA  2  (points)  Results 
for  the  Angular  Pair  Correlation  Function  for  a 
Lennard-Jones  plus  Quadrupole  Fluid  for  Molecular 
Pairs  in  the  Tee  Orientation 
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Figure  29  makes  a  similar  comparison  for  the  angular  pair 
correlation  function  g(r  0)  oj„)  for  the  Lennard-Jones  plus  quadrupole 
fluid.   The  values  of  g(r  u>  u>   )    shown  are  for  molecular  pairs  in  the 
tee  orientation,  i.e.,  01  =  tt/2,  92  =  0,  (J>   undefined,  where  0   6   and 
^12  are  t'ie  or:'-en,:at:'-on  angles  relative  to  the  intermolecular  axis,  as 
shown  in  Figure  CI.   The  CDC  results  are  from  a  chain  of  about  4.1(10  ) 
configurations  for  a  system  of  64  particles.   The  minicomputer  results 
are  from  the  same  run  as  that  for  Figure  28.   To  achieve  consistency  in 
the  comparison,  the  same  angular  increment  of  ±  15°  was  used  in  the  NOVA 
calculation  as  was  used  in  the  CDC  calculation  [64]. 

5.6   Conclusions 

The  above  results  indicate  that  the  NOVA  2  is  capable  of  reliable, 
sustained  operation  of  sufficient  magnitude  to  produce  useful  results 
by  the  Monte  Carlo  method  for  simulating  fluids.   The  major  limitation 
in  using  the  NOVA  for  such  calculations  was  found  to  be  speed  of  program 
execution.   This,  in  turn,  imposes  a  limitation  on  the  class  of  problems 
for  which  one  might  use  a  minicomputer.   An  upper  bound  on  the  time  one 
would  be  willing  to  invest  in  a  single  run  is  probably  of  the  order  of 
two  weeks  of  computer  time.   Such  a  calculation  would  yield  5-10(10  ) 
configurations  of  a  Monte  Carlo  sequence,  depending  on  the  number  of 
particles,  potential  model,  etc.   Thus,  one  would  not  consider  using 
present  minicomputers  for  specialized  studies  which  require  significantly 
longer  runs  than  calculation  of  bulk  fluid  properties,  e.g.,  study  of 
phase  transitions  or  critical  phenomena. 
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A  major  improvement  in  speed  of  program  execution  can  be  attained 
by  use  of  faster  hardware  than  is  available  on  the  NOVA.   Thus,  Freasier 
e_t  al .  [65]  have  recently  reported  Monte  Carlo  results  for  a  hard  dumb- 
bell fluid  using  a  POP  11/45.   The  calculations  were  done  for  108  particles 
and  about  10  configurations  were  generated  for  each  state  condition  studied. 
The  code  was  written  in  Fortran,  except  the  time  consuming  routines  for 
which  assembler  language  was  used. 


CHAPTER  6 

MOLECULAR  DYNAMICS  METHOD  FOR  AXIALLY 

SYMMETRIC  MOLECULES 

6.1   Introduction 

A  second  method  used  in  the  computer  simulation  of  fluids  (as 
opposed  to  the  Monte  Carlo  technique  described  in  the  previous  chapter) 
is  the  molecular  dynamics  method.   This  simulation  method  is  in  many 
ways  similar  to  the  Monte  Carlo  technique:   both  methods  are  applied  to 
small,  finite  systems,  both  use  periodic  boundary  conditions,  and  both 
usually  assume  a  pairwise  additive  intermolecular  potential.   The  major 
distinction  between  the  two  is  that  in  molecular  dynamics,  generation 
of  states  accessible  to  the  system  is  accomplished  by  solving  Newton's 
equations  of  motion  for  each  of  the  particles;  whereas,  in  the  Monte 
Carlo  method  accessible  states  are  obtained  by  random  sampling  of 
configurational  phase  space.   Sequential  solution  of  Newton's  equations 
of  motion  for  a  system  of  particles  implies  development  of  the  time 
evolution  of  the  system  on  the  molecular  level.   This  time  evolution 
of  the  system  provides  new  information  not  attainable  in  Monte  Carlo. 
Hence,  molecular  dynamics  may  be  used  to  study  various  time  dependent 
properties  of  the  system,  in  addition  to  configurational  properties 
(those,  e.g.,  listed  in  Table   5).   The  former  include  transport 
coefficients,  such  as  viscosity  and  diffusion  coefficients,  as  well  as 
a  host  of  time  correlation  functions.   The  time  correlation  functions 


114 


115 


include  the  force  and  translational  velocity  autocorrelation  functions, 
and,  for  nonspherical  molecules,  rotational  velocity,  reorientation,  and 
torque  autocorrelation  functions.   The  time  correlation  functions  obtained 
from  computer  simulation  are  of  interest  in  testing  theories  for  time 
dependent  properties  and  relaxation  processes  in  fluids.   Many  of  the 
time  correlation  functions  are  experimentally  accessible  via  various 
radiation  scattering  experiments  [66,67];  hence,  these  functions  provide 
a  means  for  studying  the  intermolecular  potential  of  real  fluids. 

In  molecular  dynamics  the  connection  between  the  conf igurational 
and  time  dependent  aspects  of  the  simulated  system  is  made  by  requiring 
that  the  force  _F  on  a  molecule  be  given  by  both  the  negative  gradient 
of  the  intermolecular  potential: 


hm'TT  U(^V)  (6"1} 


and  by  Newton's  second  law.   For  (6-1)  to  hold,  the  system  must  be 
conservative,  i.e.,  the  mass,  momentum,  and  total  energy  are  constants 
of  the  motion.   Thus,  with  the  system  volume  fixed,  molecular  dynamics 
calculations  are  performed  in  a  modified  microcanonical  ensemble,  in 
contrast  to  the  usual  microcanonical  ensemble  wherein  only  the  mass, 
volume,  and  total  energy  are  constants.   This  may  seem  restrictive 
compared  to  the  situation  in  Monte  Carlo  simulations  where  any  of 
several  ensembles  may  be  utilized;  however,  in  this  work,  the 
modified  microcanonical  ensemble  introduces  only  the  irritation 
that  the  system  temperature  is  difficult  to  set  beforehand.   (In 
studying  thermodynamics  of  mixtures  and  phase  equilibria  it  is  often 
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convenient  to  use  isobaric  or  grand  canonical  ensembles,  in  such  cases 
the  Monte  Carlo  method  may  be  preferable.)   Comparison  of  conf igurational 
property  values  from  the  "molecular  dynamics"  microcanonical  ensemble 
with  Monte  Carlo  results  in  the  canonical  ensemble  agree  within 
statistical  fluctuations  [57,68]. 

This  work  has  involved  molecular  dynamics  simulations  of  fluids 
of  axially  symmetric  (linear)  molecules  interacting  with  pair  potentials 
of  the  form  given  in  (5-3)  .   The  immediate  goals  have  been:   a)  comparison 
of  simulation  results  with  perturbation  theory  predictions  for  equilibrium 
property  values,  and  b)  study  of  the  molecular  structure  in  the  fluid 
via  the  angular  pair  correlation  function.   More  long  range  goals 
include:   c)  study  of  time  dependent  properties,  and  d)  comparison  of 
results  for  various  model  potentials  in  an  attempt  to  gain  insight 
into  the  nature  of  the  intermolecular  potential  for  real  fluids. 

Initial  simulation  studies  of  structure  in  fluids  of  nonspherical 
molecules  were  done  by  direct  evaluation  of  the  angular  pair  correlation 
function,  g(r  u)  u)„)  (as,  e.g.,  reported  in  Chapter  5).   This  direct 
evaluation  of  a  multidimensional  function  was  found  to  have  severe 
limitations  in  that  small  angular  increments  are  required  for  accurate 
representation  of  g(r  ju  ).   These  small  increments,  in  turn,  demand 
large  amounts  of  computer  memory  and  long  simulation  runs  to  reduce 
statistical  error,  especially  for  less  favored  molecular  pair  orienta- 
tions.  These  problems  can  be  significantly  reduced  by  expanding 
g(r1„co1co„)  in  terms  of  spherical  harmonics  and  evaluating  the  expansion 
coefficients,  g„    „      (r   ) ,  in  the  simulation  rather  than  g(r  ~uj  co~)  [  69  ]  • 
In  addition,  various  combinations  of  these  expansion  coefficients  are 
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related  to  equilibrium  properties,  thus  affording  a  consistency 
check  on  the  property  values  determined  in  the  course  of  the 
simulation. 

This  chapter  presents  the  method  of  performing  molecular  dynamics 
simulations  of  fluids  containing  axially  symmetric  molecules.   Section 
6.2  develops  general  expressions  for  obtaining  the  force  and  torque 
from  the  intermolecular  potential  for  such  molecules.   Section  6.3 
indicates  the  method  used  for  solving  Newton's  equations  of  motion  and 
outlines  the  molecular  dynamics  algorithm.   In  Section  6.4  the  spherical 
harmonic  expansion  for  the  angular  pair  correlation  function  is  developed 
and  the  method  of  determining  the  center-center  and  site-site  pair  cor- 
relation functions  is  described.   Relations  between  the  expansion 
coefficients  g^  ^  m^r±2^    and  various  equilibrium  properties  are 
developed  in  Section  6.5. 

6.2   Expressions  for  Force  and  Torque  for 
Axially  Symmetric  Molecules 

A  nonspherical  molecule  exhibits  translational  and  rotational 
motion  described  by,  respectively: 

F  =  m  —j-  (6-2) 

3t 

326 

Ii  =  1   ~7  (6-3) 

3t 

In  (6-2)  Fj  is  the  force  exerted  on  molecule  1  by  all  other  molecules 
in  the  system,  m  is  the  molecular  mass,  and  r,  is  a  position  vector 
locating  the  center  of  mass  of  molecule  1  relative  to  some  arbitrary 
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space  fixed  axis.   In  (6-3)  T-  is  the  torque  applied  to  molecule  1  by 
all  other  molecules  in  the  system,  I  is  the  molecular  moment  of  inertia, 
and  0  is  the  angular  displacement  of  the  molecular  axis  due  to  rotation 
about  its  center  of  mass. 

In  a  conservative  system,  F_  and  _T   are  also  given  by,  respectively, 
the  negative  radial  and  angular  gradients  of  the  intermolecular  potential, 
taken  to  be  a  sum  of  pair  contributions: 


F,  -  -  ~-     )      u(rn  .w,w.)  (6-4) 


'i  =  -  "5 —   I    u(ri  -w.o).; 
-i        a^    ^     -u  i  j 


T,  =  -  ^ —  ).  u(r1^o)1coJ)  (6-5) 


—  7   u(r1  .Ui.Oi., 


In  (6-5)  8/9(0  represents  the  angular  gradient  in  terms  of  Euler  angles 
and  0J1  is  the  orientation  of  molecule  1. 

Evaluation  of  the  force  and  torque  on  each  molecule  in  the  system 
from  (6-4)  and  (6-5)  at  regular  intervals  throughout  a  molecular  dynamics 
calculation  is  a  major  time  consuming  procedure.   It  is  important,  there- 
fore, to  develop  efficient  methods  of  evaluating  (6-4)  and  (6-5). 
Significant  improvement  in  program  execution  speed  may  be  realized  by  a 
proper  choice  of  the  manner  in  which  molecular  orientations  are  specified. 

6.2.1   Specification  of  Molecular  Pair  Orientation 

The  orientation  of  an  axially  symmetric  molecule  is  completely 

specified  by  two  independent  variables.   As  shown  in  Figure   30>  the 

orientation  w  of  molecule  i  may  be  given  by  the  polar  (3.)  and 

azimuthal  (a.)  angles  between  the  molecular  axis  and  a  space  fixed 

frame,  x  y  z  .   A  second  method  of  giving  the  orientation  OJ.  is  by 
s  s  S  oo  ±  j 
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Figure  30.   Methods  of  Specifying  the  Orientation  of  an 
Axially  Symmetric  Molecule 
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a  unit  vector  |L  aligned  along  the  molecular  axis.   The  components  of 

fi.  are  related  to  angles  a., 8,  by: 
—  i  i  i  J 


h.   =  sin  B.  cos  a.  (6-6) 

ix        x      i 


h.   =  sin  3.  sin  a.  (6-7) 

ly        i      i  \      •  > 


h.   =  cos  a.  (6-8) 

1Z         1  v    ' 


Obviously,  only  two  of  the  components  of  fi  are  independent. 

For  intermolecular  potentials  which  are  taken  to  be  a  sum  of 

pair  terms,  the  orientations  of  both  molecules  are  needed.   A  possible 

choice  for  specifying  the  orientations  is  use  of  the  angles  {8  ,a  }  for 

l   i 

each  molecule  i,  shown  in  Figure  31.   Use  of  such  a  system  is  cal- 
culationally  prohibitive,  however,  due  to:   a)  the  large  number  of 
terms  which  arise  when  the  pair  potential  is  written  in  terms  of  these 
angles,  b)  the  necessity  for  including  the  orientation  of  the  inter- 
molecular axis  x_       in  the  potential. 

Simplification  of  the  pair  potential  results  if  the  reference 
frame  is  chosen  to  be  aligned  relative  to  the  pair  of  molecules. 
One  such  intermolecular  reference  frame  which  is  often  used  has  its 
z-axis  aligned  along  the  intermolecular  axis  _r   ,  as  shown  in  Figure  32. 
Using  this  frame,  the  orientation  dependence  of  _r    in  the  potential 
vanishes.   Further,  the  dependence  of  the  potential  on  azimuthal  angles 
4^  and  cj>2  occurs  in  terms  of  the  difference  (J)   -  <f>   =  <J>     Expressions 
for  several  anisotropic  model  potentials  in  this  set  of  variables  are 
listed  in  Appendix  C.   This  intermolecular  frame  also  has  the  advantage 
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Figure  31.   Orientation  Angles  for  Axially  Symmetric  Molecules 
in  an  Arbitrary  Space  Fixed  Frame 
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Figure  32.   Orientation  Angles  for  Axially  Symmetric  Molecules 
in  the  Intermolecular  Frame 
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that  the  polar  angles  9.  may  be  found  from  simple  dot  product  relations 
between  a  unit  vector  ?   along  r..  and  the  unit  vector  fi.  along  the 
molecular  axis: 


cos  9.  =  fi.  •  r.  .  (6-9) 

i   -l   -ij  v  "' 


The  angle  <J>   is  not  so  straightforward  to  determine,  however.   From  the 
law  of  cosines  of  spherical  trigonometry: 


cos  y  ~  cos  9.  cos  9. 

cos  <(>   =  ■ 5 -—2 1  (6-10) 

ij       sin  9.  sin  9. 


where  y   is  the  angle  between  the  axes  of  molecules  i  and  j,  given  by: 


cos  Y  =  fi.  *  fi.  (6-11) 


There  remain  difficulties  in  using  this  set  of  intermolecular  angles. 

In  particular,  Cheung  [  70]  has  pointed  out  that  use  of  the  angles 
9->  9  ,  4>   requires  evaluation  of  time  consuming  vector  cross 

products  to  determine  the  direction  of  the  torque  on  a  molecule. 

Further,  as  can  be  appreciated  from  (6-10),  there  are  computational 

difficulties  in  the  neighborhood  of  9.  =  0. 

Equation  (6-9)  implies  that  <j> .  ,  may  be  eliminated  in  favor  of 

the  angle  Y  and  that,  then,  the  cosines  of  9.,  9.,  and  Y  may  be  used 

as  the  independent  variables  specifying  the  molecular  pair  orientation 

rather  than  the  angles  themselves.   Use  of  the  set  cos  9.,  cos  9.,  cos  y 

removes  the  above  mentioned  difficulties  associated  with  the  intermolecular 

reference  frame.   As  is  shown  below,  using  these  angles  allows  determination 
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of  the  direction  of  the  torque  by  evaluating  a  single  vector  cross 
product.   Use  of  (6-9)  and  (6-11)  also  avoids  the  problem  arising 
in  (6-10)  around  6.  =  0.   Thus,  in  the  molecular  dynamics  work 
reported  here,  we  have  used  the  pair  potential  in  the  form: 


u..  =  u(r..,cos  6., cos  9., cos  y)  (6-12) 

ij      ij      I      j 


or,  equivalently, 


u..  =  u(r..,n.-r..,fi.-r..,n.-fi.)  (6-13) 

ij      ij  '-i  -ij  '-j  -ij  '-i  -j 


Expressions  for  several  anisotropic  potential  models  in  the  form  of 
(6-12)  are  given  in  Appendix  C. 

6.2.2   General  Expressions  for  the  Force 

In  this  and  the  next  subsection,  derivations  are  outlined  for 
the  force  and  torque. on  axially  symmetric  molecules  when  the  molecular 
pair  orientations  are  given  by  (6-9)  and  (6-11)  and  the  pair  potential 
is  written  in  the  form  of  (6-12)  or  (6-13). 

Equation  (6-4)  for  the  force  on  a  molecule  may  be  written  as: 


F.  =  -  X  ^—  uOr-.w-w.)  (6-14) 

.H,    9r,  .    Ij  1  j 


5*1    -U 


where  rn  .  =  r.  -  r.  (6-15) 

-lj   -1   -j 

g 

has  been  introduced.   Writing  the  gradient  operator  -z in  terms  of 

the  spherical  coordinate  angles  {$,a}  of  Figure  32  for  the  intermolecular 
axis,  the  components  of  F_  are: 
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3u, 


lx 


I      -sin  B  cos  a  ^  -  cos  g  cos  a  -#  +  ,  sl"  «  Q  -#     (6- 
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lj 


36         r, .    sin  6     3a 
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F* "  I 


3u.. .  n      .  3u-,  .  3u, . 

lj        cos  p  sm  a       lj  cos  a  111    .,   ,_. 

-sin  p  sin  a  s. — "*■ — iw, — — «     k  j  r   (6-17) 
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lj 


"lj 


33  r1  .    sin   3      3a 


3u. .                _   3u, . 
il  +  sin  3 li 


?,        =        )         S-COS     6    TT— 

lz   JM       9rlj    rlj    8B 


(6-18) 


To  transform  (6-16),  (6-17),  and  (6-18)  to  the  angles  8..,  8„,  and 
Y  in  the  intermolecular  frame,  we  use  the  following  relations  given  by 
the  law  of  cosines  of  spherical  trigonometry: 


cos  6.  =  cos  3.  cos  3  +  sin  6.  sin  3  cos  (a.  -  a)  (6-19) 


cos  y  =  cos  3.  cos  3.  +  sin  3.  sin  3.  cos  (a.  -  a.)  (6-20) 


Applying  the  chain  rule  of  partial  differentiation  to  (6-16),  (6-17),  and 
(6-18)  gives: 
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j*l 


3u 


-sin  fcs  sin  a 


lj   cos  3  cos  a 
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lj       llj 


3  cos  8,    3u,  . 
_! Ll 


33    3  cos 


3  cos  9 .    3u,  . 
+  1 ^L 


33    3  cos 


sin  a 


r,  .  sin  3 


3  cos  6,    3u, . 
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3a    3  cos 
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3  cos  6 .    3u, . 
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3a    3  cos  8. 
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(6-21) 
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36 
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3u 
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9  cos 


3  cos  0, 
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ii 
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(6-23) 


3  cos  0 
Evaluating  the  derivatives  -  — ^—   -  and 


3  cos  0 . 
l    ,        i 


from  (6-19)  and 


3a    """    36 
(6-20),  using  the  relations  (6-6),  (6-7),  and  (6-8),  performing  some 

algebraic  manipulation,  and  using  the  trigonometric  relation: 


sin  x  cos  (x-y)  -  cos  x  sin  (x-y)  =  sin  y 


(6-24) 


(6-21),  (6-22),  and  (6-23)  can  be  recast  in  the  vector  form: 


3u  .    ,  9u  . 

-lj  3r     r    L-lj  -1  -lj    -1  3  cos  8 


+  —  [r. .(fi.'r. .)  -  fi.] 


3u 


li 


r,  .   — li  — j  — lj    — j   3  cos  6 
lj  J,. 


(6-25) 


Equation  (6-25)  is  the  general  expression  for  the  force  exerted  on 
molecule  1  by  a  system  of  axially  symmetric  molecules  when  the  pair 
potential  is  written  in  the  form  of  (6-12).   It  is  readily  apparent 
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that  for  an  isolated  pair  of  molecules,  (6-25)  gives  _F  =  -  F~. 
Expressions  for  the  derivatives  in  (6-25)  for  several  anisotropic 
potentials  are  given  in  Appendix  C. 

6.2.3  General  Expression  for  the  Torque 

The  derivation  for  the  general  expression  for  the  torque  proceeds 
in  an  analogous  fashion  to  that  for  the  force.   To  obtain  (6-5)  in  terras 
of  angles  in  the  space  fixed  reference  frame,  we  use  the  fact  that  the 
components  of  the  angular  gradient  in  (6-5)  can  be  shown  to  be  propor- 
tional to  components  of  the  angular  momentum  operator  L    [  38  ] ,  then, 


*1  "  "  X 


L   I     u(r  w  u> .) 


(6-26) 


where,  in  the  present  notation, 


h"1 


h 


9h\ 


(6-27) 


The  components  of  L.  in  the  spherical  coordinates  of  Figure  32  are 
given  by  Rose  [  38  ] .  Hence,  we  find  the  components  of  T,  in  angles 
relative  to  a  space  fixed  frame  to  be: 


T.   =  I 
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(cos  8-,  sin  a1  9u  .  9u1  . 

sin  81     9a^  "  C°S  "l  361 


(6-29) 


:iz  =   E 
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11 


(6-30) 
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To  transform  (6-28),  (6-29),  and  (6-30)  to  forms  involving 
)1 ,  0.,  y,    apply  the  chain  rule: 
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sin  3i 
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As 


for  the  force,  evaluate  — ^ 


9  cos  6,    9  cos  91    „. 

1         19  cos  Y 


96, 


9a, 


,  and 


3  ^°S  Y   from  (6-19)  and  (6-20),  use  (6-6),  (6-7),  (6-8),  and  (6-24), 

op, 

and  write  in  the  vector  form: 
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(6-34) 


Equation  (6-34)  is  the  general  expression  for  the  torque  exerted  on 
molecule  1  by  a  system  of  axially  symmetric  molecules  interacting  with 
a  pair  potential  expressed  in  the  form  of  (6-12).   Note  that  the  vector 
cross  product  in  (6-34)  is  taken  after  performing  the  summation  over  the 
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other  (N-l)  molecules  in  the  systems.   This  results  in  a  considerable 
saving  of  execution  time.   For  an  isolated  pair  of  molecules,  it  is 
straightforward  to  show  that  (6-25)  and  (6-34)  satisfy: 


il  +  T-2   '  ~   £12  *  Y-l  (6"35) 


i.e.,  the  angular  momentum  of  the  system  is  conserved.   Expressions  for 
the  derivatives  in  (6-34)  for  various  anisotropic  model  potentials  are 
given  in  Appendix  C. 

An  independent  derivation  of  (6-25)  and  (6-34)  has  recently  been 
given  by  Cheung  [  70  ] • 


6.3  Method  of  Solution  of  the  Equations  of  Motion 
and  the  Molecular  Dynamics  Algorithm 


6.3.1  Method  of  Solution  of  the  Equations  of  Motion 

Several  different  methods  have  been  used  to  solve  the  translational 
and  rotational  equations  of  motion  (6-2)  and  (6-3)  for  axially  symmetric 
molecules  [66,71].   The  method  used  here  is  that  due  to  Cheung  and  Powles 
[  60  ] .   A  major  advantage  of  this  method  is  that  problems  associated  with 
solving  the  second  order  differential  equation  (6-3)  for  the  molecular 
orientations  in  the  intermolecular  frame  are  avoided  by  solving,  instead, 
the  corresponding  first  order  differential  equation  for  the  angular 
velocity  fi: 


3fi 

T.  =  I  -5=  (6-36) 

— 1      dt 


The  difficulties  which  arise  in  solving  (6-3)  are:   a)  the  second  order 
equations  for  the  polar  and  azimuthal  angles  must  be  solved  separately, 


130 


thus,  more  computation  is  involved,  b)  the  second  order  equation  for 

2 
the  azimuthal  angle  <{)  contains  a  term  involving  1/sin  9.   Such  a  term 

introduces  computational  difficulties  in  the  region  around  0=0  [71  ]. 

Once  the  angular  velocity  is  obtained  from  (6-36),  there  remains 

the  determination  of  the  molecular  orientation  fi . .   The  orientation  may 

be  found  by  realizing  that  the  angular  velocity  and  angular  acceleration 

are  mutually  perpendicular  to  one  another  and  to  the  molecular  axis  [60  ] 

Since  the  angular  acceleration  is  proportional  to  the  torque  obtained 

from  (6-34)  ,  the  unit  vector  fi.  may  be  found  by: 


fi.  =  (fi. 
— i    — i 


fif-^/lfi.  .  fif1) 


(6-37) 


,      (n)  ...       ,    th   .    ... 
where  x    indicates  the  n    time  derivative  of  x. 

The  method  used  for  solving  the  second  order  translational  equations 

of  motion  (6-2)  and  the  first  order  rotational  equations  of  motion  (6-36) 

is  the  predictor-corrector  algorithm  of  Gear  [72  ]•   The  method  involves 

three  steps:   prediction,  evaluation,  and  correction.   In  the  predictor 

step,  the  position  r.  and  orientation  fi.  of  each  molecule  and  their  first 

—i  —i 

five  time  derivatives  at  time  t  +  At  are  predicted  from  their  values  at 
time  t  by  a  Taylor's  expansion.   The  angular  velocity  fi.  of  each  molecule 
and  its  first  four  time  derivatives  are  predicted  in  the  same  manner: 


r^(t+At)  =  r.(t)  +  r(1)(t)At  +  r(2)(t)(At)2/2!  +  •••  +  r (5) (t) (At) 5/5! 


rP(1)(t+At)  =  r^1}(t)  t  +  rf2)(t)At  + 
—i  — i         —l 


+  rif5)(t)(At)4/4! 


rJ(2)(t+At)  =  r^2)(t)  +rf3)(t)At+  •••  +  r [ 5) (t) (At) 3/3! 


rP(5)(t+At)  =rP(5)(t) 
—l  —I 


(6-33) 
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fiP(t+At)  =«.(t)  +nf1)(t)At+ 


—l  —l 


+  ^(4)(At)4/4!    } 


(6-39) 


fiP(t+At)  =  fi.(t)  +  fif1)(t)At  +  •••  +  fif5)(At)5/5! 


fiP(5)(t+At)  =  fi<5)(t) 


(6-40) 


In  the  evaluation  step,  the  force  (translational  velocity)  and 

torque  (angular  velocity)  are  determined  at  the  predicted  positions 

P  P 

r^.  and  orientations  _fi.  from  (6-25)  and  (6-34). 

p 
In  the  correction  step,  the  predicted  positions  r.  and  angular 

p 
velocities  u.    and  their  derivatives  are  corrected  by: 


rfn)(t+At)  =  rP(n)(t+At)  +a  Ar .  [(At)n/n!]_1 
—i  —x  n  —i 


(6-41) 


$^n)(t+At) 


=  fiP(n)(t+At)  +  0  A«.  [(At)n/n!] 


-1 


n  —i 


(6-42) 


where  the  correction  terms  in  (6-41)  and  (6-42)  are  proportional  to  the 
difference  between  the  predicted  and  evaluated  accelerations: 


Ar.  = 


[rf2)(t+At) 
— i 


rP(2)(t+At)](At)2/2! 


(6-43) 


A«. 

—l 


[nf1)(t+At) 


fiP(1)(t+At)]At 
—l 


(6-44) 


The  parameters  a  and  B  in  (6-41)  and  (6-42)  are  chosen  to  maintain 
n      n 
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stability  of  the  solution  and  depend  on  the  order  of  the  differential 
equation  and  the  degree  of  expansion  in  the  Taylor  series  predictor 
step.   For  the  problem  described  here,  Gear  [  72  ]  gives  the  values: 


a0''"'a5  =  3/16'  251/360»  1'  u/18>  !/6>  x/60  (6-45) 


B0,---,B4  =  251/720,  1,  11/12,  1/3,  1/24  (6-46) 


This  predictor-corrector  method  is  not  self-starting;  consequently, 
we  use  the  following  startup  procedure: 

a)  For  the  initially  assigned  molecular  positions,  velocities, 

orientations,  and  angular  velocities,  calculate  the  translational  and 

angular  accelerations  from  (6-25),  (6-36),  (6-34)  and  (6-2),  and  set 

the  higher  derivatives  of  r.  and  fi.  to  zero. 

—i     —i 

b)  From  the  initially  assigned  orientations,  evaluate  the 

derivatives  of  fi .  to  fi .    by  repeated  differentiation  of: 
—l—i 


fif1}  =  -  fi.  «  fi.  (6-47) 

—l       —i   —i 


The  calculation  then  proceeds  with  the  predictor  step  above.   Setting  the 
higher  derivatives  of  r. (0)  and  fi. (0)  to  zero  introduces  a  slight  error 
into  the  first  few  solutions  of  the  equations  of  motion.   However,  the 
algorithm  corrects  itself  to  the  proper  solutions  after  a  few  time  steps 
have  evolved. 

It  should  be  emphasized  that  no  comparison  of  various  methods  for 
solving  the  equations  of  motion  have  been  made  in  this  study.   The  method 
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described  above  has  been  found  to  give  stable  solutions  and  maintain 

-14      -15 
conservation  of  energy  and  momentum  when  time  steps  of  10    to  10 

seconds  are  used;  however,  more  economical  and  efficient  methods  need 

to  be  developed.   In  this  regard,  Beeman  [73  ]  has  recently  compared 

several  methods  applied  to  the  molecular  dynamics  simulation  of  a 

Lennard-Jones  fluid.   He  finds  a  simple  third  order  predictor-corrector 

method  in  which  only  the  positions  r.  are  predicted  and  the  velocities 

r.    are  corrected  to  be  superior  to  any  of  the  other  methods  tested. 

It  would  be  useful  to  test  this  Beeman  algorithm  on  angle  dependent 

potentials  such  as  those  studied  herein.   For  calculations  in  which 

one  is  not  interested  in  time  dependent  properties,  Bennett  [74  ]  has 

developed   a  method  of  speeding  up  the  dynamics  of  the  system  by  scaling 

the  particle  masses.   This  method,  likewise,  has  only  been  tested  on 

fluids  of  spherically  symmetric  molecules. 

6.3.2  Molecular  Dynamics  Algorithm 

The  molecular  dynamics  calculations  reported  here  were  done  for 
256  particles  interacting  with  pair  potentials  of  the  form  given  in 
(5-3) .   The  basic  cell  for  the  system  was  of  cubic  shape  and  periodic 
boundary  conditions  were  used  to  negate  surface  effects.   In  order  to 
solve  the  rotational  equations  of  motion  (6-36) ,  the  molecules  were 
assumed  to  be  homonuclear  diatomics  and  the  bond  length  corresponding 
to  the  nitrogen  molecule  £/o  =  0.329  was  used  [71  ].   The  choice  of  bond 
length  can  have  no  effect  on  the  equilibrium  properties  since  potentials 
of  the  form  (5-3)  are  independent  of  bond  length.   In  these  calculations 
the  potential  was  cut  off  at  either  3.2a  or  3.0a.   The  unit  of  length 
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was  taken  to  be  the  molecular  diameter  a  and  the  unit  of  mass  was  taken 
to  be  the  molecular  mass.   The  calculation  procedure  is  as  follows: 

1.  Choose  a  particular  potential  model  whose  form  is  given  in 

*     3 
Appendix  C,  a  fluid  density  p  =  pa  ,  and  a  time  step  At  at  which  to  do 

the  simulation.   Choose  an  approximate  temperature,  T  =  kT/e  for  the 

system. 

2.  For  the  initial  positions  £.(0)  of  the  molecular  centers  of 
mass  use  either  an  FCC  lattice  structure  or  take  the  positions  from  the 
end  of  a  previous  calculation. 

3.  Assign  initial  orientations  _fi.  (0) ,  translational  x_.       (0) ,  and 
rotational  fi. (0)  velocities  to  the  molecules  from  random  numbers  uniformly 
distributed  on  (-1,1). 

4.  Scale  the  velocities  so  there  is  no  net  translational  or 
rotational  drift  on  the  system: 


— i 


(o)  =41)(o)  -\  i  41)(o) 

i=l 


(6-48) 


2.(0)  =  fi±(0)  -  i  I     fi.(0) 


(6-49) 


i=l 


ature  T 


5.   Scale  the  velocities  to  give  approximately  the  correct  temper- 
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where  the  moment  of  inertia  is  taken  to  be 

I  -  m  (  \  )2  (6-52) 

6.  Begin  the  predictor-corrector  algorithm  using  the  startup 
procedure  given  in  Section  6.3.1. 

7.  Predict  the  molecular  positions,  angular  velocities,  orienta- 
tions and  their  derivatives  at  time  (t+At)  by  (6-38),  (6-39)  and  (6-40). 

8.  Using  the  predicted  positions  and  orientations,  evaluate  the 

force  and  torque  on  each  molecule  using  (6-25)  and  (6-34),  and,  hence, 

get  the  actual  translational  and  angular  accelerations  from  (6-2)  and 

(6-3).   Also,  use  the  predicted  positions  and  orientations  to  evaluate 

the  ensemble  averages  for  the  equilibrium  properties  given  in  Table  5 . 

Determine  the  pair  correlation  functions  from  the  predicted  r.  and  fi. 
v  r        — i     — i 

by  the  method  given  in  the  next  section. 

9.  Correct  the  predicted  positions  and  angular  velocities  using 
(6-41)  and  (6-42). 

10.  Calculate  the  molecular  orientations  at  (t+At)  from  (6-37). 

11.  Check  that  each  particle  is  in  the  basic  cell  based  on  the 
corrected  positions.   Use  the  image  having  the  "minimum  image  distance" 
for  any  particle  no  longer  in  the  cell  [  57  ] . 

12.  During  the  initial  time  steps  for  which  the  mean  squared 
displacement  of  the  molecules  is  less  than  some  e  value,  the  system 

is  not  considered  to  be  at  equilibrium  and  the  velocities  are  rescaled 
after  each  time  step  using  (6-50)  and  (6-51) .   When  starting  from  an 
FCC  lattice  structure,  e  is  taken  to  be  about  10%  of  the  molecular 
radius,  which  is  a  corruption  of  Lindemann's  law  of  melting  [  75  ] . 
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The  breakdown  of  the  FCC  lattice  usually  requires  200-400  time  steps. 
Contributions  to  property  averages  are  not  calculated  during  this 
portion  of  the  calculation. 

13.  When  the  mean  squared  displacement  exceeds  the  desired  £ 
value,  steps  7-11  are  iterated  over  the  length  of  the  run,  usually 
2000  time  steps. 

14.  During  the  last  1000  time  steps  of  the  calculation, 
positions,  orientations,  translational  and  rotational  velocities 
and  accelerations  of  the  molecules  are  transferred  to  magnetic  tape 
at  intervals  of  10  time  steps.   This  data  is  for  subsequent  analysis 
of  time  correlation  functions  and  van  Hove  distribution  functions. 

The  program  was  written  in  Fortran  using  single  precision 
arithmetic.   For  256  particles  interacting  with  a  Lennard-Jones  plus 
quadrupolar  potential  cutoff  at  3.2a,  the  program  generates  about 
60  time  steps  per  hour  on  the  Honeywell  635  at  the  U.S.  Military 
Academy.   For  the  Lennard-Jones  plus  overlap  potential  cutoff  at 
3.0a,  the  program  executes  about  twice  as  fast. 

6.4   Evaluation  of  Pair  Correlation  Functions 

6.4.1   Definitions  of  Various  Pair  Correlation  Functions 

(rhis  subsection  of  Chapter  6  is  taken  from  references  [40],  [41], 
[76]-) 

The  angle  dependent  distribution  functions  for  molecules  inter- 
acting with  potentials  of  the  form  of  (5-3)  are  defined  in  a  manner 
analogous  to  that  for  distribution  functions  for  spherical  molecules. 

The  generic  distribution  function  of  order  h  f(r,  ,...r,  W.....Q),  )  is 

—1    — n   1    n 
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defined  such  that  f  (_r  go  )  d_r  dco  is  proportional  to  the  probability 
that  given  a  molecule  1  with  position  r,  in  dr,  and  orientation  co,  in 
du)..,  molecule  2  is  at  x_     in  dr_  with  orientation  co„  in  dco„,  etc.,  up 
to  molecule  h,  irrespective  of  the  positions  and  orientations  of  the 
remaining  N-h  molecules  [40]: 


.  -BU(rNooN)  .  N-h  .  N-h 
e    —     d_r    do) 

f(r  o>  )  =  ,m_um  ~ srs (6-53) 


(N-h) ! 


N  N 
-6U(rV  )  .  N  ,  N 
e    —     dr  dw 


An  angular  pair  correlation  function  g(r  CO  )  can  be  defined  in  terms  of 
f(r_U)  )  analogous  to  the  definition  of  the  radial  distribution  function 
for  spherical  molecules: 


f(A)h)  =  fCr^)  fCr^-.-fCr^)  g(A)h)  (6-54) 


For  an  isotropic,  homogeneous  fluid,  the  value  of  the  singlet  angular 
distribution  function  f(r_1co1)  is  independent  of  r_n  and  C01  ;  hence,  putting 
h  =  1  in  (6-53)  gives: 


fCr^)  =  p/fl  (6-55) 


where  Q   is  the  integral  over  the  angular  volume  element  dw;  Q  =   4tt  for 

2 
linear  molecules  and  ft   =  8tt   for  nonlinear  molecules.   Thus,  for  isotropic, 

homogeneous  fluids,  (6-54)  reduces  to: 


f(Aoh)  =  (ph/fth)  g(r\)h)  (6-56) 
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The  distribution  of  molecular  centers,  independent  of  molecular 
orientation,  is  obtained  by  integration  of  f ( _r  co  )  over  orientation: 


f(rh) 


c.   h  hN      h 
f(r  co   )dco 


(6-57) 


Using    (6-56), 


or, 


.,   h.  h^    ,   h  hw 

f (r   )    =  p  <g(r  to   )> 


(6-58) 


co 


,   hN         .    ,   h  hw 
gc(£  )    =  <g(£  co   )>  h 

CO 


(6-59) 


The  pair  correlation  functions  are  studied  in  detail  here.   From 
(6-53)  and  (6-56)  the  angular  pair  correlation  function  is  given  by: 


g(r12co1co2)    = 


N(N-l)fl 


-6U(rNC0N)  .  N-2  A   N-2 
e    —     dr    dco 


N  N 
-6U(r  co  )  .N.N 
e    —     dr   dco 


(6-60) 


Likewise,  the  center-to-center  pair  correlation  function  can  be 
obtained  from  (6-59)  : 


gc(r12)  =  <S(r12^2)>^2 


(6-61) 


Less  formally,  g  (r)  may  be  defined  as  the  ratio  of  the  local 
number  density  of  molecular  centers  of  mass  at  distance  r  from  the 
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center  of  mass  of  a  given  molecule,  independent  of  the  orientations 
of  the  molecules,  p  (r)  to  the  bulk  fluid  number  density  p: 

P„Cr) 
Sc<r)=-V  (6"62) 


It  is  also  of  interest  to  study  so-called  site-site  pair  cor- 
relation functions  g  n(r),  where  a, 3  are  sites  located  on  a  molecule. 

°ctp 

Usually  the  molecular  sites  of  interest  are  the  atomic  centers  on  a 
polyatomic  molecule.   The  g  R(r)  is,  then,  proportional  to  the  prob- 
ability of  finding  the  3-site  of  some  molecule  at  a  distance  r  from 
the  a-site  of  some  different  molecule  [ 76  ] .   The  function  8ag(r)  may 
be  obtained  from  the  angular  pair  correlation  function  by: 


ca  ■  -cf3  ^  (6-63) 


W  =<S(^B-^1  +r2  ''VVV^ 


2 


pry  • 

where  r.   is  the  vector  from  the  center  of  molecule  i  to  site  a. 

—i 

Less  formally,  g  „(r  „)  can  be  defined  as  the  ratio  of  the  local 

'  6a3  a3 

number  density  of  B-sites  at  distance  r  „  from  the  a-site  of  a  given 
molecule,  independent  of  molecular  orientations  and  excluding  the  3-site 
of  the  given  molecule,  to  the  bulk  fluid  number  density: 


(r  }  =  3  ra3  (6_64) 

8a3  a3      P 


6.4.2   Evaluation  of  Center-Center  and  Site-Site  Pair  Correlation 
Functions 

The  center-center  pair  correlation  function  g  (r)  can  be  determined 

in  a  molecular  dynamics  calculation  by  using  the  definition  (6-62) .   The 
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procedure  is  to  first  divide  the  volume  of  the  cubic  system  of  side 
H/a   into  spherical  shells  of  thickness  Ar.   In  this  work.  Ar  was  set 
equal  to  0.025a.   During  the  evaluation  step  of  the  molecular  dynamics 
procedure,  the  distance  r..  between  centers  of  each  pair  of  molecules 
is  determined,  using  the  predicted  positions.   For  each  r..,  the  spherical 
shell  in  which  molecule  j  lies  relative  to  molecule  i  is  determined  and 

a  counter  I  (r .  . )  is  incremented.   After  n  time  steps, 

c  xj  *   * 


21  (r..) 
c  hi 


Average  number   of  molecular  centers  in 
spherical  shell  having  boundaries 


(6-65) 


The  factor  of  2  arises  in  (6-65)  to  include  the  contribution  of  the 

shells  due  to  r..,  which  are  not  included  in  I(r..). 
ji  ij 

If  the  fluid  were  of  uniform  density  p  for  all  r  regardless  of  the 
location  of  any  given  molecule,  the  average  number  of  molecular  centers 
in  any  spherical  shell  would  be  given  by  NpAV(r),  where  AV(r)  is  the 
volume  of  the  shell.   Then  from  (6-62): 


gc(r) 


21  (r)/n 
c 

Np  AV(r) 


(6-66) 


where 


2tt   1 


AV(r) 


dij) 


r  + 


Ar 


d(cos  9) 


0    -1 


r  - 


2  . 
r   dr 

Ar 


(6-67) 


=  3-Ar 


3r2+iArr 


(6-68) 
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Determination  of  the  site-site  pair  correlation  functions 
g  „(r  „)  is  accomplished  using  (6-64)  in  the  same  manner  as  for 

Oip   Op 

g  (r)  described  above.   The  resulting  relation  is: 

,        .        2Iag(rag)/n  r,   ,_. 

gag(W   =  Np  AV(r  R)  (6"69) 

up 


To  determine  the  distances  r  0  for  a  pair  of  molecules,  consider  the 

otp 

geometry  for  a  pair  of  diatomics  with  sites  A  and  B  separated  by  distance 
&   on  each  molecule,  as  shown  in  Figure  33.   In  the  molecular  dynamics 
calculation,  the  locations  of  the  centers  of  mass  of  each  molecule 
relative  to  some  space  fixed  frame  _r .  are  known.   The  orientations  of 
each  molecule  are  also  known  in  terms  of  unit  vectors  JL  aligned  along 
each  molecule.   Thus,  with  Figure  33  and  some  simple  vector  addition, 

the  distances  r  Q   are  found  to  be: 

dp 


r<*8  =   ^12  ±  1  (h   *  h>  I  (6"70) 


where  the  first  sign  on  the  right  hand  side  is  +  if  a  =  A,  -  if  a  =  B, 
and  the  second  sign  is  +  if  a  ^  3,  -  if  a  =  $,  and  r, -  is  given  by  (6-15). 

Note  that  for  homonuclear  diatomics,  g  D  =  g0   due  to  symmetry. 

Otp     pCX 

6.4.3   Spherical  Harmonic  Expansion  for  g(r..  ^uj 

As  pointed  out  in  Section  6.1  it  is  both  inaccurate  and  inefficient 
to  attempt  direct  evaluation  of  the  angular  pair  correlation  function 
g(r1„0)1a)„)  in  computer  simulation  studies.   The  better  method  is  to 
expand  g(r1„w  to  )  in  spherical  harmonics  and  evaluate  the  expansion 


142 


Figure  33.   Geometry  of  a  Pair  of  Diatomic  Molecules 


143 


coefficients  in  the  simulation.  The  expansion  considered  here  is 
an  infinite  series  in  terms  of  products  of  spherical  harmonics  of 
the  molecular  orientations  in  the  intermolecular  frame  of  Figure 

32: 

g(r12V>2)  =  47T  I       g  £  (r12)  Y   (c^)  Y   (o>2)  (6-71) 

x.  x,  m   1  2         1        2— 

where  m  E  -  m  .  (6-72) 

Here  Y.  (to)  =  Y„  (8$)  is  a  spherical  harmonic  in  the  convention  of  Rose 

[38].   The  g„  „   (ri?)  are  the  expansion  coefficients  to  be  determined 

in  the  simulation.   For  molecules  with  a  plane  of  symmetry  perpendicular 

to  the  molecular  axis,  the  g„  „   (r,„)  are  zero  unless  both  £,  and  £„  are 

x-  J6  m   12  12 

even  (homonuclear  diatomics,  e.g.).   For  heteronuclear  diatomics  g„  „ 

i  o^ 

with  both  odd  and  even  values  contribute. 

Multiplying  both  sides  of  (6-71)  by  Yn       (to, )  Y„   (to„)  ,  where  * 

J6 1  m  i   x,  „m  2. 

indicates  complex  conjugate,  and  integrating  over  to,  and  u>  : 


dto 


1  dW2  8(rl2a,lW2)  Y£  >1}  YLm(ta>2)  =  ^    „    I        84,£.a(r12)  X 


dWl  hJ«l>    YL<U1> 


S^x^m 


dto„   Y.       (uO    Y*      (to.)  (6-73) 


2      £„nT    2'      £„rav    2' 


1"  1       *     J  2-     *       "2 


The  orthogonality   of   spherical  harmonics   gives    [  38  ] 


jdWlY£m(u)    YI'm'(a))    -6U»6«.'  (6'74) 


So    (6-72)    becomes; 
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8£1£2m(r12)   :=  4tt 


dWl  dW2  \m((V  Y£2rn(W2)  "frlA^ 


(6-75) 


Dividing  both  sides  of  (6-7  5)  by 


du^  do)2  g(r  oo  w  )  : 


8£1£2m(rl2) 


da^  dco2  g(r12(JJ1ca2) 


4tt 


dWl  dW2  Y£1m(ta)l)  Y£2m(a)2}  g(rl2(°lW2) 


dl^  dw2  g(r12u  u2) 


(6-76) 


The  ensemble  average  of  a  property  X(r _  _(jJ_0)„)  in  a  spherical  shell  of 
radius  between  r..  „  and  r  „  +  dr1  ~  is  defined  by: 


<X(r12V)2)>shen 


du^  dw2  X(r   ^w  )   g(r12co1w2) 


dw1  dco2  g(r12OJ1co2) 


(6-77) 


Further,  from  (6-75), 


S000(r12)    :     ,,    ,2 
(4tt) 


da)l  daJ2  g(rl2V2} 


(6-78) 


Combining    (6-76),    (6-77),    and    (6-78)    gives: 


8*1A2m(r12)   =  47T  8000(r12)   ^I  .^V   ^mS^shell 


(6-79) 


Note  that  comparison  of  (6-78)  and  (6-59)  gives: 


8000(r12)  "  8c(r12) 


(6-80) 
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Expressions  for  all  g.  .   (rio)  terms  having  l.    and  £„  even  up  to 
{£  £  m}  =  {444}  and  the  additional  terms  with  £..  and  £„  even,  m  =  0 
to  {SLJL   m}  =  {800}  are  tabulated  in  Appendix  F. 

Some  authors  prefer  to  expand  g(r..  „a)-<jt)_)  in  terms  of  products 
of  spherical  harmonics  of  the  molecular  orientations  in  the  space  fixed 
frame  of  Figure    rather  than  the  intermolecular  frame  [ 77  ] •   This 
expansion  is: 


(rl2°JlW2)  =   I  $        g(£1£2£;rl2)  c(£1^2£;mlm2m) 

£,£-£  m.m  m 

x  Vi(Ui)  YW"2)  Y^(w)  (6"81) 


Here  u  =  {B,ot}  is  the  orientation  of  the  intermolecular  axis,  as  in 
Figure   31;  C(ft- £  £;m..m2m)  is  a  Clebsch-Gordan  coefficient  in  the 
convention  of  Rose  [  38  J  . 

The  coefficients  of  the  intermolecular  frame  expansion  (6-71), 
g„  „   (r  „) ,  can  be  determined  from  those  of  the  space  fixed  frame 
expansion,  (6-81),  g(£  £  £;r   ),  by: 


g£  l   m(r12)  =  <47T)   2  I    (2£+D1/2  g(£1£2£;r12)  CO^l^m^O)     (6-82) 


Conversely,  the  g(£1£„£;r1„)  may  be  found  from  the  g„  „   (r,J  by: 

i   z        Lt.  x-  x-0m     iz 

3/2 

8(W'r12>    =  7W72  I     «V*»i  (rl2}    CWiBA0)  (6~83) 

(2£+l)  m1         12  1 
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6.5  Equilibrium  Properties  from  the  g„    „      (r1  _). 

The  coefficients  g„  „   (r  .)  provide  useful  information  about 

local  structure  and  molecular  orientations  in  fluids  when  recombined 

in  the  series  (6-71)  to  obtain  the  angular  pair  correlation  function 

gCr^-W-ifjO  .   In  addition,  integrals  over  various  combinations  of  the 

gj  p   (r13)  give  the  equilibrium  properties  of  the  fluid.   In  the 

context  of  machine  simulation  studies,  such  relations  provide  useful 

consistency  checks  between  the  direct  evaluation  of  the  properties 

via  the  ensemble  averages  of  Table  5  and  the  determination  of  the 

8n  o   (r,  ~)  coefficients.   In  this  section  the  derivation  of  the 
x.  x,  m  12 

relation  between  the  g„  „   (r  „)  and  the  conf igurational  energy  U 
due  to  a  Lennard-Jones  plus  quadrupolar  model  potential  is  given. 
Derivations  of  the  corresponding  relations  for  other  potential  models 
and  other  properties  are  accomplished  in  an  analogous  manner;  therefore, 
only  the  resulting  expressions  are  presented  in  tabular  form. 

The  conf igurational  energy  for  polyatomic  fluids  is  given  by: 


"  _£ 

N   2 


<u(12)g(12)>     dr  (6-84) 

0J-.  co„   —12 


where  X(12)  =  X(r12u)  to  )  and  <•••>  is  defined  by  (2-15).   Using  for  u(12) 
the  model  of  (5-3)  gives: 


U/N  =  U       +  U  (6-85) 

J_i  J      3 


where  ULJ  =  f 


ULJ(r12}  8000(rl2)  d^12  (6"86) 


and  U     =  £ 

a  I 
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<».<12)g(12)>     dr12  (6-87) 


Equation  (6-86)  has  been  obtained  by  using  (6-78).   Substituting  the 
Lennard-Jones  potential  (3-2)  into  (6-86)  gives: 


,.  *  *-12        *-6        *2        * 

ULJ   "  87Tp   C  J    «000(r12)    [r12     "  r12    ]    r12  dr12  (6"88) 

0 

£l£2m  *  * 
Defining  the  integrals  J     (p  ,T  )  by: 


IA. 


m 


J12   E 
n 


*-(n-2)    * 
\£2m(r12)  r12      dr12  (6"89) 


(6-88)  can  be  written: 


ULJ  =  8irp  e  [J12  -  J6   ]  (6-90) 


To  evaluate  U   from  (6-87) ,  first  obtain  an  expression  for 

SL 

<u  (12)g(12)>     .   Consider  u  (12)  to  be  the  quadrupole-quadrupole 
potential.   Then  from  Appendix  C,  Eqs.  (C5)  and  (C8)  give  the  expansion 
for  u   (12)  in  terms  of  spherical  harmonics  of  the  molecular  orientations 
in  the  space  fixed  frame: 


2 
uQQ(12)  -  ff  (70,)1/2  S_  I      0(224;*^)  Y    (^  Y    (^  Y^Ou) 

r..  „  m..m„  1        2 

(6-91) 


Choosing  the  space  fixed  z-axis  to  lie  along  the  intermolecular  axis  gives 

*  1/2 

8=0,  Y4m(w)  =  3/(4tt)    5  and  m„  =  m  ,  hence  (6-91)  reduces  to: 
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,2   2 


UQQ(12)  =  f~   <7°)1/2  V  ^   0(224^^0)  Y2m  (u^)  Y^  (o>2)     (6-92) 


r12  m1=2 


Combining  (6-71)  and  (6-92) 


IM!   nn^l/2Q2 


<>(12)B(12) >  =  ^-   (70)^  V  :    I        iLl/u)    I   C(224;miHl0) 

12  r„   £,, £„m       12  m. 


12   ~1~2"  ml 


x  <Y         (u   )    Y_      (w.)    Y0       (u.)    Y.      (oj.)>  (6-93) 

&,m     1        2m        1        I  m      2        2m        2     W.W- 


vm 


* 


Using  Y^(u»    =    (-)  "Y£m(o))  (6-94) 

and    the  orthogonality  condition    (6-74),    (6-93)    reduces    to: 

1/2   Jl 


<UQQ 


(12)g(12)>  =  iZPi (L_  J  g        (r ,,)      f     C(224;mimi0)   6       6 

W-.W-  5  5      L   °22m     12'      ^    „  1—1  mm,    mm, 

1   <£  r.„  m  m  =2  —1—1 


12  "'  1  ±- 

(6-95) 


Using  standard    tables    to   evaluate   the  C(224;m  m  0)    [35]    and  with   the  fact 
that   since   the  g„    .      ^ry}}   are  real> 


8A1A2m(r12)    =  g£1£2m(r12)  <6"96> 


(6-95)    becomes: 


2 
<uQQ(12)g(12)>a)iU)2  =  -  S_  [g220(r12)  +  f  g221(r12)  +  §  B222(r12>] 


12 

(6-97) 
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An  analogous  procedure  gives  <u  (12)g(12)>     for  other  potential 
models.   Results  are  given  in  Table  8. 

Combining  (6-87)  and  (6-97),  and  using  (6-89), 


,,     12tt  *  *2   rT220  .  4  T221  ,  1  T222n  ,,  __. 

UQQ  =  -j-  p  Q  e  [J5   +  J  J5   +  3  J5  ]  (6-98) 


Results  for  u  for  other  potential  models  are  given  in  Table  9. 

Tables  10,  11,  12,  13,  14,  and  15  give  expressions  relating  the 

£l£2m  *  * 
integrals  J     (p  ,T  )  over  the  coefficients  g„  „   (r.„)  to  the  pres- 
sure, Fowler  model  surface  tension,  Fowler  model  surface  excess  internal 
energy,  mean  squared  force,  mean  squared  torque,  and  angular  correlation 
functions  G  ,  respectively. 

Li 
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TABLE  8 


Expressions  for  <u  (12)e(12)>     in  Terms 
— - a -£2^ — —mm  

of  gf  g      ( r  ?)  for  Various  Model  Potentials 


12       r 


(6-99) 


<UQQ<12^12>>     =f  ^  ^220(r)  +!§221(r)  +^222(r)]       (6"100) 
1  2     r 


<u 


DO 


(12)g(12)> =^-r  [^g„„(r)  -  &  g,in(r)  +  2g„,  (r)  -  2g911(r)] 


U),Gd 


1W2   /5  r 

16 


<u    (12)g(12)>     =  —  6e 
over    6     w^   ^ 


r 


'120 
12 


210 


8200(r) 


6211 
(6-101) 

(6-102) 


<u,.  (12)g(12)>     =  -  —  KG 

dlS      6       (jO-OJ-       yr 


O 

r 


8200(r) 


(6-103) 


432   2 
175  K  C 


[g220(r)  +^g221(r)  +  i  S222(r)] 


t 


D,Q,over,dis  =  dipole,  quadrupole,  overlap,  and  dispersion,  respectively 
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TABLE  9 


Expressions  for  the  Conf igurational  Energy  in  Terms 
of  g-  0      (r  ?)  for  Various  Model  Potentials 


U/N  =  UT  T  +  U  (6-104) 

LJ  a 


ULJ  -  8,p*e  p™  .  ,000,  (6.105, 


,.  4tt     *  *2      r  T110    ,       111,  ,,    in,^ 

V  "  "  T  P  V     C    [J3       +  J3      ]  (6_106) 


,.  12tt     *  *2      fT220    ,    A    .221    ,    1    T222,  ,,    in7* 

%  =  —  P  Q     £    [J5       +  3  J5       +  3  J5      ]  (6"107) 


//  2tt     *   *   *      .  r-   T120        R   T210    ,    ._121        ,T211,  rfi   ,nax 

%  =  —  P  VJ  Q  E    t/3  J4        -   /3  J4       +  2J4        -   2J4      ]  (6-108) 

/5 

* 

U  =  ^  p*6e  J??0  (6-109) 

over  rr  12 

,.  16ir     *  200        864tt     *   2      r  T220    ,    4    .221        1    T222,    ,,    1im 

U, .      = pKe  J,        -  -r^r-  p   <   e      J,        +  ■»   J,        +  -5  J,      ]    (6-110) 

dis  7s  "  •'•'-'  3      6  3      6 
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TABLE  10 


Expressions  for  the  Pressure  in  Terms  of 
j>   „   (r  ?)  for  Various  Model  Potentials 


12 


_1_  =  i  _  P   _  p  (6-111) 

pkT        LJ    a 


p     _  Mhp  rjooo  _     ooo  (6_112) 

*LJ    kT   N6     ZJ12  J 


P   =  _  ^_  u  (6-113) 

a     3kT  a 


where     n  =  6,12, (£+1)  for  dispersion,  overlap,  or 

"multipole,  respectively 
and  expressions  for  U  are  as  given  in  Table 

3. 
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TABLE  11 

Expressions  for  the  Fowler  Model  Surface  Tension 
in  Terms  of  g„  „   (r  ?)  for  Various  Model  Potentials 


Y  a  /e  =  y  a  /e  +  y  cr  /e  (6-114) 

J-i  J  Si 


F      2,  n      *2    r T000        ^.000,  ,,    11C. 

YLJa  /e  =  3ttp        [J5       -  2JU   ]  (6-115) 


F     2,  tt     *2     *2    rT110    ,     Tlll,  ,,    .-.,, 

YDE)a   /£.  =  j  p       \i        [J2       +  J2      ]  (6-116) 


F     2,  3        *2     *2    rT220    ,    4    T221    ,    1    T222,  ,,    11^. 

YQQa  /e  =  -  j  Tip       Q       [J4       +  -  J4       +  y  J4     ]  (6-117) 


F     2/                t       *   *„*  r /T   t120         /t   T210    ,    OT121        ^211,             (,    11jn 

Ynr.o  /e  = p  y  Q  [/3  J~       -  /3  1       +  2J~       -  2J,      ]            (6-118) 

DQ                     2/5  3                     3                 3                 3 

F          2,               24tt     *2-  T200                                                                                     ,r    11qn 

Y    a  /e  = p  6  Jin                            (6-iiy) 

'over         /s  ^ 

F   2,    6tt  *2   T200  ,  324  *2   2    r  T220  ,  4  T221  ,  1  T222,    t,    .  om 

Ydisa  /E  =  ^  P  K  J5  +  175  P  K      [J5   +  3  J5   +  3  J5   ]    (6"120) 
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TABLE  12 

Expressions  for  the  Fowler  Model  Surface  Excess  Internal 
Energy  in  Terms  of  g.  .   (r   )  for  Various  Model  Potentials 


F   2  ,  F        2  .  F      2 

Uga  /£  =  Ug     az/e  +  U*  a  /e  (6-121) 

LJ  a 

U*     o2/e  -  2,p*2   [J°°°  -  J™°]  (6-122) 

Li  J 

F    2  ,     TT   *2  *2    ]  1 0     111 
u"  ol/e   =  i  p  Zy   [j^iU  +  j^11]  (6-123) 

bDD  J  2  2 

F        2,      _        3t\     *2      *2    rT220    ,    4    T221    ,    1      222,  ,,    .,,» 

U       o  /e  =  -  -=-  p       Q        [J         +  -  J         +  —  J       ]  (6-124) 

SQQ  5  4  3      4  3      4 

U^     a2/e  =  -  J-  p*2y y    [/3  j^20  -  /3  J210  +  2J*21  -   2J211]         (6-125) 
bDQ  2/5  3  3  3  3 

tiF         J- 1  8tt     *2X    T200 

Us         a  /e  = p     6  J  (6-126) 

over  /5 

^dis"27'  =  ~  ^  J™  +  ™  VP*2k2    [J520  +  *  J^21  +  3  ^22]     (6_127) 
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TABLE  13 


Expressions  for  the  Mean  Squared  Force  in 
Terms  of  g.  .   (r  ,,)  for  Various  Model  Potentials 


1  2 


<F12>LJ  °h~2  =   96^V    t22  JU°  "   5J8°°]        (6-128) 


<F12>MULTI  "^   =   °  (6"129) 


<F2>     aV2  =  (0.504TT)  ii  p*T*6  J2?°    (6-130) 
1  over  7c"        l^ 
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TABLE  14 

Expressions  for  the  Mean  Squared  Torque 
in  Terms  of  ^^^Jcr 

Various  Model  Potentials 


^iV^  -  -  h   T*  UDD/£       (6~131> 


<Tl\^2   =   "   12   ^    %/£  (6"132> 


<TiVe2  =  - 4  T*  %/£        (6~133) 


<x2>    /e2  =  -  6  T*  U    /e   (6-134) 
1  over  over 


<x2>  .  /e2  =  -  6  T*  U,.  /e     (6-135) 
1  dis  dis 
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TABLE  15 

Expressions  for  the  Angular  Correlation 

Functions  GT  in  Terms  of  gn  „   (r,J  for 
L. "x  1  Jc  _m — 1 2. 

Various  Model  Potentials 


GL  "  tfe  I    <">"  J0Lm  (6"136) 

m 


e.g. 


r      -   4rrP       r  t110         ot11;li  (c    mi 

Gl  -       3      [J0        "   2J0      ]  (6_137) 


G2   .  Alfi!  ^220  _   2J221  +  2J222]    (6_138) 


CHAPTER  7 
MOLECULAR  DYNAMICS  RESULTS 

This  chapter  presents  the  equilibrium  properties  obtained  by 
the  molecular  dynamics  method  described  in  Chapter  6.   In  Section  7.1 
analysis  is  made  of  the  potential  models  considered  in  this  study. 
Section  7.2  gives  values  for  equilibrium  properties  obtained  from 
molecular  dynamics  and  comparison  with  predictions  from  perturbation 
theory  is  made.   Values  for  the  spherical  harmonic  coefficients 
8£  I   n/rl2^  are  Presented  in  Section  7.3.   Also,  values  for  the 
J      integrals  are  given  and  equilibrium  properties  obtained  from 
the  J^     are  compared  with  values  obtained  by  direct  evaluation  in 
the  course  of  the  simulation.   In  Section  7. A  the  angular  pair  cor- 
relation function  g(r  ^   a)  )  obtained  by  recombining  the  spherical 
harmonic  expansion  is  studied.   The  site-site  pair  correlation 
function  is  discussed  in  Section  7.5.   In  Section  7.6  a  method  for 
producing  filmed  animations  of  the  molecular  motions  from  a  molecular 
dynamics  simulation  is  described. 

7.1  Potential  Models 

The  model  intermolecular  pair  potentials  considered  here  are 
of  the  form  in  (3-1),  i.e.,  isotropic  Lennard-Jones  plus  an  aniso- 
tropic contribution.   The  anisotropic  contributions  considered 
include  dipole,  quadrupole,  anisotropic  overlap  and  anisotropic 
dispersion.   Specific  expressions  for  these  anisotropic  potentials 
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are  given  in  Appendix  C.   In  this  section  we  explore  the  nature  of 

these  potential  models  for  various  molecular  orientations  and  as 

a  function  of  the  strength  constant  (]i,Q,6  or  <)  associated  with  each. 

A  degree  of  ambiguity  arises  in  trying  to  resolve  a  physical 
description  of  the  molecule  associated  with  potentials  of  the  form 
in  (3-1) .   The  potential  contains  a  spherically  symmetric  repulsive 
core  (due  to  the  Lennard-Jones  contribution)  plus  a  nonspherical, 
axially  symmetric  anisotropy.   In  the  case  of  multipoles,  the 
anisotropy  may  be  interpreted  as  arising  due  to  point  charges 
imbedded  in  the  core.   The  resulting  force  field  is,  therefore,  axially 
symmetric  about  the  molecule.   Geometrically,  the  molecule  may  be 
interpreted  as  axially  symmetric.   For  dipole,  quadrupole,  dispersion, 
and  overlap  (with  6  >  0)  anisotropies,  the  molecules  are  considered 
linear.   For  the  overlap  model  with  6  <  0,  the  molecule  is  platelike 
(e.g.,  benzene).   When  the  anisotropy  is  quadrupolar  or  overlap  with 
6  >  0,  the  molecule  can  be  considered  to  be  prolate  ellipsoid  (e.g., 
homonuclear  diatomic).   If  the  anisotropy  is  dipolar,  the  molecule 
can  be  considered  to  be  heteronuclear  diatomic.   These  distinctions 
are  important,  e.g.,  in  recognizing  which  terms  contribute  to  the 
spherical  harmonic  expansion  for  g(r  to  w  ).   In  solving  the  equations 
of  motion  in  the  molecular  dynamics  simulation,  the  moment  of  inertia 
appropriate  to  the  shape  of  the  molecules  is  required  (see  Section  6.3.2). 
For  linear  molecules,  the  moment  of  inertia  depends  on  the  length  of  the 
molecular  axis  (considered  to  be  the  bond  length  in  diatomics) ,  as  in 
Equation  (6-52).   However,  the  potential  model  (3-1)  is  independent  of 
bond  length.   Thus,  equilibrium  property  values  obtained  in  the  simulation 
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are  independent  of  bond  length  for  the  model  of  (3-1).   Time  dependent 
properties,  on  the  other  hand,  remain  a  function  of  bond  length,  through 
the  moment  of  inertia  and  the  rotational  equations  of  motion.   The  value 
chosen  for  the  bond  length  will  have  an  effect  on  the  rate  of  con- 
vergence of  static  properties  to  their  equilibrium  values  (i.e.,  the 
number  of  time  steps  required  to  obtain  statistically  meaningful  results) 
Thus,  for  a  given  value  of  the  torque  on  a  linear  molecule,  Equations 
(6-36)  and  (6-52)  indicate  that  smaller  bond  lengths  correspond  to 
higher  rotational  velocities  which  promote  more  extensive  sampling  of 
angular  phase  space  compared  with  that  resulting  from  longer  bond 
lengths . 

7.1.1  Lennard-Jones  Plus  Dipole  Potential 

This  potential  model  is  obtained  by  combining  Equations  (3-1), 
(3-2) ,  and  (C20) .   Figure  34  shows  values  of  the  pair  potential  for 
various  molecular  pair  orientations  as  a  function  of  the  separation  of 
their  centers  of  mass,  r.   The  six  pair  orientations  shown  in  Figure  34 
are  the  "primary"  orientations,  i.e.,  for  the  models  considered  in 
this  study,  one  of  these  six  has  always  been  found  to  be  the  most 
probable  orientation  in  terms  of  both  minimum  energy  and  maximum 
value  of  the  angular  pair  correlation  function  g(r1  „to  co„)  .   Definitions 
of  these  orientations  in  terms  of  the  relative  angles  in  the  inter- 
molecular  frame  of  Figure  32  are  giver}  in  Table  16.   Figure  34  in- 
dicates that  the  pair  orientation  having  the  minimum  conf igurational 
energy  is  the  head-to-tail  endon  orientation;  while  that  having  the 
largest  energy  is  the  head-to-head  orientation.   Note  that  the  dipole 


161 


W 

D 


Tee 
Parallel 

Antiparallel 
Cross 

Head-to-head  endon 
Head-to-tail  endon 


Figure  34.   Pair  Potential  for  Lennard-Jones  plus  Dipole  Model 
Fluid  at  Primary  Pair  Orientations 
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TABLE  16 
Primary  Orientations  for  Pairs  of  Linear  Molecules 


el 

91 

hi 

Y 

->  -f 

0. 

0. 

i 

head-to-tail 
endon 

->  -<- 

0. 

180. 

head-to-head 
endon 

t  t 

90. 

90. 

0. 

0. 

parallel 

+  + 

90. 

90. 

180. 

180. 

antiparallel 

1  - 

90'. 

0. 

90. 

tee 

+ 

90. 

90. 

90. 

90. 

cross 

t 

...  indicates  the  angle  is  undefined. 
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potential  makes  no  contribution  when  the  molecular  pair  is  in  the 
cross  or  tee  orientations.   As  the  strength  of  the  dipole  moment 
is  increased,  the  well  in  the  potential  energy  curve  is  found  to 
deepen  for  the  head-to-tail  and  antiparallel  orientations.   Whereas, 
the  depth  of  the  well  for  the  head-to-head  and  parallel  orientations 
decreases. 

The  characteristics  of  the  potential  models  presented  in  this 
chapter  do  not  necessarily  generalize  to  other,  similar  models.   For 
example,  the  Lennard-Jones  diatomic  plus  dipole  model  differs  signif- 
icantly from  the  Lennard-Jones  atom  plus  dipole  model  described  above. 
The  Lennard-Jones  diatomic  potential  is  given  by  [71] I 


4 
u(rl2(VJ2)  =  4£  ^ 


k=l 


12       6 

k        k 


(7-1) 


where  the  r,  are  the  distances  between  atom  centers  for  a  pair  of  di- 
atomic molecules,  as  shown  in  Figure   33.   The  orientation  for  the 

Lennard-Jones  (LJ)  diatomic  plus  dipole  potential  having  the  minimum 

4c 

energy  is  the  antiparallel,  for  u   =1  and  a  molecular  elongation  of 

.5471a.   The  differences  in  the  LJ  diatomic  plus  dipole  and  LJ  atom 
plus  dipole  potentials  arise  from:   (a)  the  competition  in  orientations 
between  the  anisotropic  LJ  diatomic  and  the  dipole  potential;  whereas, 
the  LJ  atom  potential  does  not  contribute  to  orientational  effects,  (b) 
geometric  effects  which  occur  in  the  diatomic  potential  due  to  its 
dependence  on  molecular  elongation,  which  do  not  occur  in  the  LJ  atom 
potential. . 
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7.1.2  Lennard-Jones  Plus  Quadrupole  Potential 

This  potential  model  is  obtained  by  combining  Equations  (3-1), 

(3-2) ,  and  (C21) .   Figure  35  shows  values  for  this  model  for  various 
molecular  pair  orientations.   The  quadrupolar  energy  cannot  differentiate 
between  the  two  endon  or  parallel  orientations  due  to  symmetry  of  the 
molecule  about  a  plane  perpendicular  to  the  molecular  axis.   Hence,  there 
are  only  four  primary  orientations.   The  orientation  having  the  minimum 
energy  is  the  tee.   As  the  quadrupole  moment  is  increased,  the  well 
depth  of  the  tee  orientation  drastically  deepens  at  the  expense  of  the 
other  primary  orientations.   The  change  in  the  potential  energy  curve 

A  R  1  /  9 

for  the  tee  as  Q  =  Q/(ea  )     is  increased  is  shown  in  Figure  36. 

7.1.3   Lennard-Jones  Plus  Multipole  Potential 

Here  we  consider  the  more  general  multipole  model: 


u(r120Y02)  =  ULJ  +  UDD  +  UDQ  +  UQQ  <7"2> 


where  uLJ  is  the  Lennard-Jones  potential  of  (3-2) ,  u   is  the  dipole-dipole 
interaction  of  (C20) ,  u   is  the  dipole-quadrupole  potential  of  (C22) ,  and 
UQQ  is  the  quadruP°le-quadrupole  potential  of  (C21) .   For  this  model  the 
nature  of  the  potential  depends  on  the  relative  strengths  of  the  dipole 
and  quadrupole  moments.   Thus,  if  the  quadrupole  moment  is  stronger  than 
the  dipole,  as  shown  in  Figure  37  (wherein  Q  =  1.75,  \i      =1),  the  tee 
orientation  exhibits  the  minimum  potential  energy  curve,  followed  by 
the  cross  and  antiparallel  orientations.   On  the  other  hand,  if  the 
relative  strengths  are  reversed,  as  in  Figure   38,  then  the  minimum 
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Figure  35.   Pair  Potential  for  Lennard-Jones  plus  Quadrupole 
Model  Fluid  at  Primary  Pair  Orientations.   (Key 
as  in  Figure  34 . ) 
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Pair  Potential  for  Lennard-Jones  plus  Dipole,  Dipole- 
Quadrupole,  and  Quadrupole  Model  Fluid  at  Primary  Pair 
Orientations.   y/(ea3)l/2  =  1>0)  Q/(e05)l/2  =  1.75. 
(Key  as  in  Figure  34.) 
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Figure  38.   Pair  Potential  for  Lennard-Jones  plus  Dipole,  Dipole- 
Quadrupole,  and  Quadrupole  Model  Fluid  at  Primary  Pair 
Orientations.   y/(ea3)l/2  =  1.75,  Q/Cea5)1/2  =  1.   (Key 
as  in  Figure  34.) 
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potential  energy  curve  corresponds  to  the  head-to-tail  endon,  followed 
closely  by  the  antiparallel  orientation.   In  this  model  potential, 
the  strength  of  the  dipole  moment  must  be  significantly  greater  than 
that  of  the  quadrupole  moment  in  order  for  the  endon  orientation  to 
be  favored  over  the  tee.   Thus,  the  depth  of  the  potential  wells  for 
the  endon  and  tee  become  equal  at  about  u   =1.5  when  Q*  =  1. 

7.1.4   Lennard-Jones  Plus  Anisotropic  Overlap  Potential 

The  anisotropic  overlap  potential  is  taken  to  be  the  sum  of  the 
two  terms  A  =  iOl   and  A  =  Oil   in  the  spherical  harmonic  expansion  of 
the  general  anisotropic  potential,  as  given  in  Appendix  C.   For  this 
model,  the  appropriate  £  values  are  those  of  the  first  contributing 
term  allowed  by  symmetry.   Thus,  for  axially  symmetric  molecules  [76]: 


u     =  u    (202)  +  u    (022)  (7-3) 

over    over         over 


Using  Equation  (C5)  for  each  of  the  terms  on  the  right  of  (7-3),  with 

expressions  for  the  expansion  coefficients  E(202;00;r).  and  E(022;00;r) 

from  Table  CI,  and  with  the  help  of  the  spherical  harmonic  addition 

theorem  [38],  Equation  (C18)  is  obtained  for  u     .   For  the  total 

over 

overlap  potential  to  be  positive,  the  overlap  parameter  6  must  lie 
in  the  range  -0.25  £  6  £  0.5.   Further,  rodlike  molecules  (linear)  have 
6  >  0,  whereas  platelike  molecules  have  &   <   0.   Figure  39  shows  the 
Lennard-Jones  plus  anisotropic  overlap  model  for  both  a  positive  and 
negative  6.   For  6  <  0  the  orientations  angles  8..  and  8„  are  with 
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Figure  39.   Pair  Potential  for  Lennard-Jones  plus  Anisotropic 
Overlap  Model  Fluids  at  Primary  Pair  Orientations 
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reference  to  the  symmetry  axis  which  is  perpendicular  to  the  plane  of 
the  molecule.   The  primary  orientations  of  Table  16  refer  to  the  sym- 
metry axis  and  not  the  molecules  themselves,  when  <5  <   0.   Thus,  an 
endon  orientation  has  the  platelike  molecules  in  parallel  when  6  <  0. 
Note  from  Equation  (C18)  that  the  overlap  potential  is  independent 
of  the  angle  $    (see  Figure  32  ),  hence  the  parallel,  antiparallel, 
and  cross  orientations  cannot  be  distinguished.   Also,  the  model 
cannot  distinguish  between  the  two  endon  orientations  due  to  symmetry 
of  the  molecule  about  a  plane  perpendicular  to  the  molecule.   Thus, 
there  are  only  three  primary  orientations  for  this  model.   From 
Figure  39  ,  the  minimum  potential  energy  curve  is  due  to  the  parallel 
(cross)  orientation  for  6  >  0  and  is  due  to  the  endon  (molecules 
parallel)  for  5  <  0. 

7.2   Equilibrium  Properties 

7.2.1  Time  Development  of  the  Simulation 

The  developmant  of  a  molecular  dynamics  calculation  may  be 
monitored  by  following  a  number  of  system  variables:   temperature,  total 
energy,  translational  and  rotational  kinetic  energy,  and  mean  squared 
molecular  displacement.   The  mean  squared  displacement  of  the  molecular 
center  of  mass  is  of  value  since:   (a)  it  gives  an  indication  of  whether 

the  system  is  liquid  or  solid,  and  (b)  it  may  be  used  to  estimate  the 

— 1  3 
mass  diffusion  coefficient.   The  short  time  behavior  (t  <>   2.5  (10   )s.) 

of  the  mean  squared  displacement  has  been  found  to  be  the  same  for  both 

the  solid  and  liquid  states  in  the  case  of  the  Lennard-Jones  potential 

model  [66].   For  long  times,  however,  the  displacement  becomes  bounded 
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for  the  solid,  but  increases  monotonically  with  time  for  the  liquid. 
Figure  40  shows  a  typical  plot  of  the  mean  squared  displacement  of  the 
center  of  mass  ^Ar^t)}  >  for  a  Lennard-Jones  plus  quadrupole  liquid. 
Further  evidence  for  solidification  of  a  liquid  system  may  be  obtained 
by  determining  (essentially)  the  structure  factor  [66],  or  the  centers 
pair  correlation  function.   The  latter  exhibits  behavior  similar  to  the 
radial  distribution  function  for  spherical  molecules  [78]  when  solidifica- 
tion occurs.   The  mean  squared  displacement  of  centers  of  mass  is  related 
to  the  velocity  autocorrelation  function  <v(t)v(t  )>  by: 


<{Ar   (t)}2>  =  2 
—cm 


o 

t 
f 


(t-t')<v(t')«v(t  )>dt'  (7-4) 


—  o 


0 


and,  through  the  Green-Kubo  relation,  to  the  diffusion  coefficient  [66] 


<{A^cm(t)}2>  =  6Dt  +  C  (7-5) 


where  C  is  a  constant  which  allows  for  initial  coherent  motion  of  the 
molecules. 

Other  system  parameters  which  may  be  followed  are  related  to  the 
system  energies.   The  total  kinetic  energy  may  be  monitored  through  the 
kinetic  temperature,  which,  for  translational  and  rotational  motion, 
is  given  by: 


kT/e  = 


5Ne 


N   ?     N   9 

I  v2  +  i  In2 

.   1     .   1 


m 

i        i 


(7-6) 
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Figure  40.   Mean-Squared  Displacement  of  Molecular  Centers  of 
Mass  for  Lennard-Jones  plus  Quadrupole  Fluid 
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Figure  41  shows  an  example  of  fluctuations  of  the  kinetic  temperature 
for  a  Lennard-Jones  plus  quadrupole  fluid.   The  time  t  =  0  in  the  figure 
corresponds  to  the  start  of  the  calculation  after  equilibration  has  been 
performed  by  scaling  the  velocities  in  the  manner  described  in  Section 
6.3.2.   It  is  also  of  interest  to  follow  separately  the  translational 
and  rotational  contributions  to  the  kinetic  energy,  since  the  theorem 
for  equipartition  of  energy  requires  the  ratio  of  translational  to 
rotational  kinetic  energy  to  be  3/2  for  classical  fluids.   Figure  42 
shows  fluctuation  of  this  ratio  about  the  value  3/2  for  the  Lennard-Jones 
plus  quadrupole  fluid.   Finally,  following  the  system  total  energy  should 
give  no  fluctuations  since  the  molecular  dynamics  microcanonical  ensemble 
conserves  the  total  energy. 

7.2.2  Comparison  of  Results  with  Berne  and  Harp 

Berne  and  Harp  [66]  have  done  a  molecular  dynamics  study  of 
nitrogen  using  the  Lennard-Jones  plus  quadrupole  potential.   Their 
results  have  been  reproduced  as  a  check  on  the  program  used  in  this 
work.   Values  of  the  internal  energy,  mean  squared  force  and  torque, 
and  diffusion  coefficient  obtained  in  this  study  are  compared  in 
Table  17  with  values  obtained  by  Berne  and  Harp.   In  the  table,  the 
internal  energy  values  attributed  to  Berne  and  Harp  are  their  published 
values  plus  a  long  range  correction  (described  below)  for  molecular  pairs 
separated  by  distances  greater  than  the  potential  cutoff,  r  .   Berne  and 
Harp  used  r   =  2.25a.   The  value  for  the  diffusion  coefficient  D  given 
by  Berne  and  Harp  was  obtained  from  the  Green-Kubo  formula: 


».-i 


<v(t  )'v(t)>dt  (7-7) 
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Figure  41.   Fluctuation  in  Temperature  for  Lennard-Jones  plus 
Quadrupole  Model  Fluid.   Solid  line  gives  instan- 
taneous values  of  kT/e;  broken  line  is  average 
value  of  kT/e.   pa3  =  0.85,  Q*  =  1.0 
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Figure  42.   Fluctuation  in  the  Ratio  of  Translational  to 
Rotational  Kinetic  Energy  for  Lennard-Jones 
plus  Quadrupole  Fluid 
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TABLE  17 

Property  Values  of  a  Lennard-Jones  Plus  Quadrupole 
Fluid  Obtained  in  this  Work  and  Compared  with 
those  given  by  Berne  and  Harp  [66] 


Property 


This  Work 


Berne  and  Harp 


No.  Particles 

N 

256 

216 

LJ  Parameters 

e/k 

87.  5K 

87. 5K 

0 

3.702A 

3.702A 

Elongation 

I/O 

0.2955 

0.2955 

Q  Moment 

Q/(eo 

5.1/2 

0.707 

0.707 

Density 
Time  Step 

3 

pa 

At 

0.931 
4.6(10" 

)s 

0.931 
5.(10_15)s 

Length  of  Run 

M 

2000At 

600At 

Temperature 
Potential  Energy: 

total 

LJ 
Mean  Squared  Force 
Mean  Squared  Torque 
Diff.  Coefficient 


kT/e 


U/Ne 

<FJ>Ol/c 
<t2>/£2 

D(m/e)  '  /a 


0.765  ±  .020 

-  7.727  ±  .05 

-  6.327 
931.2  ±  16.7 

12.8  ±  0.3 
0.0189 


0.758  ±  0.024 

-  7.635 

-  6.146 
959.2  ±  90.1 

12.5  ±  0.9 
0.0193 
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Whereas,  in  this  work,  D  was  estimated  from  the  mean  squared  displace- 
ment of  the  molecular  centers  of  mass  by  (7-5) .   The  good  agreement 
between  the  two  values  for  D  is,  to  a  certain  extent,  fortuitous. 
The  state  condition  which  Berne  and  Harp  chose  to  study  is  near  the 
melting  point  of  nitrogen.   When  starting  the  simulation  from  an  FCC 
lattice  structure,  it  was  necessary  to  raise  the  temperature  of  the 
system  for  the  first  several  hundred  time  steps  in  order  to  "melt" 
the  lattice.   The  temperature  was  then  lowered  to  the  value  given  in 
Table  17  by  scaling  the  velocities  as  the  system  evolved  for  a  few 
hundred  additional  time  steps.   During  the  2000  time  step  production 
phase  (evaluation  of  properties)  of  the  calculation,  however,  the  mean 
squared  displacement  occasionally  remained  unchanged  for  periods  of 
100  to  300  time  steps,  evidencing  the  proximity  of  the  phase  boundary. 

In  Table  17,  and  for  results  reported  below,  the  standard 
deviation  of  some  property  F  from  its  mean  value  <F>  was  determined  by: 


aF  = 


1    M 
t~     I    (F .-  M<F>)' 
M-l  ,^,1 


i=l 


1/2 


(7-8) 


which  can  be  shown  to  reduce  to: 


°F  = 


M-l 


r  M 

If 

i=l 


-  M<F> 


1/2 


(7-9) 


where 


1   M 
CF>  =  ^  I  F- 
M  i-1  * 


(7-10) 
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and  M  is  the  number  of  observations  of  the  property  F,  i.e.,  the  number 
of  time  steps  in  the  production  phase  of  the  calculation. 

The  slight  deviations  between  the  property  values  of  Berne  and 
Harp  and  this  work  shown  in  Table  17  can  be  attributed  to  the  difference 
in  temperature,  number  of  particles  and  length  of  run  between  the  two 
calculations. 

7.2.3   Results  for  Lennard-Jones  plus  Quadrupole  Fluid 

A  system  of  256  linear  molecules  interacting  with  the  Lennard- 
Jones  plus  quadrupole  model  fluid  of  Section  7.1.2  has  been  studied 
for  three  values  of  the  quadrupole  moment,  Q  E  Q/(eo  )    =  0.5,  0.707, 
1.0.   A  molecular  elongation  corresponding  to  the  nitrogen  molecule, 
SL/a   =  0.3292  [70],  and  a  time  step  of  about  5(10~15)s  were  used  in  the 
calculation.   In  each  case  the  production  phase  of  the  calculation  was 
of  2000  time  steps  duration.   For  this  model,  the  potential  was  set  to 

zero  for  molecular  pairs  separated  by  distances  greater  than  r  =  3.2a. 

c 

In  the  calculation  of .  the  internal  energy,  U,  pressure,  P,  Fowler  model 

surface  tension,  y    ,  and  Fowler  model  superficial  excess  internal  energy, 

F 
U  ,  a  long  range  correction  has  been  included  to  account  for  contributions 

due  to  Lennard-Jones  interactions  at  molecular  separations  greater  than 

r'  .      This  long  range  correction  was  estimated  by  evaluating  the  appropriate 

integral  which  arises  in  the  radial  distribution  function  theory  of  fluids 

in  statistical  mechanics  [41],  with  g(r,2)  approximated  by  unity  for 

rl2  >  r  *   Thus,  the  corrections  were  given  by: 


U 


cor        „      * 

nr=  2Trp 


c 


*        *2        * 
uLJ(r   )    r        dr  (7-11) 
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OO  J. 

P     .  *  t     duT  T(r  ) 
cor  __  2TTp 


pkT      * 

3T   '  *   dr 


^ r   dr  (7-12) 


r 
c 


co         it 

-~  r  duT  T(r  ) 


F   g  _  tt   *2 
Ycor  E    8  P 


J  *        dr 
r 
c 


LJ      *4   * 

^ r   dr  (7-13) 


TTF     a2     tt  *2 
s,cor  e      2 


uTT(r  )  r  J  dr  (7-14) 


LJ 


r 
c 


The  quadrupalar  contribution  to  the  long  range  correction  was  estimated 
using  the  second  order  perturbation  theory  of  Ananth  et^  al .  [27].   How- 
ever, the  quadrupolar  contribution  was  found  to  be  negligible  compared 
to  the  Lennard-Jones  terms,  so  no  quadrupolar  long  range  correction 
was  included  in  the  molecular  dynamics  property  values.   (A  long  range 
correction  would  be  significant  in  the  case  of  dipoles.) 

The  full  equilibrium  property  values  obtained  for  Q  =0.5,  0.707, 
and  1.0  are  given  in  Tables   18  ,   19  ,  and   20  ,  respectively.   The 
properties  were  evaluated  from  the  ensemble  averages  in  Table   5,  and 
standard  deviations  were  determined  over  the  entire  2000  time  step  cal- 
culation using  Equation  (7-9).   As  indicated  in  the  figures,  the  mean 

squared  force  and  torque  have  each  been  evaluated  by  two  different 

2         2 
methods.   The  values  labeled  with  the  subscript  L  (<F1>   and  <!..>)  are 

the  "literal"  values  obtained  by  direct  evaluation  of  Equations  (6-25) 

and  (6-34)  for  the  force  and  torque,  respectively.   The  second  values 

of  the  force  and  torque  were  calculated  from  the  expressions  [62,63]: 
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TABLE  18 

Equilibrium 

Properties  for  Lennard-Jones  plus  Quadrupole 

Fluid  at  pa3  =  .85,  Q/(ea5)1/2  =  1/2 

f 
Property 

Molecular  Dynamics         Perturbation  Theory 

kT/e 

1.277  ±   .028               1.277 

u/m 

-5.736  ±   .071               -5.808 

P/pkT 

3.098  ±   .297                2.806 

F  2. 
Y  o   /e 

0.502  ±   .058               0.457 

F  2, 
Usa  /e 

1.923  ±  0.016               1.913 

C*/Nk 

0.782                      0.854 

Gl 

0.048  ±  0.57                0. 

G2 

-0.040  ±  0.42               -0.027 

<F2>a2/e2 

1456.    ±43. 

<F2>La2/e2 

1850.   ±  185. 

^  2.,  2 
<T1>/e 

3.70  ±  0.47                3.79 

<t2>  /e2 
1  1/ 

3.76  ±  0.25                3.79 

T    ' 
Symbols  defined  in  Tables  5  and  17. 
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TABLE  19 

Equilibrium  Properties  for  Lennard-Jones  plus  Quadrupole 
Fluid  at  pa3  =  0.931,  Q/(ea3)1/2  =  0.707 


Property  Molecular  Dynamics         Perturbation  Theory 

0.765 
-7.914 
0.631 
0.847 
2.670 
2.510 
0. 
-0.589 


kT/e 

0.765 

+ 

.020 

U/Ne 

-7.727 

+ 

.048 

P/pkT 

1.809 

+ 

.309 

F  2, 

Y  a  /e 

0.995 

+ 

.040 

UFa2/e 
s 

2.656 

+ 

.012 

CR/Nk 

V 

1.027 

Gl 

-0.073 

+ 

.64 

G2 

-0.165 

+ 

.44 

<F2>a2/e2 

931.2 

±16 

.7 

<F2>La2/c2 

1183. 

±89 

<T2>/£2 

12.85 

±  0 

.32 

<TiVe 

12.73 

±  0 

84 

13.83 
13.83 


183 


TABLE  20 

Equilibrium  Properties  for  Lennard-Jones  plus  Quadrupole 
Fluid  at  pa3  =  0.85,  Q/(ea5)1/2  =  1.0 


Property  Molecular  Dynamics         Perturbation  Theory 

1.294 
-8.339 
0.529 
0.791 
2.505 
1.817 
0. 
-0.421 


kT/e 

1.294  ± 

0.032 

U/Ne 

-8.134   ± 

0.080 

P/pkT 

1.197   ± 

0.339 

F  2. 

y  o  /e 

0.961   ± 

0.068 

t,F  2. 
U  o  lz 
s 

2.475   ± 

0.019 

CR/Nk 

V 

0.986 

Gl 

-0.031   ± 

0.58 

G2 

-0.110  ± 

0.44 

<F2>a2/e2 

1725.          ±59. 

2         2      2 
<Fl>La/e 

2036.        ±214. 

^   2X/   2 
<x1>/e 

46.64     ± 

1.36 

^   2,    ,   2 
<Xl\/e 

46.14     ± 

2.61 

48.44 
48.44 
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<F2>a2/e2  =   (kT/e)   24<  £ 


22 


14 


J^, 


r .  . 


(7-15) 


<TZ>/e2  =  -   (kT/e)   <  I     I  JLGL+1)   u   (A)> 


(7-16) 


Expressions  for  u  (A)  in  (7-16)  are  given  in  Appendix  C. 

cL 

Also  shown  in  Tables   18,    19,  and  20  are  values  of  the  prop- 
erties calculated  by  thermodynamic  perturbation  theory.   Values  for  the 
internal  energy,  pressure,  and  residual  heat  capacity  were  obtained 
using  the  Pade  theory  of  Flytzani-Stephanopoulos  j2t  al_.  [33].   Values 
for  the  mean  squared  torque  were  determined  from  the  Pade  theory  of 
Twu  et^  aJ.  [79],   The  Fowler  model  surface  tension  and  surface  excess 
internal  energy  were  calculated  using  the  Pade  theory  of  Chapter  2, 
above.   Values  for  the  angular  correlation  parameters  G  were  found 

Li 

using  the  second  order  perturbation  theory  of  Gray  and  Gubbins  [80]. 
(Values  for  the  triple  integral  Ire,  used  in  determining  the  three-body 
term  in  the  perturbation  theory  for  G„  for  quadrupolar  fluids  have  been 
calculated  and  fitted  to  an  empirical  equation  in  p   and  T  .   Results 
are  given  in  Appendix  G.)   Tables   18,   19  ,  and  20  show  good  agree- 
ment between  the  molecular  dynamics  results  and  perturbation  theory 
predictions  for  those  properties  which  are  directly  related  to  the 
intermolecular  potential:   internal  energy,  surface  excess  internal 
energy,  and  mean  squared  torque.   Significant  deviations  in  the  results 
from  the  two  methods  are  evident,  however,  for  those  properties  which 
are  related  to  derivatives  of  the  potential:   pressure,  surface  tension, 
and  heat  capacity,  especially  at  the  higher  quadrupole  moments. 
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The  disparate  values  for  the  heat  capacity,  C  ,  found  by  simula- 
tion and  perturbation  theory  are  not  surprising  since  it  is  well  known 
that  the  relaxation  of  fluctuations  in  the  heat  capacity  require 
significantly  longer  times  than  can  generally  be  attained  in  the 
simulation  of  even  a  simple  Lennard-Jones  system  [68].   As  a  con- 
sistency check  on  the  simulation  value  for  C  ,  Lebowitz  et^  al_.  [81] 
have  shown  that  the  heat  capacity  may  be  obtained  from  the  fluctuation 
in  the  kinetic  energy  in  molecular  dynamics,  since  the  total  energy 
is  conserved  in  the  molecular  dynamics  microcanonical  ensemble.   Hence, 
the  heat  capacity  can  be  obtained  from  the  fluctuation  in  the  temper- 
ature due  to  (7-6).   Combining  (5-11),  (7-6),  and  (7-9)  gives: 


S-72(!»x)2  """> 


where  O      is  the  standard  deviation  in  the  temperature.   The  values  for 
o  and  C   given  in  Tables   18,   19,  and  20  satisfy  (7-17),  when 
allowance  is  made  for  the  roundoff  of  the  values  given  in  the  tables. 

The  relatively  large  standard  deviations  and  disagreement  between 
the  molecular  dynamics  and  perturbation  theory  results  for  the  pressure 
and  surface  tension  are  less  clearly  resolved.   Both  these  properties 
arise  from  cancellation  between  a  negative  contribution  for  molecular 
pairs  separated  by  small  r  distances  and  a  positive  contribution  of  the 
same  order  of  magnitude  at  larger  r  distances  (see  Section  7.4.3  below). 
Hence,  one  might  expect  some  difficulties  in  obtaining  accurate  computer 
results  for  these  properties.   McDonald  et_  al. ,  in  fact,  have  found  it 
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necessary  to  perform  2-4  million  Monte  Carlo  configurations  on  a 
system  of  108  particles  interacting  with  the  Lennard-Jones  plus 
dipole  potential,  in  order  to  obtain  reliable  values  for  the  Fowler 
model  surface  tension  [39].   On  the  other  hand,  0.3-1  million  Monte 
Carlo  configurations  were  sufficient  to  determine  the  pressure  for 
the  same  system  [82].   In  spite  of  the  large  fluctuations,  the  values 
for  the  surface  tension  and  pressure  in  Tables  18  ,  19  ,  and  20 
are  consistent  with  values  obtained  by  integrating  over  the  appro- 
priate spherical  harmonic  coefficients,  g„  .   (r10)  (see  Section  7.3.3 

Jo  x,  m  12 

below) . 

The  large  uncertainties  associated  with  the  angular  correlation 
functions  G..  and  G„  confirm  the  difficulties  experienced  by  others 
in  the  study  of  these  properties  [60,83].   Cheung  [83]  has  indicated 
that  for  the  Lennard-Jones  diatomic  potential  fluid  contributions 
to  G„  seem  to  occur  for  molecular  pairs  with  separations  in  the  range 
2a  £  r  £  3.2a.   The  argument  is  based  on  the  expressions  for  G„  in 
Table  15,  in  which  the  contributions  to  G„  are  found  to  cancel  for 
r  <  2a.   In  fact,  a  significant  contribution  to  G  may  occur  for 
molecular  pairs  with  r  >  3.2a,  since  Cheung  has  found  that  when  the 
potential  cutoff  distance  r   is  extended  by  increasing  the  number  of 
particles  in  the  system  from  256  to  500,  the  resulting  values  for  G 
are  systematically  increased,  as  well.   The  r  dependence  of  the 
contributions  to  G„  for  the  fluids  studied  here  is  considered  in 
Section  7.3.3  below.   Recent  Rayleigh  light  scattering  experiments 
by  Bruining  and  Clarke  [84]  give  values  of  G„  as  -0.15  ±  0.20  for 
carbon  monoxide  and  +  0.30  ±  0.20  for  nitrogen.   The  negative  value 
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for  CO  is  attributed  to  the  effect  of  the  quadrupole  moment.   The 
present  molecular  dynamics  and  perturbation  results  tend  to  confirm 
that  the  quadrupole  potential  leads  to  negative  values  for  G  ;  however, 
the  large  uncertainties  in  both  the  simulation  and  experimental  results 
prevent  confidence  about  even  the  sign  of  G„. 

In  Tables  21,   22,  and  23   the  purely  anisotropic  contributions 
to  the  equilibrium  properties  are  given.   These  anisotropic  contribu- 
tions were  obtained  by  subtracting  the  isotropic  Lennard-Jones  part 
of  each  property  from  the  total  property  value  given  in  Tables  18, 

19  ,  and   20  .   The  isotropic  contributions  to  the  internal  energy 
and  pressure  were  obtained  from  the  Monte  Carlo  study  of  Lennard-Jones 
fluids  by  McDonald  and  Singer  [85].   The  isotropic  contribution  to 
the  other  properties  were  obtained  by  evaluating  the  appropriate 
integrals  (analogous  to  Equations  (7-11)  to  (7-14))  in  the  radial 
distribution  function  theory  for  simple  fluids,  using  the  molecular 
dynamics  results  of  Verlet  for  g(r..„)  [32]. 

7.2.4   Results  for  Lennard-Jones  plus  Overlap  Fluid 

A  system  of  256  linear  molecules  interacting  with  the  Lennard- 
Jones  plus  anisotropic  overlap  model  of  Section  7.1.4  has  been  studied 
for  two  values  of  the  overlap  parameter,  6  =  0.10  and  0.30.   The  mole- 
cule and  system  parameters  used  were  the  same  as  those  for  the  quadru- 
polar  fluid,  save  that  the  potential  was  set  to  zero  for  molecular 
pairs  separated  by  distances  greater  than  r   =  3.0a.   Long  range 
corrections  for  distances  greater  than  r  were  made  for  the  Lennard-Jones 
contribution  using  Equations  (7-11)  to  (7-14).   No  correction  was  included 
for  the  long  range  anisotropic  overlap  contribution  to  property  values. 
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TABLE  21 

Anisotropic  Contributions  to  Equilibrium  Properties  for 
Lennard-Jones  plus  Quadrupole  Fluid  at 
po3  =  0.85,  Q/(ea5)1/2  =  1/2 


Property  Molecular  Dynamics         Perturbation  Theory 

kT/e  1.277  1.277 

U   /Ne  -0.149  -0.221 

a 

P  /pkT  0.  -0.203 

El 

YFa2/e  0.074  0.029 

UF  a2/e  0.062  0.052 

sa 

CR  /Nk  0.051  0.123 

va 
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TABLE  22 

Anisotropic  Contributions  to  Equilibrium  Properties 
for  Lennard-Jones  plus  Quadrupole  Fluid 
at  pa3  =  0.931,  Q/(ea5)1/2  =  0.707 


Property  Molecular  Dynamics         Perturbation  Theory 

kT/e  0.765  0.765 

U  /Ne  -1.164  -1.350 

a 

P  /pkT  -1.338  -2.516 

a 

YFa2/e  0.346  0.198 

cl 

UF  a2/e  0.331  0.344 

sa 

CR  /Nk  -0.493  0.990 

va 
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TABLE  23 

Anisotropic  Contributions  to  Equilibrium  Properties 
for  Lennard-Jones  plus  Quadrupole  Fluid 
at  po3  =  .85,  Q/(ea5)1/2  =  1.0 


Property         Molecular  Dynamics        Perturbation  Theory 

kT/e  1.294  1.294 

U   /Ne  -2.559  -2.764 

a 

P  /pkT  -1.838  -2.507 

cl 

YFa2/e  0.546  0.376 

a 

UF  a2/e  0.617  0.648 

sa 

CR  /Nk  0.280  1.111 

va 
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Full  equilibrium  property  values  and  the  corresponding  anisotropic 
contributions  are  given  in  Tables  24  and   25  .   A  perturbation 
theory  including  three  body  terms  applicable  to  this  model  potential 
has  only  recently  been  worked  out  and,  therefore,  perturbation  theory 
results  are  not  yet  available  for  comparison. 

7.3   Spherical  Harmonic  Coefficients,  g„  -   (r  )_ 

The  coefficients  g„  „   (r  „)  in  the  spherical  harmonic  expansion 
for  the  angular  pair  correlation  function  g(r  „u)  to  )  have  been  deter- 
mined from  the  ensemble  average  of  (6-17).   For  the  quadrupole  and 
overlap  fluids,  only  the  coefficients  with  even  values  for  £..  and  £„ 
are  nonzero,  due  to  symmetry  of  the  molecule.   All  such  coefficients 

up  to  g444(r12),  and  the  g&£  Q(*12)    and  8800^rl2')  coef f icients  have 
been  evaluated.   Explicit  expressions  for  each  of  these  are  given 
in  Appendix  F. 

7.3.1   Spherical  Harmonic  Coefficients  for  Lennard-Jones  plus 
Quadrupole  Fluid 

7.3.1.1   Center-center  pair  correlation  function.   Figure  43   shows 

that  for  the  strengths  of  the  quadrupole  moment  considered  in  this 

work,  the  addition  of  the  quadrupole  potential  has  little  effect 

on  the  center-center  pair  correlation  function,  g  (r..  „)  .   Within 

the  statistical  precision  of  the  simulation,  the  curves  in  Figure  43 

for  the  Lennard-Jones  and  Lennard-Jones  plus  quadrupole  fluids  are 

the  same.   The  slight  difference  in  the  first  peak  heights  of  the 

two  curves  could  be  due  to  the  temperature  difference  between  the 
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TABLE  24 


Equilibrium 

Properties  for  Lennard 

-Jones  plus 

Overlap 

Fluid  at 

pa3  =  0.85,  6 

=  0.10 

ty 

Molecular  I 

Dynamics 

Proper 

Full 

Property 

Anisotropic 

kT/e  1.291  ±  .030 

U/Ne  -5.564  ±  .074           0.013 

P/pkT  3.255  ±  .353           0.224 

YFa2/e  0.460  ±  .069           0.042 

UFa2/e  1.880  ±  .016           0.022 
s 

CR/Nk  0.844  0.133 
v 

G  0.082  ±  .48 

G2           •  0.045  ±  .32 

<F?>  a2/e  1861.   ±210. 


<x2>/e2  1.145  ±   .255 

<x2>  /e2  1.203  ±   .144 
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TABLE  25 

Equilibrium  Properties  for  Lennard-Jones  plus 
Overlap  Fluid  at  pg3  =  0.85,  6  =  0.30 


Molecular  Dynamics 


Property  Full  Property  Anisotropic 


-0.721 

-1.029 

0.320 

0.169 

-0.099 


kT/e 

1.287 

+ 

.025 

U/Ne 

-6.301 

+ 

.063 

P/pkT 

1.996 

+ 

.280 

F  2, 
Y  O    /£ 

0.741 

+ 

.054 

UFa2/e 
s 

2.028 

+ 

.013 

C*/Nk 

0.618 

Gl 

-0.019 

+ 

.48 

G2 

0.037 

+ 

.50 

<FlV/£ 

1805. 

±197. 

<xj>/e 

16.35 

+ 

1.06 

^V 

16.61 

+ 

1.64 
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U 
CT) 


2.0 


1.0 


0 


LJ  Fluid,  T  =  1.273 


LJ  +  QQ,  T     =  1.294, 
Q*  -  1. 


3.0 


\<* 


Figure  43.   Effect  of  Quadrupole  Moment  on  the  Center-Center 
Pair  Correlation  Function  at  pa-*  =  0.85 
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two  calculations.   The  plot  of  g  (r..  „)  for  the  quadrupole  fluid  with 

5  1/2 
Q/ (£a  )  '  "  =  0.5  falls  essentially  on  the  Lennard-Jones  curve  in 

Figure   43  ,  with  its  first  peak  falling  between  the  two  peaks 

shown  in  Figure   43  ,  since  the  average  temperature  of  the 

5  1/2 
Q/(ea  )    =0.5  simulation  was  kT/e  =  1.287  (between  1.294  and 

1.273). 

Patey  and  Valleau  [86 ]  have  conducted  Monte  Carlo  studies  of 

hard  sphere  plus  quadrupole  model  fluids.   They  find  distortion  of 

the  center-to-center  pair  correlation  function  occurring  at  high 

5  1/2 

values  of  the  quadrupole  moment  (i.e.,  at  Q/(kTR  )     =  1.291,  where 

R  is  the  hard  sphere  diameter).   This  distorted  g  (r..  _)  seems  to  be 
evidence  for  an  FCC-type  local  structure  forming  in  the  fluid.   In 

the  present  work,  the  highest  quadrupole  moment  studied  was 

5  1/2 
Q/(ea  ),    =  1,  and,  as  shown  in  Figure   43  ,  no  distortion  of  g  (r,„) 

has  been  found. 


7.3.1.2  Other  spherical  harmonic  coefficients.   Results  for  the 

remaining  spherical  harmonic  coefficients  are  shown  in  Figures   44  , 

5  1/2 
45  ,   46  ,  and  47   for  the  quadrupolar  fluid  having  Q/(ea  )     =1. 

The  coefficients  for  the  fluids  with  Q/(ea5)    =0.5  and  0.707  are 

not  shown  for  brevity;  however,  their  results  are  qualitatively  similar 

to  the  coefficients  shown  in  the  following  figures.   In  general,  the 

magnitudes  of  the  gg    g        coefficients  are  found  to  decrease  as:   (a) 

I.    or  £„  is  increased,  (b)  m  is  increased  at  fixed  £..  and  £„,  (c)  the 

fluid  density  is  decreased,  or  (d)  the  strength  of  the  anisotropic 

potential  is  decreased.   These  conclusions  are  demonstrated  by  the 
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Figure  44.   Spherical  Harmonic  Coefficients  g„„    for  Lennard- 

Jones  plus  Quadrupole  Fluid  at  pa3  =  0.85,  kT/e  = 
1.294,  Q/(eo5)l/2  =  l.o 
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Figure  45.   Spherical  Harmonic  Coefficients  g,„    for  the  Fluid 
of  Figure  44  2 
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Figure  46.   Spherical  Harmonic  Coefficients  e, .      for  the  Fluid 
\-   ^.  ,  ,  44m 

of  Figure  44 
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Figure  47.   Spherical  Harmonic  Coefficients  g,„    for  the  Fluid 
of  Figure  44  2 
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magnitudes  of  the  first  peak  of  the  g„  „   (rio)  coefficients  given  in 
Table  26.   The  exception  to  these  general  observations  is  the  quadru- 
polar  fluid,  wherein  the  magnitude  of  the  g99f)  coefficient  dominates 
the  other  coefficients,  including  the  g?no-   From  Table  26,  the 
magnitudes  of  the  first  peak  in  the  g„  g        for  the  quadrupolar  fluids 

1   9^ 

at  pa3  =  .85,  Q/(ea5)1/2  =  1/2  and  pa3  =  .931,  Q/(ea5)1/2  =  .707  are 

roughly  the  same,  indicating  that  the  effect  on  the  g„  n        of  de- 

H   x.  m 

creasing  the  quadrupole  moment  is  largely  cancelled  out  by  the 

increase  in  fluid  density. 

Another  effect  on  the  g„  „   (r,9)  of  increasing  the  strength 

of  the  anisotropic  potential  is  to  decrease  the  degree  of  randomly 

scattered  values  of  the  coefficients  beyond  the  first  peak.   This 

scatter  in  the  g„  .   (r..  „)  data,  especially  at  r  _  values  beyond  the 

first  peak  occurs,  in  the  case  of  weakly  quadrupole  fluids,  because 

of  the  short  range  correlation  of  orientation  of  molecular  pairs. 

In  the  case  of  strong  quadrupole  fluids,  the  scatter  is  largely  due 

to  strong  correlation  of  particular  orientations  of  molecular  pairs, 

so  that  less  probable  pair  orientations  which  would  contribute  to 

certain  g„  „   (r^)  terms  only  rarely  occur.   The  scatter  has  been 

made  systematic  by  smoothing  the  g„  „   (r..„),  using  a  seven-point, 

third  degree  smoothing  formula  [87]  applied  three  times  to  the 

g«  o   (r  „)  values  beyond  the  first  peak.   The  curves  in  the 

accompanying  figures  are  the  smoothed  g„  „   (r   ) .   The  high  fre- 

Xr_  x  rtin   J-  £- 

quency  oscillations  shown  in  a  few  of  the  g„  „   (r,„)  reflect  the 

x-  x,  m   1/ 

smoothing  of  nearly  randomly  scattered  data  and  should  not  be 
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TABLE  26 
Effect  of  Potential  Model  and  State  Condition 


on  the  First  Peak  Height  of 

the  g„  - 

Coefficients 

"X,.  x„m 

Quadrupoles 

Overlap 

8£1^2m 

(a) 

(b) 

(c) 

8200 

+0.15 

+0.22 

-0.88 

g220 

-1.65 

-1.68 

+0.62 

8221 

-0.64 

-0.63 

+0.09 

8222 

-0.21 

-0.15 

+0.04 

8400 

+0.29 

+0.40 

+0.36 

S420 

+0.24 

+0.23 

-0.30 

8421 

+0.08 

+0.10 

-0.02 

8422 

-0.03 

+0.03 

-0.02 

8440 

+0.36 

+0.54 

+0.17 

g441 

'   +0.24 

+0.33 

-0.02 

8442 

+0.13 

+0.14 

+0.02 

8443 

+0.06 

+0.06 

+0.02 

8444 

-0.03 

-0.02 

+0.02 

8600 

-0.07 

-0.03 

-0.16 

g620 

-0.11 

-0.18 

+0.14 

8640 

-0.08 

-0.11 

-0.10 

(a)  po3=.931,  kT/e  =  .765,  Q/(ea5)1/2  =  .707 

(b)  pa3  =  .85,  kT/e  =  1.294,  Q/(ea5)1/2  =  1.0 

(c)  pa3  =  .85,  kT/e  =  1.287,  6  =  0.3 
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interpreted  as  significant  long  range  character  for  the  coefficient. 
The  original,  unsmoothed  gg    Q      (r,9)  data  for  the  systems  studied  are 
tabulated  in  Appendix  H. 


7.3.2   Spherical  Harmonic  Coefficients  for  Lennard-Jones  plus 
Anisotropic  Overlap  Fluid 

7.3.2.1  Center-center  pair  correlation  function.   Figure  48  shows 
the  center-center  pair  correlation  function  g  (r,~)  obtained  from 
simulation  of  the  anisotropic  overlap  fluids.   For  the  value  of  the 
overlap  parameter  6  =  0.1,  the  g  (r,„)  curve  falls  essentially  on  the 
simple  Lennard-Jones  g(r, ,,)  plot  of  Figure  43,  except  that  the  height 

of  the  first  peak  is  decreased  somewhat.   This  difference  in  peak  heights 
could  be  due  to  the  slight  difference  in  temperature  between  the  two 
calculations.   However,  when  6  =  0.3,  there  is  a  definite  lowering  of 
the  first  peak  height,  which  is  consistent  with  interpretation  of  the 
repulsive  overlap  potential  as  tending  to  restrict  close  approach  of 
molecular  pairs. 

7.3.2.2  Other  spherical  harmonic  coefficients.   Figures  49,  50,  51, 
and  52  show  the  smoothed  spherical  harmonic  coefficients  for  the 
anisotropic  overlap  fluid  having  6  =  0.3.   The  gQ    Q        coefficients 
for  the  fluid  with  6  =  0.1  are  qualitatively  similar,  and  the  general 
statements  concerning  the  factors  affecting  the  magnitudes  of  the 
coefficients  made  in  Section  7.3.1.2  apply  to  the  overlap  fluid,  as 
shown  in  Table  26. 

Also  seen  in  Table  26  is  that  the  quadrupole  and  anisotropic 
overlap  fluids  show  considerable  differences  in  the  nature  of  their 
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0 


--    S  =.1  ,  T*=  1.291 
—    8  =  3,  T**=1.287 


Figure  48.   Effect  of  Anisotropic  Overlap  Parameter  on  the 
Center-Center  Pair  Correlation  Function  at 


po- 


0.85 
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Figure  49.   Spherical  Harmonic  Coefficients  g^  ffl  for  Lennard- 
Jones  plus  Anisotropic  Overlap  Fluid  at  pa  =  0.85, 
kT/e  =  1.287,  6  =  0.3.   (Key  as  in  Figure  44.) 
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Figure  50. 


Spherical  Harmonic  Coefficients  g,»    for  Fluid  of 

Figure  49.   (Key  as  in  Figure  45.   g^22  is  smaller 
in  magnitude  than  g^l  ^or  a^   r  an<^  ^as  been 
omitted  for  clarity.) 
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Figure  51.   Spherical  Harmonic  Coefficients  g,,   for  the  Fluid 
of  Figure  49.   (Key  as  in  Figure  46.   8443  and  8444 
are  smaller  in  magnitude  than  g^^n   f°r  all  r  anc^ 
have  been  omitted  for  clarity.) 
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Figure  52.   Spherical  Harmonic  Coefficients  g,?  „  for  the 
Fluid  of  Figure  49.   (Key  as  in  Figure  47.) 
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g5  0   coefficients.   Of  the  coefficients  evaluated  in  this  study 

(excluding  gnf)(1(riJ)i  about  two-thirds  of  them  exhibit  sign  changes 

in  the  first  peak  region  when  comparing  quadrupole  with  overlap  fluids. 

(The  coefficient  g  nn(r  „)  was  found  to  be  negligible  for  both  quadrupole 
oUU   JLZ 

and  overlap  fluids.)   Hence,  one  would  expect  significant  differences 
in  local  orientational  structure  between  quadrupole  and  overlap  fluids. 
Such  differences  in  structure  have  been  foreshadowed  by  study  of  the 
pair  potentials  themselves  in  Section  7.1.   Detailed  study  of  the 
g P  P   (r1 „)  coefficients  would  indicate  the  character  of  the  orien- 
tational structure;  however,  it  is  much  more  straightforward  to 
recombine  the  coefficients  into  the  spherical  harmonic  expansion  and 
study  structure  via  the  angular  pair  correlation  function  g(r.  „aj..aO  . 
This  approach  is  taken  in  Section  7.4. 


7.3.3   Equilibrium  Properties  from  the  g„    „   (r 1 _}_ 

The  g,,  0  (r  „)  coefficients  provide  detailed  information  on 
local  structure  through  g(r.  „0J..a)„)  .  Of  potentially  more  value  [88] 
is  the  determination  of  equilibrium  properties  from  these  coefficients. 

The  development  of  relations  between  equilibrium  properties  and  the 

J^^m 

integrals  J  "     over  the  g„  n      (rn „)  has  been  described  in  Section  6.5. 

n  36  Jo^m  Iz 

£/2m 
The  J      integrals  (6-89)  for  the  quadrupole  and  anisotropic  overlap 

fluids  studied  here  have  been  evaluated  through  n  =  24  and  are  tabulated 

in  Appendix  I.   These  integrals  have  been  used  with  the  relations  in 

Section  6.5  to  calculate  those  equilibrium  properties  which  have  also 

been  determined  by  direct  ensemble  averaging  in  the  molecular  dynamics 

simulation.   Thus,  the  relations  in  Section  6.5  provide  a  consistency 
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test  between  the  equilibrium  properties  and  the  g„  „   (r.J  coefficients 

Jo.x,  m  12. 

determined  in  the  simulation.   Comparisons  of  the  equilibrium  property 

values  obtained  directly  from  the  simulation  with  values  obtained  via 

the  J      integrals  are  made  in  Tables  27  and  28  for  the  quadrupole 

fluids,  and  in  Tables   29  and   30  for  the  overlap  fluids.   There  is 

remarkably  good  agreement  between  the  two  methods  of  evaluation  for 

all  the  properties  and  each  fluid  studied.   The  variations  in  the 

values  which  do  occur  are  probably  due  to  statistical  fluctuations 

in  the  ensemble  averages  of  both  the  properties  and  the  gQ    0      (r..  „) 

coefficients.   One  should  not  infer  from  these  results  that  these 

property  values  are  "correct"  compared  to,  say,  the  perturbation 

theory  results  given  in  Section  7.2.   Rather,  the  agreement  in 

Tables  27  to  30  indicates  no  significant  errors  have  been  introduced 

in  the  method  of  determining  either  the  properties  or  the  gn  „   (rn„) 

x-1Jc  m  12 

coefficients.   More  importantly,  these  results  demonstrate  the  ability 

of  the  g„  .   (r-i2)  coefficients  to  give  values  for  equilibrium  properties. 

The  property  showing  the  worst  agreement  in  Tables  27   to  30 
is  the  angular  correlation  function  G„.   Some  of  the  difficulties  in 
evaluating  this  property  have  been  suggested  in  Section  7.2.3.   Armed 
now  with  values  for  the  g„  „   (r  „)  coefficients,  further  insight  into 
G„  may  be  attempted.   In  Figure  53   the  integrand  of  Equation  (6-138), 
which  gives  G„  from  the  appropriate  g{  „   (rio)  coefficients,  is  plotted 
as  a  function  of  the  molecular  pair  separation  r..„,  for  a  Lennard-Jones 
plus  quadrupole  fluid.   This  figure  indicates  two  problems  in  determining 
G„:   (a)  the  value  of  G„  is  the  result  of  cancellation  between  positive 
and  negative  contributions  of  nearly  equal  magnitude,  (b)  the  function 
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TABLE  27 


Comparison 

of  Molecular  Dynamics  Results  for 

Equilibrium  Properties  with  Values  Obtained 

from  J      Integrals  for 

Lennard- Jones 

plus 

n               3 
Quadrupole  Fluid  with  pa  = 

=  0.85,  kT/e  = 

1.277, 

Q/toV/2  ■ 

«  0.5 

Property 

Molecular 

Dynamics 

J 
n 

ULJ/N£ 

-5.495 

VN£ 

-0.241 

PLJ/Pkl 

-2.413 

PQQ/pkT 

0.315 

F   2, 

0.433 

F   2, 
YQQ°  /£ 

0.069 

°LA 

1.867 

USQQ°2/E 

0.055 

G2 

-0.040 

<x2>/e2 

3.698 

<F2>a2/e2 

1456.6 

-5.474 

-0.242 

-2.477 

0.316 

0.418 

0.069 

1.861 

0.055 

-0.057 

3.707 

1464.1 
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TABLE  28 
Comparison  of  Molecular  Dynamics  Results  for 


Equilibr: 

Lum  Properties  with  Values  Obtained 

from  J 

2m 

Integrals  for 

Lennard- Jones 

plus 

Quadrupole 

3 
Fluid  with  pa  = 

=  0.85,  kT/e  = 

1.294, 

Q/to5>1/2 

=  1. 

Property 

Molecular 

Dynamics 

J 
n 

1 


ULJ/Ne  -5.129  -5.113 

U  /Ne  -3.005 

PLJ/pkT  -4.068  -4.142 

P  /pkT  3.871  3.884 

yfTa2/e  0.102  0.092 

F   2 

YQQa  /e  0.858  0.861 

l£  a2/e    .  1.788  1.787 

U^  a2/e  0.687  0.689 
Sqq 

G2 

<x2>/e2  46.64  46.83 


-5 

.129 

-3 

.005 

-4 

.068 

3 

.871 

0 

.102 

0. 

.858 

1. 

.788 

0. 

,687 

-0. 

,110 

46. 

64 

1725. 

8 

<F2>a2/e2  1725.8  1738.5 
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TABLE  29 


Comparison  of  Molecular  Dynamics  Results  for 
Equilibrium  Properties  with  Values  Obtained 

from  J  '     Integrals  for  Lennard-Jones  plus 
n 3 

Overlap  Fluid  with  pa  =0.85, 
kT/e  -  1.291,  6   =  0.1 


Jll£2m 
Property  Molecular  Dynamics         J 

UT  T/Ne  -5.417  -5.411 

Li  J 

U         /He  -0.148  -0.149 

over 

PT  T/pkT  -2.712  -2.753 

P    /pkT  0.457  0.461 

over 

yfTa2/e  0.370  0.369 

Li  J 

yF  o2/e  0.090  0.091 

over 

vl     a2/e    .  1.850  1.854 


SLJ 


\]l         a2/e  0.030  .030 


over 
G2  0.045  0.004 

<T2>/e2  1.142  1.154 
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TABLE  30 


Comparison  of  Molecular  Dynamics  Results  for 
Equilibrium  Properties  with  Values  Obtained 

from  J  "     Integrals  for  Lennard-Jones  plus 
n K 

Overlap  Fluid  with  pa  =  0.85, 
kT/e  =  1.287,  6   =  0.3 


Property  Molecular  Dynamics 


ULJ/Ne  -4.184 

U  /Ne  -2.117 

over 

PLJ/pkT  -7.573 

P    /pkT  6.576 

over 

Y^jC^/e  -0.518 

YF   a2/e  1.259 

over 

Uo  o2/e     i  1.608 

bLJ 

uf    a2/e  0.420 

sover 

G2  0.037 

<T2>/e2  16.35 


1 

1 


2   2   2 
<F7>a  /e  2271, 


J  x 
n 

2m 

-4 

.172 

-2 

.123 

-7 

.640 

6 

.598 

-0. 

.527 

1, 

,263 

1. 

,608 

0, 

421 

092 

16. 

39 

2281. 
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Figure  53.   Integrands  [g  9n(r)  -  2g    (r)  +  2g    (r)]r   and 
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'222 
.-3 


[g22Q(r)  +  4/3gm(r)  +  l/3g222(r)  ]r"J  for  G2  and 

U    ,  respect 
a'     r   . 

Fluid,   pa" 


U  ,  respectively,  for  Lennard-Jones  plus  Quadrupole 
.85,  kT/e  =  1.294,  Q/(ea5)1/2  =  1.0 
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is  certainly  long  ranged  compared  with,  for  example,  the  quadrupole 

.  contribution  to  the  internal  energy.   The  integrand  for  G  gives  no 

indication  of  approaching  zero,  even  at  r..  _  =  3.2a.   This  finding 

supports  the  long  ranged  characterization  of  G„  suggested  by  Cheung 

[83]  for  the  Lennard-Jones  diatomic  potential.   Hence,  to  obtain 

reliable  values  for  G  from  simulation  of  the  potential  models 

considered  here,  one  must  perform  much  longer  calculations  than 

those  required  to  obtain  the  energy,  with  significantly  more  particles 

than  the  256  used  in  this  work.   Some  of  the  disagreements  between 

values  for  G„  obtained  from  direct  ensemble  averaging  and  from  the 

^m 
Jn     integrals  must  be  due  to  this  long  range  contribution.   A  long 

£  I   m 

range  contribution  has  been  included  in  the  evaluation  of  the  J 

n 

integrals;  whereas,  no  such  correction  has  been  made  to  the  ensemble 
averages  for  G  . 

7.4  Angular  Pair  Correlation  Function 

7.4.1   Convergence  of  the  Spherical  Harmonic  Expansion 

The  smoothed  g   n   (r10)  coefficients  described  in  Section  7.3 

x,  x,  m  lz 

have  been  recombined  in  the  spherical  harmonic  series  (6-71)  to  obtain 
the  angular  pair  correlation  function  g(r  u  u  ),   Here  we  consider 
how  well  the  series  reflects  the  multidimensional  g(r..„Gj  to  )  by 
obtaining  values  for  g(r  „to  to  )  using  different  numbers  of  g„  „   (r..  „) 
terms  in  the  expansion.   A  total  of  19  coefficients  (including  g  ..(r.J) 
have  been  explicitly  evaluated  in  the  molecular  dynamics  calculations 
for  the  quadrupole  and  overlap  fluids  studied  here.   Expressions  for 
these  coefficients  are  given  in  Appendix  F  and  the  resulting  values 
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are  given  in  Appendix  H.   In  actuality,  twice  that  number  of  coefficients 
have  been  determined,  since,  due  to  symmetry  of  the  molecules: 


g£1£2m(r12)  =  8£2£1m(r12)  (7-18) 


However,  we  will  refer  to  a  total  sum  over,  say,  19  coefficients,  it 

being  understood  that  both  g„  „   (r,.)  and  g„  .   (r1 „)  terms  have  been 

x^x.  m  ±z  x,„x,1m  12 

included  in  forming  (6-71).   For  each  of  the  fluids  studied,  the  gonri(r10) 

oUU  LZ 

coefficients  were  found  to  be  negligible  and  were  not  included  in  forming 
g(r  to  co  ) .   In  addition  to  forming  the  sum  over  18  coefficients,  sums 
for  g(r1„w  u  )  over  ten  and  six  terms  have  been  determined  by  including, 
respectively,  the  terms  containing:   g0oo(r12)'  8200(r12)'  8220(r12)' 
8400(rl2)>  8420(r12)'  8440(r12')'  8600(r12)'  8620(r12)'  8640(r12)' 

8660(rl2)  and  8000(r12)5  8200(r12)'  8220(rl2)'  8400(r12)'  8420(r12)' 
g,,Q(r  „).   These  m  =  0  coefficients  are  those  which  are  independent 

of  the  angle  cf>,  where  <J>  is  the  difference  in  azimuthal  angles  of  a 

pair  of  molecules  in  the  intermolecular  frame  of  Figure   32.   It  is 

of  interest  to  study  the  <j>  dependence  of  g(r  dm  )  since  the  purely 

diatomic  potential  models  exhibit  weak  (j>  dependence  of  their  g(r  „co  uj„) 

[69]. 

7.4.1.1  Lennard-Jones  plus  quadrupole  fluid.   Plots  of  the  angular  pair 
correlation  function  obtained  from  17,  9,  and  6  terms  in  the  expansion 
(6-71)  are  shown  in  Figures  54   and   55  for  the  tee,  cross,  and 

parallel  pair  orientations,  respectively.   (Due  to  a  programming  error, 

5  1/2 
the  g6g0  coefficient  was  incorrectly  determined  for  the  Q/(ea  )    =1. 
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17  or  9  terms 


6  terms 


4. 


o  L 


I* 


Figure  54. 


Angular  Pair  Correlation  Function  for  the  Lennard- 
Jones  plus  Quadrupole  Fluid  of  Figure  44  for  the 
Tee  Orientation  (0   =  90°,  0   =  0,  <J>  undefined) 
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Figure  55.   Angular  Pair  Correlation  Function  for  the  Lennard- 
Jones  plus  Quadrupole  Fluid  of  Figure  44  for  the 


Cross  and  Parallel  Orientations  (6,  = 


=  90°) 
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fluid  and  has  not  been  included  in  the  summation  for   g(r1„w  w„)).   For 
the  tee  orientation,  the  angle  (J)  is  undefined,  so  only  terms  with  m  ■  0 
contribute  to  the  sum.   Hence,  both  the  17  term  and  9  term  sums  give 
the  same  g(r1„w  oo„).   As  one  would  expect,  convergence  of  the  expansion 
is  good  for  this  highly  probable  orientation,  there  being  distinguish- 
ability  of  the  17  and  6  term  sums  only  around  the  first  peak  in 
g(r12(JJ1w  ). 

Figure  55  shows  g(r12w  w„)  for  the  cross  and  parallel  orienta- 
tions obtained  from  a  sum  over  17  spherical  harmonics.   The  9  and  6  term 
sums  each  give  the  same  curves  for  these  two  pair  orientations  since 
only  the  angle  <J>  changes  in  going  from  a  parallel  to  a  cross  orientation. 
This  figure  indicates  a  nounegligible  <j>  dependence  of  the  angular  pair 
correlation  function.   Evidence  for  the  <j)  dependence  is  strengthened 
by  considering  "skewed"  pair  orientations,  i.e.,  orientations  other 
than  the  primary  ones,  as  defined  in  Table  16.   Thus,  for  the  skewed 
orientation  of  Figure  56,  there  is  substantial  variation  in  the  values 
for  g(r  „w  w?)  obtained  from  the  .17  and  9  term  sums. 

The  convergence  of  the  expansion  for  the  least  probable  orienta- 
tions, e.g.,  the  endon,  is  not  very  good  even  when  17  terms  are  included 
in  the  sum.   Thus,  especially  at  high  values  of  the  quadrupole  moment, 
spuriously  strong  peaks  or  unphysical,  negative  values  may  be  obtained 
for  g(r  „to  to„)  for  the  least  probable  orientations.   To  overcome  this 
problem,  significantly  longer  molecular  dynamics  calculations  are 
required. 

Convergence  of  the  spherical  harmonic  expansion  for  the  other 

5  1/2 
quadrupole  fluids  studied  (Q/(eo")     =  0.5  and  0.707)  is  qualitatively 
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Figure  56.   Angular  Pair  Correlation  Function  for  the  Lennard- 
Jones  plus  Quadrupole  Fluid  of  Figure  44  for  a 


Skewed  Orientation  (6..  = 


=  <j)  =  45°) 
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5  1/2 
similar  to  that  shown  here  for  the  Q/ (ea  )    =1.0  fluid.   The  degree 

of  variation  between  the  g(r1„co1w„)  determined  from  the  different 

number  of  terms  is  not  as  strong  for  the  weaker  quadrupole  strengths. 

7.4.1.2  Lennard-Jones  plus  anisotropic  overlap  fluid.   Convergence 
tests  for  the  spherical  harmonic  expansion  of  g(r- „0)..co~)  for  the 
Lennard-Jones  plus  anisotropic  overlap  fluid  have  been  conducted  in  the 
same  manner  as  described  above  for  the  quadrupole  fluid.   Results  are 
shown  in  Figures   57   and   58   for  the  overlap  fluid  with  6  =  0.3  for 
the  parallel  and  endon  pair  orientations,  respectively.   Calculations 
of  g(r  „co  CO  )  for  various  pair  orientations  shows  the  most  probable 
orientation  to  be  the  parallel,  as  suggested  from  the  potential  energy 
curves  of  Figure  39.   Thus,  the  series  converges  well  for  the  most 
probable  orientation,  but  for  less  probable  orientations,  the  full 
18  terms  are  necessary  for  accurate  results.   (The  high  frequency 
oscillations  after  the  first  peak  in  the  plot  of  g(r- _(*)-(*)„)  for  the 
endon  configuration,  Figure  58  ,   reflect  statistical  fluctuations 
in  the  sampling  of  this  low  probability  orientation.)   The  behavior 
of  the  series  for  g(r..  2to..w„)  for  the  overlap  fluid  with  6  =  0.1  is 
qualitatively  similar  to  that  shown  for  the  5  =  0.3  fluid;  faster 
convergence  of  the  series  is  found  for  the  6  =  0.1  fluid.   The  question 
of  (j)  dependence  of  the  g(r  .to  CO „)  does  not  arise  here  since  the  overlap 
potential  is  independent  of  the  angle  <J>  (see  Equation  C3,  Appendix  C)  . 

7.4.2  Local  Structure  from  g(r1  ?u,to_). 

The  angular  pair  correlation  function  g(r.  ~C0-.uO  is  of  particular 
value  in  elucidating  the  nature  of  molecular  pair  orientations  in  the 
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Figure  57.   Angular  Pair  Correlation  Function  for  the  Lennard- 
Jones  plus  Anisotropic  Overlap  Fluid  of  Figure  49 
for  the  Tee  Orientation   (0   =  90°,  G   =  0,  <t>  un- 
defined) 
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Figure  58. 


Angular  Pair  Correlation  Function  for  the  Lennard- 
Jones  plus  Anisotropic  Overlap  Fluid  of  Figure  49 
for  the  Endon  Orientation  (6..  =  6„  =  <$>   =   0) 
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fluid.   A  major  deterrent  to  detailed  study  of  g(r..„a)  co  )  is  its  multi- 
dimensionality.   Thus,  for  simple  linear  molecules,  g(r  „oj  w  )  depends 
on  the  distance  of  separation  of  the  centers  of  mass  of  a  molecular  pair, 
r^»  and  three  angles,  8-,  9  ,  and  <j>,  specifying  the  relative  orienta- 
tion of  the  pair.   A  five  dimensional  space  is  required  to  pictorially 
represent  the  entire  g(r  „uj  u)„)  function  for  linear  molecules.   In  this 
section,  three  dimensional  surfaces  cut  from  the  g(r1„0)1co„)  hypersurface 
for  the  quadrupole  and  overlap  fluids  are  presented  for  study.   The 
objectives  of  the  study  are:   (a)  to  discover  the  relative  probability 
of  occurrence  of  the  primary  pair  orientations,  and  (b)  to  determine 
the  effect  of  the  anisotropic  strength  constant  (quadrupole  moment  Q 
or  anisotropic  overlap  parameter  6)  on  the  occurrence  of  pair  orienta- 
tions in  the  fluid. 

The  three  dimensional  figures  have  been  generated  from  the 
recombined  spherical  harmonic  expansion  (6-71)  using  the  smoothed 
g»  p   (ri?)  data.   The  resulting  g(r  ?w  w  )  curves  have  not  been 
smoothed,  so  that  a  couple  of  the  surfaces  shown  contain  small 
statistical  "flaws,"  which  are  pointed  out  in  the  text.   Each  sur- 
face has  been  generated  by  fixing  two  of  the  relative  orientation 
angles  (8..,  0„,  or  <J>)  while  rotating  the  third  angle  through  0  to  u 
for  all  r  _  values  in  the  range  0.5  £  r  Jo  1  2.5.   For  linear  molecules, 
6.  and  9   are  restricted  to  the  range  (0,tt),  and  g(r  „(j)  u>   )    is  symmetric 
about  <J>  =  IT  for  the  quadrupole  and  overlap  fluids.   On  each  three 
dimensional  plot  a  numerical  scale  is  shown  which  applies  to  the  z-axis 
(i.e.,  the  g(r,„to..GO  axis).   The  numbers  on  the  left  side  of  the  scale 
refer  to  the  physical  height  of  the  drawing  on  the  page,  in  inches. 
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The  numbers  on  the  right  are  the  corresponding  values  for  g(r  u  w  ) 
at  that  height.   The  top  number  on  the  right  of  the  scale  is  the 
maximum  value  of  gCr^uy^)  which  occurs  on  the  plot.   The  plots  are 
presented  in  pairs;  the  second  plot  in  each  pair  is  for  the  same 
orientations  as  the  first,  but  at  a  higher  value  of  the  anisotropic 
strength  constant. 

7.4.2.1  Lennard-Jones  plus  quadrupole  fluid.   Figures  59   and  60 
show  the  8(r12a,lw2^  surface  generated  with  9  =  90,  <t>   =  0,  and  9 
rotated  from  0  to  tt,  for  the  Q/(ea5)1/2  =  0.5  and  1.0  fluids,  respec- 
tively.  The  relative  pair  orientations  are  thus  rotated  from  the  tee, 
through  the  parallel,  and  back  to  the  tee,  as  9  changes  from  0  to  tt. 
Figure   59  shows  that,  for  the  weakly  quadrupole  fluid,  the  tee 
orientation  is  about  twice  as  probable  as  the  parallel  in  the  region 
of  r12  around  the  first  peak  in  gCr^u).^) .   When  Q/(ea5)1/2  is  in- 
creased to  1.0,  there  is  a  dramatic  shift  in  probability,  favoring 
the  tee  over  the  parallel,  as  shown  in  Figure    60  .   The  height  of 
the  first  peak  in  gtr^oVjW  )  for  the  tee  orientation  for  Q/Cea5)1'2  =  1. 
is  more  than  an  order  of  magnitude  larger  than  that  for  the  parallel 

orientation,  and  is  about  three  times  larger  than  for  the  same  tee 

5  ]  /2 
orientation  with  Q/(eo  )    =  0.5. 

Figures   61  and   62  show  the  g(r  0)  w  )  surface  generated  with 

9l'=  92  =  90°  and  *  rotated  from  0  to  tt,  for  the  Q/(ea5)     =  0.5  and 

1.0  fluids,  respectively.   The  relative  pair  orientations  are  thus 

rotated  from  the  parallel,  through  the  cross,  and  back  to  the  parallel. 

For  the  weakly  quadrupole  fluid,  Figure  61  indicates  a  weak,  but  discern- 

able  <}>  dependence  in  gO^co^)  in  the  first  peak  region  and  very  slight 
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5  1/2 
<J>  dependence  in  the  second  peak  region.   When  Q/(ea  )    is  increased, 

Figure  62   shows  that  the  <\>   dependence  in  the  first  peak  region  of 
g(ri  2(j0i(jO  is  strengthened  in  favor  of  the  cross  orientation.   The  (J> 
dependence  in  the  second  peak  region  remains  weak.   Note  that  on  in- 
creasing the  quadrupole  moment,  the  probabilities  for  finding  molecules 
in  the  first  peak  region  are  reduced  compared  to  those  in  the  second 
peak  region.   Hence,  the  probability  of  finding  a  molecular  pair  in  the 
first  peak  region  with  8   =  9   =  90,  irrespective  of  the  value  of  <J>, 
is  reduced  when  the  strength  of  the  quadrupole  moment  is  increased. 
(The  "blip"  on  the  small  r..  _  side  of  the  first  peak  in  Figure  62   is 
a  statistical  fluctuation  and  is  not  indicative  of  fluid  structure.) 


and 


Figures  63  and  64   show  the  g(r..?to  to  )  surface  generated 

for  a  set  of  skewed  pair  orientations;  specifically,  0  =  Q„   =  45° 

5  1/2 
<J>  rotated  from  0  to  tt,  for  the  Q/(ea  )    =  0.5  and  1.0  fluids,  respec- 
tively.  The  relative  pair  orientations  are  thus  rotated  from  a  quasi- 
tee,  through  a  quasi-cross,  to  a  quasi-parallel.   These  figures  suggest 
that  molecular  pairs  in  orientations  close  to  the  tee  are  favored  over 
other  orientations  and  that  the  tee,  again,  is  more  favored  at  high 
values  of  the  quadrupole  moment. 

In  decreasing  order  of  likely  occurrence,  the  primary  orientations 
for  the  Lennard-Jones  plus  quadrupole  fluid  are  found  to  be:   tee,  cross, 
parallel,  and  endon.   This  order  correlates  well  with  the  depth  of  the 
pair  potential  well  for  these  orientations.   There  is  also  a  general 
correlation  between  the  location  of  the  first  peak  heights  in  g(r  „to  to  ) 
for  these  orientations  (Figures   54   and   55  )  with  the  location  of  the 
minima  in  the  corresponding  u(r1„to1to„)  (Figure   35  ),  as  shown  in 
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5  1/2 
Figure  65  for  the  Q/ (ea  )    =1.  fluid.   These  results,  also,  con- 
firm earlier  Monte  Carlo  studies  of  the  Lennard-Jones  plus  quadrupole 
fluid  [64]. 

7.4.2.2  Lennard-Jones  plus  anisotropic  overlap  fluid.   Figures  66 
and   67   show  the  g(r12<i)  to  )  surface  generated  with  9   =  90,  <J>  =  0, 
and  92  rotated  from  0  to  7T,  for  the  6  =  0.1  and  0.3  fluids,  respectively. 
The  relative  pair  orientations  are  thus  rotated  from  the  tee,  through 
the  parallel,  and  back  to  the  tee,  as  6   changes  from  0  to  tt.   Figure  66 
shows  weak  8.  dependence  at  these  relative  pair  orientations  for  the 
small  6  value  fluid.   The  preference  of  the  parallel  orientation  over 
the  tee  is  slight.   Note  the  hint  in  Figure   66  of  the  effect  of  in- 
creasing 6,  namely,  the  predominance  of  the  parallel  over  the  tee,  and 
the  slight  shift  of  the  first  peak  to  smaller  r   values,  as  shown  in 
Figure  67. 

The  order  of  likely  occurrence  of  the  primary  pair  orientations 
for  the  Lennard-Jones  plus  anisotropic  overlap  fluid  with  6  =  0.1  is 
found  to  be:   parallel,  tee,  and  endon.   This  is  in  agreement  with  the 
relative  depths  of  the  potential  wells  for  overlap  fluids  with  6  >  0 
shown  in  Figure  39  .   For  the  6  =  0.3  fluid,  the  endon  configuration 
is  found  to  be  slightly  more  probable  than  the  tee.   This  does  not 
correlate  with  the  corresponding  potential  well  depths  of  Figure  39. 
It  is  felt  that  this  (small)  discrepancy  is  due  to  poor  convergence 
of  the  spherical  harmonic  expansion  for  g(r  „to  to„)  caused  by  infrequent 
sampling  of  almost  equally  low  probability  pair  orientations  in  the 
course  of  the  molecular  dynamics  calculation.   A  longer  molecular 
dynamics  calculation  would  show  whether  this  is  the  problem. 
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Figure  65.   Comparison  of  Peak  Heights  in  the  Angular 
Pair  Correlation  Function  with  Well  Depths 
in  the  Pair  Potential  for  the  Lennard-Jones 
plus  Quadrupole  Fluid  with  Q/(eo5)l/2  =  1. 
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7.4.3   Orientational  Contributions  to  Equilibrium  Properties 

In  the  book  by  Egelstaff  [89]  a  study  is  made  of  the  combined 
pair  potential  and  distribution  function  contributions  to  various 
equilibrium  properties  of  monatomic  fluids  by  considering  the  property 
integrands  which  arise  in  the  radial  distribution  function  theory  of 
fluids.   We  have  conducted  a  similar  study  for  the  fluids  considered 
here,  wherein  orientational  contributions  must  be  included.   The 
properties  readily  accessible  for  such  study  are  the  internal  energy, 
pressure,  and  Fowler  model  surface  tension,  which  are  given,  in  the 
pair  theory  of  fluids,  by: 


Ne  ""  2ft 


do), 


dojr 


4c  O  ifc  "le  -fe 

rl2  u(ri20Jia)2^   8<-r12a)lW2^    drl2 


(7-19) 


pkT 


1  =  - 


* 

6TS2 


dw. 


dcor 


oo  * 

*3  9u(r12w1w2)    .k  A 

rl2  — 8(r12UlW2)drl2 


3r 


12 


(7-20) 


F  2    *2 

y  o  =  p 

e     32ft 


da), 


daj. 


*4  9u(rl2WlW2)    *         * 
rl2  7^ 8(r12a,lU)2)  dr12 


0 


3r 


12 


(7-21) 


In  addition,  the  mean  squared  torque  is  directly  proportional  to  (7-19) 
by  the  relations  in  Table  14. 

Using  the  recorabined  spherical  harmonic  expansion  for  g(r  „oj  oO , 
the  integrands  under  the  r  „  integrals  in  (7-19),  (7-20)  and  (7-21)  have 
been  calculated  for  the  primary  pair  orientations  for  both  the  quadrupole 
and  overlap  fluids.   Such  calculations  provide  insight  into  the  effect 
of  orientation  on  property  values.   When  coupled  with  similar  calcula- 
tions for  other  model  potentials,  they  provide  a  tool  for  distinguishing 
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among  the  various  models  and  could,  potentially,  suggest  experimental 
work  which  would  illuminate  the  nature  of  the  potential  in  real  fluids, 

For  both  the  quadrupole  and  overlap  fluids,  the  integrands  in 
(7-19)  to  (7-21)  were  found  to  be  dominated  by  the  most  probable 
orientations,  tee  and  parallel,  respectively.   The  integrands  for 
the  energy  and  pressure  for  quadrupole  fluids  in  the  tee  orientation 
are  shown  in  Figures   68  and    69  »  and  for  the  overlap  fluids  in  the 
parallel  orientations  in  Figures   70  and    71  .   The  curves  for  the 
Fowler  surface  tensions  are  not  shown,  but  are  of  the  same  shape  as 
the  curves  for  the  pressure,  with  slightly  higher  magnitudes  in  the 
large  r   portion  of  the  plots.   Note  that  the  curves  for  the  energy 
and  pressure  have  the  same  shape  for  two  different  potential  models 
and  different  pair  orientations. 

The  curves  for  contributions  to  these  properties  from  other 
pair  orientations  do  not  conform  to  the  shapes  shown  here  for  the 
most  probable  orientations.   The  range  of  values  for  the  integrands 
for  pressure  and  energy  for  the  primary  orientations  of  the  fluids 
studied  are  given  in  Table  31. 

7.5   Site-Site  Pair  Correlation  Functions 


The  site-site  pair  correlation  function  g  „(r  0)  has  been 
determined  in  the  molecular  dynamics  calculation  by  the  method  out- 
lined in  Section  6.4.2.   The  linear  molecules  studied  here  were 
considered  to  be  homonuclear  diatomics  for  which  the  sites  of  interest 
are  the  atomic  nuclei.   The  sites  were  taken  to  be  half  the  atom  bond 
length,  I,    from  the  molecular  center  of  mass.   The  bond  length  for  the 
nitrogen  molecule  was  used  in  the  calculation,  i.e.,  i/o   =  0.3292  [71]. 
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Figure  68.   Integrand  for  Internal  Energy, 

r2u(12)g(12) ,  for  Lennard-Jones  plus 
Quadrupole  Fluids  for  the  Tee  Orienta- 
tion 
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Figure  69.   Integrand  for  Pressure,  r   du(12)/dr  g(12),  for 
Lennard- Jones  plus  Quadrupole  Fluids  for  the  Tee 
Orientation 
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Figure  70.  Integrand  for  Internal  Energy,  r  u(12)g(12),  for 
Lennard-Jones  plus  Anisotropic  Overlap  Fluids  for 
Parallel  Orientation 
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Figure  71.   Integrand  for  Pressure,  r   du(12)/dr  g(12),  for 
Lennard-Jones  plus  Anisotropic  Overlap  Fluids 
for  Parallel  Orientation 
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TABLE  31 


Range  of  Values  for  Orlentational  Contributions  to  Property 
Integrands  for  Quadrupole  and  Overlap  Fluids 


Strength 
Property      Fluid      Constant 


Pair 
Orientation 


Range  of  Values 
for  Integrands 


U/Ne 


LJ  +  QQ     Q  =1.0 


LJ  +  Over    6  =  0.3 


P/pkT 


LJ  +  QQ     Q  =  1.0 


LJ  +  Over    6  =  0.3 


tee 

0.2 

to 

-43. 

cross 

0.7 

to 

-  1.2 

parallel 

1.2 

to 

-  0.05 

endon 

0.4 

to 

-  5.5 

tee 

0.9 

to 

-  6.7 

parallel 

0.4 

to 

-14. 

endon 

3.6 

to 

-  1.5 

tee 

80. 

to 

-160. 

cross 

4. 

to 

-20. 

parallel 

0.4 

to 

-19. 

endon 

54. 

to 

-  3. 

tee 

108. 

to 

-33. 

parallel 

26. 

to 

-88. 

endon 

3. 

to 

-72. 
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7.5.1  Lennard-Jones  plus  Quadrupole  Fluid 

Figure   72  shows  the  site-site  pair  correlation  functions  found 
for  the  Lennard-Jones  plus  quadrupole  fluids.   For  both  the  weak  and 
strong  quadrupole  strengths,  the  first  peak  is  suppressed  and  broadened 
compared  to  the  corresponding  center-center  pair  correlation  functions 
of  Figure   43  .   The  site-site  function  is  found  to  go  to  zero  at 

smaller  separations  r  „  than  the  center-center  function,  due  to 

K        aB 

geometry.   In  addition,  the  stronger  quadrupole  fluid  has  developed 

a  shoulder  on  the  low  r  „  side  of  the  first  peak.   This  phenomenon 

is  distinctly  different  from  that  found  to  occur  for  Lennard-Jones 

diatomic  potential  models,  wherein  the  first  peak  of  g  0(r  „)  broadens 
v  '  v  6aB  aB 

in  the  large  r  „  direction  [60,711. 

°       aB 

An  explanation  for  the  nature  of  this  g  R  curve  at  high  quadru- 
pole strength  can  be  suggested  based  on  molecular  structure.   Consider 
the  Lennard-Jones  plus  quadrupole  molecule  to  be  a  repulsive  spherical 
shell  with  embedded  point  charges  such  that  an  attractive,  axially 
symmetric  quadrupole  field  exists  about  the  spherical  shell.   Located 
on  the  linear  axis  of  the  quadrupole  field  are  sites  A  and  B,  centered 
about  the  center  of  the  sphere,  and  separated  from  one  another  by  about 
a  third  of  a  molecular  diameter  (£  =  0.3292a).   From  the  analysis  of 
the  pair  potential  in  Section  7.1  and  the  angular  pair  correlation 
function  in  Section  7.4,  pairs  of  these  quadrupolar  molecules  tend  to 
align  in  a  tee  orientation.   Let  us  assume  that  the  quadrupole  strength 
is  sufficient  so  that  not  only  pairs  of  molecules  tend  to  contribute 
to  structure,  but  that  clusters  of  at  least  four  molecules  form.   In 
such  a  cluster,  each  pair  of  molecules  is  in  a  relative  tee  orientation 
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Figure  72.   Site-Site  Pair  Correlation  Function  for  Lennard- 
Jones  plus  Quadrupole  Fluids 
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and  is  near  the  closest  point  of  approach  (limited  by  the  repulsive 
shell),  as  in  Figure  73  .   When  the  clusters  contain  four  molecules, 
each  molecule  has  12  site-site  distances  r  _  between  its  two  sites 
and  the  six  other  sites  in  the  cluster.   When  the  distance  of  separation 
of  sites  on  a  molecule  is  about  a  third  of  the  molecular  diameter,  and 
the  sites  are  indistinguishable,  two  groups  of  these  12  site-site 
distances  are  equal,  as  indicated  in  Figure  73: 


rlA3A   rlA3B   rlA2B   rlB2B   rlB4A  (?  12' 


r  =  r     =  r     =  r  (7-23) 

1A2A    1B2A    1B3A    1B3B  v    ' 


The  first  connection  between  the  proposed  cluster  structure  in  Figure  73 

and  the  g  D  in  Figure  72  is  that  the  number  of  equal  distances  in 

otp 

(7-22)  and  (7-23)  are  in  the  ratio:   5/4  =  1.2,  while  the  ratio  of  the 

main  peak  height  to  the  height  of  the  shoulder  in  Figure   72  is  (from 

Appendix  J):   1.523/1.256  =  1.212.   Further,  there  is  some  correlation 

between  the  distances  in  (7-22)  and  (7-23)  and  the  r  „  values  at  which 

the  shoulder  and  first  main  peak  occur.   The  distances  r     in  (7-22) 

are  found  to  be  ~  1.16a,  while  (from  Appendix  J)  the  first  peak  maximum 

occurs  at  r  „  =  1.175a.   The  distances  rn.OA  of  (7-23)  are  ~  0.84a, 
a(3  1A2A 

while  the  shoulder  occurs  at  ~  0.97a.   The  r  „  locations  of  the  shoulder 
and  first  peak  would  be  expected  to  be  at  slightly  longer  distances 
than  those  in  (7-22)  and  (7-23),  since  the  minimum  energy  occurs  just 
beyond  r..  „  =  1.05a  for  the  most  probable  orientation.   Therefore,  a 
cluster  of  molecular  pairs  exhibiting  square  packing  with  interlocking 


247 


Figure  73.   Possible  Square  Packing  of  Lennard-Jones  plus 
Quadrupole  Molecules  for  Interpreting  g  R(r) 
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tee  orientations  is  consistent  with  the  form  of  g  „  found  for  Lennard- 
Jones  plus  quadrupole  fluids  having  strong  quadrupole  moments,  and 
l/o   =  0.3292.   It  is  interesting  to  note  that  Harp  and  Berne,  in  a 
study  of  carbon  monoxide  using  a  Lennard- Jones  plus  dipole-dipole, 
dipole-quadrupole,  and  quadrupole-quadrupole  potentials,  find  the 
three  site-site  correlation  functions,  g  _  ,  gn_n>  and  g   ,  each 
have  forms  similar  to  that  found  here.   Whereas,  if  the  simulation 
for  carbon  monoxide  is  done  using  only  the  Stockmayer  potential, 
the  structure  in  the  g  „  does  not  appear  [90].   Test  of  the  above 
explanation  of  g  R  for  the  Lennard-Jones  plus  quadrupole  fluid  may  be 
made  by  determining  g  R  for  various  molecular  elongations.   As  the 
elongation  is  increased  these  structural  arguments  suggest  the  main 
peak  and  shoulder  will  become  separated  from  one  another  since  the 
difference  in  values  of  the  distances  of  (7-22)  and  (7-23)  would 
increase.   There  would  also  be  slight  changes  in  the  relative  heights 
of  the  peak  and  shoulder  with  elongation,  as  various  terms  would 
satisfy  (7-22). 

7.5.2  Lennard-Jones  plus  Anisotropic  Overlap  Fluid 

The  g  ft(r)  for  the  Lennard-Jones  plus  overlap  fluids  are  shown 
in  Figure   74.   As  in  the  case  of  the  quadrupole,  the  first  peak  in 
g  R  for  overlap  is  shortened  and  broadened  compared  with  the  center- 
center  pair  correlation  function  of  Figure   48.   No  special  features 
are  found  on  the  overlap  g  ft  curves,  though  there  is  a  hint  of  a 
shoulder  forming  near  the  high  r  R  side  of  the  first  peak  for  the 
5  =  0.3  fluid. 
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Figure  74.   Site-Site  Pair  Correlation  Function  for  Lennard- 
Jones  plus  Anisotropic  Overlap  Fluids 
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Values  for  gag(r)  for  both  the  quadrupole  and  overlap  fluids 
at  the  conditions  studied  in  this  work  are  tabulated  in  Appendix  J. 

7.6   Filmed  Animation  of  Molecular  Motions 

7.6.1   Introduction 

A  principal  advantage  of  performing  computer  simulation  of 
fluids  by  the  molecular  dynamics  method,  rather  than  by  Monte  Carlo, 
is  that  in  the  course  of  the  simulation  the  classical  time  develop- 
ment of  the  system  is  evolved.   By  saving  (usually  on  magnetic  tape) 
the  positions  and  orientations  of  the  particles  at  discrete  time  steps 
for  which  the  equations  of  motion  are  solved,  one  obtains  a  permanent 
record  of  the  evolution  of  the  system.   This  record  (data)  may  be 
transformed  into  a  motion  picture  in  which  the  time  evolution  of  the 
system  is  visually  displayed.   Such  movies  have  been  produced  by  several 
workers  as  a  medium  for  study  of  the  microscopic  nature  of  fluid  systems 
[91,92,93].   These  motion  pictures  are  of  value  in  gaining  insight  into 
the  character  of  molecular  diffusion,  the  frequency  and  nature  of 
molecular  collisions,  and  the  presence  of  molecular  scale  structure 
in  the  fluid.   They  provide  a  means  of  differentiating  among  suggested 
ideas  about  molecular  scale  behavior,  e.g.,  the  nature  of  molecular  motion 
and  collisions  are  postulated,  in  turn,  by  Enskog  [94],  Eyring  [95],  and 
Rice  and  Allnatt  [96].   With  movies  of  fluid  mixtures  one  can  study  the 
molecular  environment  of  a  molecule  of  a  given  species  under  a  variety 
of  molecular  geometries  and  interaction  potentials.   Such  studies  would 
provide  insight  into  the  validity  of  mixture  theories,  such  as  regular 
solution  theory  [97].   For  fluids  of  nonspherical  molecules,  a  movie 
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would  be  a  means  of  comparing  rotational  and  translational  motion  and 
would  indicate  the  degree  of  hindered  rotation  experienced  by  the 
molecules.   Certainly,  much  effective  study  of  these  areas  can  be 
done  in  a  more  quantitative  manner  through  theory,  experiment,  and 
simulation.   The  movie,  however,  provides  a  medium  for  communicating 
detailed  aspects  of  a  system,  especially,  to  those  audiences  who 
have  an  interest  in  the  problems,  but  who  have  little  time  or  inclina- 
tion for  delving  deeply  into  the  theoretical  or  experimental  details. 
In  this  connection,  the  motion  picture  has  obvious  pedagogical 
advantages.   On  a  molecule  by  molecule  basis,  graphic  portrayal  of 
a  system  by  such  means  as  movies  provide  information  that  may,  otherwise, 
only  be  available  by  inference,  if  at  all.   For  example,  attempting 
to  characterize  the  type  of  local  structure  in  a  fluid  system  by  a  frame  by 
frame  study  of  a  movie  would  be  a  straightforward  method  of  attack. 
Whereas,  attempting  to  solve  the  same  problem  by  study  of  distribution 
functions  is  more  cumbersome,  since  the  distribution  functions  are 
averages  over  time  [93];  e.g.,  the  discussion  concerning  the  site-site 
pair  correlation  functions  in  Section  7.5.1. 

In  this  section  we  report  development  of  a  technique  for  producing 
filmed  animations  of  molecular  motions  generated  from  a  molecular  dynamics 
calculation.   The  particular  subject  of  this  initial  film  was  a  simple 
Lennard-Jones  fluid.   The  emphasis  here  was  not  to  study  Lennard-Jones 
fluids  which  are,  indeed,  largely  understood;  rather,  the  objective  was 
to  develop  a  method  of  filming  molecular  motions.   The  Lennard-Jones 
fluid  offers  several  simplifications  which,  in  this  first  attempt, 
allow  concentration  on  the  mechanics  of  the  method  without  the  added 
difficulties  of  a  complicated  fluid  system. 
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7.6.2  Fluid  System  Filmed 

Data  for  a  system  of  256  Lennard-Jones  molecules  were  generated 

by  the  molecular  dynamics  method  described  in  Chapter  6.   The  state 

3 
condition  chosen  was  kT/e  =  1.273  and  pa  =0.85.   This  state  condition 

has  been  studied  previously  by  Verlet,  and  the  values  for  the  internal 

energy,  pressure,  and  radial  distribution  function  found  here  agreed 

with  those  given  by  Verlet  [32,98].   The  calculation  was  started  from 

an  FCC  lattice  structure,  and  a  total  of  2000  time  steps  were  generated, 

-14 
each  of  2.16(10  "  )  second,  when  the  e,a  parameters  for  argon  are  used, 

o 

i.e.,  e/k  =  119. 86K,  a  =  3.405A.   The  three  coordinates  locating  the 
center  of  mass  of  each  molecule  were  saved  on  magnetic  tape  after 
each  time  step. 

For  the  density  and  number  of  particles  used  here,  the  system 
was  a  cube  of  side  6.7a.   The  subject  of  the  film  was  taken  to  be  any 
molecule  whose  center  of  mass  was  within  a  volume  element  la  thick, 
taken  from  the  center  of  the  cubic  system,  parallel  to  the  YZ  plane, 
as  shown  in  Figure   75 .   The  line  of  sight  was  taken  to  be  perpendicular 
to  the  YZ  plane.   At  any  given  time  step  in  the  simulation,  from  30  to 
50  molecules  were  found  to  have  their  centers  of  mass  in  the  volume 
element.   Each  molecule  was  visually  displayed  by  drawing  a  circle  on 
a  plane  surface  which  represented  the  projection  of  the  spherical 
molecule  onto  the  YZ  plane.   This  procedure  introduces  two  difficulties 
into  the  animation: 

(1)   The  volume  element  is  an  open  system  in  the  ±  X"  direction. 
Molecules  which  enter  and  leave  the  volume  element  become  recorded  as 
appearing  and  disappearing  on  the  film. 
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Figure  75.   Box  Representing  the  Molecular  Dynamics 
System  with  the  Volume  Element  Sampled 
for  the  Filmed  Animation  Indicated. 
(Arrow  indicates  the  line  of  sight  in 
the  movie.) 
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(2)  A  volume  element  thickness  of  one  molecular  diameter  allows 
the  centers  of  mass  of  two  molecules  to  be  nearly  aligned  with  one 
another  along  a  line  parallel  to  the  x-axis  and  both  be  within  the 
volume  element.  The  projection  of  two  such  aligned  molecules  onto 
the  YZ  plane  gives  the  appearance  of  large  overlap  of  the  molecules, 
which,  in  fact,  has  not  occurred.  This  problem  can  be  overcome  by 
reducing  the  thickness  of  the  volume  element,  which,  also,  reduces 
the  number  of  particles  found  in  the  element  at  any  instant. 

7.6.3  Equipment 

The  circles  representing  the  molecules  were  drawn  with  software 
associated  with  a  Gould  5100  electrostatic  plotter  and  were  displayed 
on  a  Tektronix  4013  graphics  terminal.   The  photography  was  done  with 
a  16mm  Bolex  H-16  SBM  camera  using  a  Soligor  ITV,  25mm  lens.   The 
film  was  Kodak  black  and  white  TRI-X  (#7278)  and  an  exposure  setting 
of  0.95  was  used. 

7.6.4  Film  Production  Technique 

The  procedure  for  making  the  film  was  to  first  analyze  the 
magnetic  tape  containing  the  positions  of  the  molecules  to  find  the 
locations  of  all  molecules  whose  centers  of  mass  were  within  the 
volume  element  at  each  time  step  in  the  calculation.   For  each  time 
step,  code  for  drawing  the  circles  representing  the  molecules  in 
the  volume  element  was  generated  from  the  Gould  plotter  software. 
The  code  was  stored  on  disc  in  the  sequence  corresponding  to  the 
time  evolution  of  the  system.   The  disc  file  containing  the  "drawings" 
was  then  accessed  from  the  Tektronix  terminal  and  the  drawings  for 
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each  time  step  were  displayed  and  photographed  one  at  a  time.  To 
create  a  slowly  evolving,  yet  smooth  animation,  four  movie  frames 
were  photographed  of  each  time  step  drawing.  When  projected  at  a 
speed  of  24  frames  per  second,  this  corresponds  to  six  time  steps 
per  second  of  system  evolution.  Hence,  1000  time  steps  gave  about 
2.8  minutes  of  film  time. 

Figures   76  ,   77  ,  and  78  show  the  frames  for  the  first, 

st 
sixth,  and  101  "  time  steps.   In  these  figures  (as  in  the  movie), 

the  lengths  of  both  sides  of  the  box  have  been  lengthened  by  one 

molecular  diameter  (la),  so  that  any  circle  near  the  edge  of  the 

box  will  appear  to  be  wholly  within  the  box.   Figure   76  shows 

the  FCC  starting  configuration  for  the  volume  element.   Figure  77 

shows  the  beginning  of  breakdown  of  the  FCC  structure  due,  at  this 

point,  largely  to  the  effect  of  periodic  boundary  conditions.   Note 

that  several  pairs  of  molecules  are  colliding  after  only  six  time 

steps.   Figure   78  shows  the  FCC  lattice  to  be  dissolved  after 

100  time  steps,  and  illustrates  the  misleading  overlap  of  molecules 

discussed  in  Section  7.6.2. 
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Figure  76.   Initial  FCC  Lattice  Configuration  of  Lennard-Jones 
Molecules  in  the  Volume  Element  Sampled  in  the 
Filmed  Animation 
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Figure  77.   Frame  from  the  Filmed  Animation  of  Lennard-Jones 
Molecules  Corresponding  to  the  Sixth  Time-Step 
in  the  Molecular  Dynamics  Calculation 
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Figure  78.   Frame  from  the  Filmed  Animation  of  Lennard-Jones 
Molecules  Corresponding  to  the  101st  Time-Step 
in  the  Molecular  Dynamics  Calculation 


CHAPTER  8 
CONCLUSIONS 

8.1  Theory  for  Surface  Tension  of  Polyatomic  Fluids 

A  general,  first  order  perturbation  theory  for  the  surface 
tension  of  polyatomic  fluids  has  been  developed.   Upon  introduction 
of  a  Pople  reference,  the  difficult  multibody  effects  in  the  higher 
order  terms,  as  well  as  the  first  order  term,  vanish,  allowing 
extension  of  the  theory  to  third  order.   The  nonvanishing  terms 
in  this  theory  involve  the  unknown  interfacial  pair  and  triplet 
correlation  functions  gQ(z  r  _)  and  g  (z,r12r „) .   In  order  to 
perform  calculations,  the  Fowler  model  of  the  interface  is  introduced. 
The  theory  has  been  tested  against  Monte  Carlo  calculations  of  the 
Fowler  model  surface  tension  for  a  Stockmayer  fluid.   The  behavior  of 
the  second  and  third  order  perturbation  theories  for  surface  tension 
is  much  the  same  as  that  found  for  bulk  fluid  thermodynamic  properties. 

The  second  order  theory  is  found  to  work  well  for  weak  dipole  strengths 

3  1/2 
(p/(ca  )   "  £  0.6),  but  both  the  second  and  third  order  theories  give 

poor  results  at  high  values  of  the  dipole  moment,  compared  to  the 

Monte  Carlo  work.   When  the  third  order  theory  is  recast  in  the  form 

of  a  [1,2]  Pade  approximant,  however,  the  theory  agrees  with  the 

3  1/2 
Monte  Carlo  results  up  to  \i/ (EO   )     =  1.75.   As  is  the  case  for  bulk 

fluid  thermodynamic  properties,  the  reason  for  the  success  of  the  Pade 

is  obscure;  it  gives  correct  results  in  the  limits  of  high  and  low 

anisotropic  strength,  and  apparently  interpolates  correctly  between 

these  limits. 
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This  Pade  theory  has  been  used  to  predict  surface  tensions  for 
pure  polyatomic  fluids.   A  simple  to  use  correlation  for  pure  fluid 
surface  tensions  has  been  developed  based  on  the  perturbation  theory. 

Future  work  to  be  done  on  the  pure  fluid  theory  is  the  replacement 
of  the  Fowler  model  with  more  realistic  expressions  for  the  reference 
fluid  distribution  functions.   An  obvious,  realistic  choice  would  be 
the  use  of  interfacial  distribution  functions  obtained  from  computer 
simulation  studies.   The  singlet  distribution  function  p  (z..)  has  been 
obtained  for  a  Lennard- Jones  fluid  [20,21],  the  reference  fluid  used 
in  this  work.   However,  the  interfacial  pair  correlation  function 
g  (z,r   )  presents  more  difficulties  due  to  its  higher  dimensionality 
and  the  slow  relaxation  times  inherent  in  interfacial  phenomena.   The 
theories  for  pure  fluid  surface  tension  are  at  a  stage  where  expres- 
sions for  an  interfacial  pair  correlation  function,  g  (z.^  J  or 
c  (z..r-„),  would  be  of  great  value. 

To  extend  this  pure  fluid  theory  to  mixtures,  one  is  faced 
immediately  with  the  problem  of  obtaining  the  interfacial  density 
profiles  for  each  component  in  the  system.   For  multicomponent 
systems  this  is  a  formidable  problem  requiring  the  simultaneous 
solution  of  integral  or,  even,  integro-dif ferential  equations. 
Even  in  the  (usually)  simple  conformal  solution  theory  approach, 
the  average  "composition"  of  the  interfacial  region  is  required. 
On  the  experimental  side  of  the  mixture  problem,  there  is  a  paucity 
of  experimental  surface  tension  data  for  even  binary  mixtures  over 
the  whole  composition  range  and  much  of  the  phase  diagram. 


261 


8.2  Theory  for  the  Interfacial  Density-Orientation 
Profile  of  Polyatomic  Fluids 

A  first  order  perturbation  theory  has  been  developed  for  the 
interfacial  density-orientation  profile  pCz^)  for  polyatomic  fluids. 
Upon  introduction  of  a  Pople  reference,  the  first  order  term  p1(z1a>]) 
vanishes  for  multipolar  anisotropies,  but  does  not  vanish  for  aniso- 
tropic overlap  or  dispersion  potentials.   Calculations  of  p(z..ql)  for 
axially  symmetric  molecules  interacting  with  overlap  or  dispersion 
forces  have  been  performed,  using  a  Lennard-Jones  reference  fluid,  and 
the  model  for  the  interfacial  pair  correlation  function  used  by 
Toxvaerd  [14],   For  even  the  weakly  anisotropic  potentials  accessible 
by  first  order  perturbation  theory,  the  axially  symmetric  molecules 
exhibit  preferred  orientations  in  the  interfacial  region.   Molecular 
adsoroption  in  the  interface  cannot  be  obtained  from  the  first  order 
theory,  however.   It  would  be  useful  to  have  computer  simulation  results 
for  p(z  w, )  for  these  simple  anisotropic  fluids  in  order  to  test  the 
theory.  ' 

To  attempt  prediction  of  p(z..co,  )  for  multipolar  fluids,  the 
theory  must  be  extended  to  higher  order.   There  are  difficulties  in 
extending  the  expansion,  however.   To  obtain  the  interfacial  density 
profile,  p(z,)  from  the  density-orientation  profile,  pCz-.oo-,),  one 
simply  integrates  p(z10J1)  over  the  orientation.   When  this  is  performed 
on  the  first  order  theory  of  Chapter  4,  the  result  is  merely  the  reference 
fluid  profile  p  (z.. ) .   It  appears,  however,  that  the  density  profile 
obtained  from  the  higher  order  theory  will  not  be  the  reference  profile; 
i.e.,  the  profile  may  be  displaced  from  the  reference  profile  p  (z1 ) . 
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It  is  not  clear,  at  this  point,  how  to  best  account  for  shifting  of 
the  density  profile  when  carrying  out  the  expansion. 

8.3   Computer  Simulation  of  Polyatomic  Fluids 

Much  effort  in  the  simulation  work  reported  herein  has  been 
directed  towards  developing  methods:   application  of  a  minicomputer 
to  Monte  Carlo  calculations,  filmed  animations  of  molecular  motions 
from  molecular  dynamics,  and  development  of  expressions  for  efficient 
evaluation  of  the  force  and  torque  in  molecular  dynamics  simulations 
of  linear  molecules.   The  minicomputer  is  rapidly  making  inroads  into 
areas  of  computational  chemistry  and  physics  once  felt  to  be  solely 
the  domain  of  the  biggest  and  fastest  machines  available  [99].   Both 
the  advantages  and  disadvantages  to  using  minicomputers  in  extended 
CPU-time  calculations  are  clear-cut.   The  problems  are:   (a)  the  slow 
execution  time  compared  to  large  machines,  hence  (b)  the  need  for  a 
minicomputer  "dedicated"  to  simulation  work,  (c)  the  necessity  for  the 
user  to  be  more  than  just  a  programmer;  he  must  be  programmer,  operator, 
and  hardware  technician.   The  overriding  advantage  is  economics.   Given 
the  present  cost  of  CPU-time  on  large  machines,  it  is  easy  to  visualize 
situations  wherein  the  choice  is  between  doing  the  calculation  on  a 
minicomputer,  or  not  at  all.   As  the  minicomputer  industry  continues 
to  mature,  the  above  listed  disadvantages  will  diminish. 

Motivation  for  producing  movies  from  molecular  dynamics  results 
have  been  given  in  Section  7.6.   Future  studies  in  this  medium  could 
entail  elaborate  three  dimensional  portrayals  of  systems  of  non- 
spherical  molecules  using  holography,  for  example. 
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Because  of  the  large  amounts  of  computing  time  required  in 
molecular  dynamics  calculations,  any  effort  which  can  even  frac- 
tionally improve  speed  of  execution  is  worth  pursuing.   In  addition 
to  the  possible  techniques  mentioned  at  the  end  of  Section  6.3.1  for 
speeding  up  the  calculation,  a  particularly  promising  method  seems 
to  be  one  which  takes  advantage  of  the  fact  that  the  force  on  a 
particle  can  be  divided  into  two  parts  which  operate  on  different 
time  scales.   Such  a  method  has  been  successfully  applied  to  studies 
of  the  time  evolution  of  stellar  systems  [100],  which  are  calculations 
analogous  to  molecular  dynamics,  save  that  the.  interaction  is  attractive 

only. 

The  method  of  molecular  dynamics  has  been  applied  to  the  study  of 
systems  of  axially  symmetric  molecules,  in  particular,  Lennard-Jones  plus 
quadrupole  and  Lennard-Jones  plus  overlap  models.   Numerous  equilibrium 
properties  have  been  determined  by  direct  ensemble  averaging  in  the  course 
of  the  calculation.   Values  for  those  properties  directly  related  to  the 
potential:   internal  energy,  surface  excess  internal  energy,  and  mean 
squared  torque  are  found  to  be  in  good  agreement  with  the  Pade  perturba- 
tion theory,  for  the  quadrupolar  fluids.   Values  of  properties  related  to 
derivatives  of  the  potential:   pressure,  surface  tension,  and  heat  capacity 
are  not  in  such  good  agreement  with  the  theory.   A  question  to  be  faced  in 
the  future  of  this  work  is  whether  knowledge  of  the  derivative  properties 
will  be  of  sufficient  value  to  justify  the  longer  calculations  with 
more  particles  than  this  study  indicates  are  required.   The  angular 
correlation  function  G„  is  not  directly  related  to  the  potential  or 
its  derivatives,  but  it  seems  to  be  difficult  to  study  by  theory, 
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experiment,  or  simulation.   The  evidence  here  indicates  that  accuracy 
in  simulation  values  for  G  will,  also,  require  longer  calculations 
with  more  particles. 

In  addition  to  these  properties,  the  coefficients  g.  .   (r19) 
in  an  expansion  for  the  angular  pair  correlation  function  g(r  „0}..aO 
in  terms  of  products  of  spherical  harmonics  of  the  molecular  orienta- 
tions in  the  intermolecular  frame  have  been  determined.   These 

£l£2m  *  * 
g0  „   (r-io)  have:   (a)  been  related  through  integrals  J     (p  ,T  ) 

1   o^   "^  ^ 

to  the  equilibrium  properties  discussed  above,  for  several  anisotropic 
potentials,  and  (b)  been  recombined  in  the  spherical  harmonic  expansion 
to  obtain  g(r\  „(xt^u)„)  ,  which,  in  turn,  was  used  to  study  local  fluid 
structure.   The  g„  -   (r  „)  coefficients  provide  a  new  avenue  for 
exploration  of  equilibrium  properties  and,  hence,  are  of  considerable 
value  even  if  the  spherical  harmonic  expansion  for  g(r. -W-W-)  did  not 
converge  [88].   The  series  for  g(r  oj  lo„),  in  fact,  seems  to  converge 
well  for  the  most  probable  pair  orientations,  though  the  convergence 
is  questionable  for  the  least  probable  orientations.   Study  of 
g(i-jj)   w  )  shows  the  most  probable  pair  orientations  in  the  first 
peak  region  to  be  the  tee  for  quadrupolar  fluids  and  the  parallel 
for  anisotropic  overlap  fluids  with  positive  &   values.   These  most 
probable  orientations  have  been  found  to  make  the  most  significant 
contributions  to  the  internal  energy,  pressure,  and  Fowler  model 
surface  tension.   Study  of  molecular  structure  for  the  quadrupolar 
fluid  based  on  interpretation  of  the  features  of  the  site-site  pair 
correlation  function  suggests  that  the  strongly  quadrupolar  molecules 
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tend  to  exhibit  square  packing  reinforced  by  the  tee  orientation 

between  adjacent  molecular  pairs. 

The  availability  of  values  for  the  g„  „   (r,  „)  coefficients 

x,   a  m     lz 

will  undoubtedly  spawn  new  theoretical  efforts  in  liquid  physics, 
as  indeed,  it  already  has  [77,88].   It  is  also  likely  that  other 
expansions,  appropriate  for  more  strongly  anisotropic  molecules 
than  those  considered  here,  will  be  studied;  examples  are  expansions 
in  ellipsoidal  harmonics  [101]  and  expansions  of  the  site-site  pair 
correlation  function. 

Finally,  the  analysis  of  the  molecular  dynamics  calculations 
presented  here  is  only  half  the  story.   The  appropriate  data  are 
stored  on  magnetic  tape  for  future  analysis  of  time  dependent 
properties;  including,  a  host  of  time  correlation  functions,  the 
van  Hove  distribution  function,  and  the  dynamic  structure  factor. 
Study  of  these  time  related  properties  may  prove  to  be  of  more  value 
than  the  equilibrium  properties,  since  many  of  these  are  more  sensitive 
to  the  interaction  potential  than  any  equilibrium  property. 

The  potential,  then,  brings  us  back  to  square  one,  for  it  is 
the  objective  of  statistical  mechanics  to  characterize  fluids  in  terms 
of  contributions  from  the  distribution  and  interaction  of  the  molecules 
in  the  system.   The  spherical  harmonic  expansion,  in  the  pair  theory 
of  fluids,  at  least,  gives  a  firm  handhold  on  the  pair  distribution 
function  for  polyatomic  fluids.   The  interaction  potential,  however, 
remains  elusive.   It  will  require  a  gentle  marrying  of  theory,  experiment, 
and  simulation  (Figure  1)  to  reveal  and  quantify  the  potential  from  a 
statistical  physics  approach. 
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APPENDIX  A 
EXPRESSIONS  FOR  THE  ANGLE  AVERAGES  IN 
EQUATIONS  (3-4)  TO  (3-7) 

The  angle  averages  <u   (12)>    ,  <u  3(12)>    ,  <u*(12)u*(13)> 

a      ayo  '   a      u  u  '   av    av    go .w.w  ' 

*       A       * 

<u  (12)u  (13)u  (23)>       which  occur  in  Equations  (3-4)  -  (3-7)  may  be 
av    av   'a     oj  oj„oj„  ^ 

evaluated  by  substituting  for  u  its  spherical  harmonic  expansion,  (C2) ,  and 

3. 

performing  the  angular  integrations  over  spherical  harmonics.   The  properties 
of  spherical  harmonics  [38]  simplify  the  procedure.   Details  can  be  found 
in  reference  [33].   The  resulting  expressions  are: 


<2<12)>a,lto,  =  ^  I  (2VmU     l        I  Es(A;nln2)  <2 
12  A  1  2  n.n.   ss 


*      s 
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0  0  0 
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<u*(12)/(13)>(jj 
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n, 


(-)   E^OA^O)  r12  s  E^a^^O) 


*~ns' 
X  r13  '   P£  (cos  ai)/e' 


(A3) 
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121   AA'A" 


£2+£'+£* 


£  5  '  9    9"    9 ' P" 
X>1*1  J62Jt2  y,3^3 


x    [(2£+l)(2£'+l)]1/2 
(2£1+1)  (2£2+l)  (2^+1) 


£    V       V 


£3   £2   £1 


"  ^££'£"(aia20t3) 


n  +n  +n' 
n^n^  ss's"  s    1  2   s     '-1  3' 


Es.-(A";n2n3)  r12  S  r 


*~ns  *_IV   *-ns"  3 
13    r23   /e 


(A4) 


In  these  equations  the  notation  is  the  same  as  that  for  (3-12)  to  (3-15) 
and  is  described  under  (3-11)  and  (3-15) . 

In  Equation  (A4)  the  function  ^££I£„  is  defined  by  the  expansion 
in  Equation  (3-19).   Expressions  for  the  iK.,-,,  have  been  evaluated  for 


multipoles  and  are  given  by  [33] 
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APPENDIX  B 

COORDINATE  TRANSFORMATION  AND  INTEGRATION  OVER  EULER 

ANGLES  TO  OBTAIN  EQUATIONS  (2-89)  AND  (2-90) 

F       F 
The  Y2B  and  Y3B  terms  of  (2-85)  and  (2-86)  are  three  body  terms 

involving  molecules  1,  2  and  3.   The  integrations  over  co   and  0)   in 
these  terms  cannot  be  done  in  a  straightforward  manner  due  to  the  angle 
dependence  of  the  integrands.   In  the  Fowler  model,  however,  the  inte- 
grands are  independent  of  motions  of  the  rigid  triangle  formed  by  r  „, 
r   and  r   .   Thus,  we  transform  the  angles  0)  „  and  w   to  a  set  of 
angles  which  include  Euler  angles  {<)>0x}  that  specify  the  orientation  of 
triangle  123.   Integration  over  the  Euler  angles  may  then  be  performed. 


B.l   Choice  of  Euler  Angles 

The  body-fixed  frame  is  chosen  to  have  its  origin  on  molecule  1, 
its  x-axis  along  r   ,  and  its  z-axis  perpendicular  to  the  plane  of  the 
123-triangle.   Euler  angles  {<j>9x}  between  this  body-fixed  frame 
(x  y  z  )  and  some  arbitrary  space-fixed  frame  (x  y  z  )  are  defined 
by  the  following  rotations  (see  Figure  Bl) : 

(a)  (J)  is  the  angle  of  rotation  of  the  x  y   plane  about  z  , 
aligning  x  on  the  projection  of  z   onto  the  x  y  plane. 

b  D  S   S 

(b)  6  is  the  angle  of  rotation  of  the  z'x'  plane  about  y', 

aligning  z '  onto  z  . 
d        B 

(c)  x  is  the  angle  of  rotation  of  the  x"y''  plane  about  z" 
aligning  x"  onto  x  . 
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Figure   Bl.      Rotations   Defining   the  Euler  Angles    {<t>6x) 
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The  Euler  angles  {<t>Qx^    thus  specify  the  orientation  of  the  three  body 
system  in  the  fluid.   A  fourth  angle  is  required  which,  with  the  lengths 
r,~,  r   and  r„„,  specifies  the  shape  of  the  triangle  itself.   We  choose 
the  interior  angle  a1  at  molecule  1  to  be  this  fourth  angle.   Hence,  we 
consider  the  transformation: 

da).  „  dto..  _  =  d(j>..„  d  cos  0..  „  dd)..  „  d  cos  0. .  =  J  d|  d  cos  8  dx  d  cos  a.. 

(Bl) 

The  Jacobian  in  (Bl)  can  be  shown  to  be  unity. 
Equations  (2-84)  and  (2-86)  thus  become: 
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(B3) 


where 


2ir   1 


d(J)    d  cos 


_2tt 
dX  z 


max 


(B4) 


0-1         0 

and  z    is  the  value  of  z,  when  one  of  the  molecules  1,  2,  or  3  first 
max  1  '   ' 

cuts  the  z  =  0  surface,  when  the  rigid  triangle  123  approaches  the 
surface  from  the  liquid  side. 
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B.2   Evaluation  of  Integral  I 

<-! z 

Consider  the  triangle  of  molecules  123  to  be  located  on  the  liquid 
side  of  the  vapor-liquid  interfacial  region  of  a  Fowler  model  two  phase 
system.   The  space-fixed  frame  is  oriented  such  that  the  x  y   plane  lies 
in  the  interfacial  plane  and  the  positive  z  -axis  is  directed  into  the 

vapor  phase  (see  Figure  B2) .   Values  for  z    in  (B4)  are  given  by  the 

max 

manner  in  which  triangle  123  first  cuts  the  z  =  0  plane  as  the  triangle 

is  rotated,  in  turn,  through  each  of  the  Euler  angles. 

Figure  B2  show  immediately  that  z    is  independent  of  d>  since 

max 

rotation  of  the  triangle  about  z   does  not  change  the  z-position  of  any 
part  of  the  triangle.   Hence,  (B4)  reduces  to: 
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d(cos  0)  |  dx 
-1         0 


max 


(B5) 


Rotation  of  the  triangle  through  X  gives  three  possible  values 

for  z    ,  depending  on  which  molecule  first  cuts  the  z  =  0  plane: 
max  . 


z    =  < 
max 


-r  „  cos  0..„ 


-r13  cos  B 


when  molecule  1  cuts  z  =  0  first 

when  molecule  2  cuts  z  =  0  first     (B6) 

when  molecule  3  cuts  z  =  0  first 


Thus,  (B5)  becomes: 


I       =    27T 
z 


d   cos 


-1 


dx    ("r12   C0S   912^    + 


dX    ("r13   cos   e13) 


x2 


(B7) 


where  Xi >  Xo>  ar*d  Xo  are  the  values  of  X  when  molecule  1,  2,  or  3  first 
cuts  the  z  =  0  plane,  respectively. 


274 


Figure  B2.   Rotations  of  the  Triangle  123  in  the  Fowler 
Model  Interface  to  Define  Values  for  z 


max 
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The  spherical  coordinate  angles  9  ~  and  6   are  related  to  the 
Euler  angles  by  the  law  of  cosines  of  spherical  trigonometry: 


cos  0..„  =  -  sin  8  cos  (x  +  a  ) 


(B8) 


cos  9-«  =  -  sin  0  cos  X 


(B9) 


Evaluating  the  integration  limits  X-,  >  Xo»  and  X->   in  (B7)  for  9  ^  0,  tt  gives: 
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(B12) 


The  negative  sign  in  (B12)  arises  because  Xo  must  lie  between  tt/2  and  TT 
when  r  „  cos  a1  <  r^  and  between  Tr  and  3tt/2  when  x^„   cos  a1  >  r  _. 
Using  (B8)  to  (B12)  in  (B7)  gives: 


I   =  2tt   d  cos  9  sin  9[r12  sin  (Xn+  ai )  ~  ri  3  sin  Xo-  r-|2~  T-\^       (B13) 
-1 


Integrating  over  9  gives: 
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I  "  ir   tr12  sin  (x3  +  o^)  -  r13  sin  x3  -  ^12  -  r13] 


(B14) 


Using  (B12)  and  the  law  of  cosines  of  plane  trigonometry,  (B14) 
reduces  to: 


Iz  =  -  TT   (r12  +  r13  +  r23) 


(B15) 


Combining    (B15)   with    (B2)    and    (B3)    gives: 
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The  integration  over  cos  ct  may  be  transformed  to  an  integration 
over  r„^.   The  law  of  cosines  gives: 


r  +  r 
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d  cos  a. 


dr 


23 
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(B18) 


Substituting  (B18)  into  (B16)  and  (B17)  gives  (2-89)  and  (2-90),  respectively. 


APPENDIX  C 

MODELS  FOR  ANISOTROPIC  POTENTIALS  OF 

LINEAR  MOLECULES 

The  anisotropic  potential  u   can  be  expanded  in  terms  of  products 

cl 

of  spherical  harmomics  of  the  molecular  orientations.   The  expansion  is 
a  sum  over  all  terms  in  £  ,  £  ,  and  £  except  £..  =  £  =  £  =  0  and  has 
the  form  [27,38]: 


Ua(r12a3l(J°2)  =  E  Ua(A)  (C1) 

u  (A)  =   I        E(A;n  n  ;r   )  C(A;mim  m)  D    (w  )  D    (w  )  Y   (u>) 
a  l  z  Iz       1  z    m,n,   ±   m„n„   z   Jtm 

n1 n„  112  2 

(C2) 
m.  m„m 


where  A  =  £  £  £,  u)  =  orientation  of  vector  _r  „  along  the  line  of  centers 

from  molecule  1  to  molecule  2,  C(A;m,m„m)  =  a  Clebsch-Gordan  coefficient, 

£ 
D   (to)  =  a  representation  coefficient,  and  Y„  (to)  =  a  spherical  harmonic, 
mn  £m 

each  in  the  convention  of  Rose  [38] .   The  superscript  *  indicates  a  complex 
conjugate. 

The  coefficient  E  is  a  strength  constant  taken  to  be  a  sum  over 
various  interactions,  E  ,  where  s  represents  multipole,  overlap  or  dis- 
persion.  The  r  dependence  of  such  interactions  is  usually  assumed  to  be 
of  a  power-law  form: 
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E(A;n1n2;r)  =  £  E^Ajn^) 


n 
s 


(C3) 


where  n  =  (£+1),  12  or  6  for  multipole,  overlap,  or  dispersion,  respectively. 

For  axially  symmetric  molecules  E  (A;n..n„)  vanishes  except  for  n..  =  n„  =  0. 

Expressions  for  E   for  particular  potential  models  are  given  in  Table  CI. 

Since  n.  =  n  =  0  for  axially  symmetric  molecules,  D   in  (C2) 
l    I  mn 

simplifies  to: 


d*>x)   = 


4tt 


2£+l 


1/2 


Y£m(c(,e)  (C4) 


and  (C2)  reduces  to  a  sum  over  three  ordinary  spherical  harmonics: 


u  (A)  =  — T7T  I     E(A;00;r  „)  C(A;m  m  m) 

[(2£1+1)(2£2+1)]1/Z  m^ 

x  YQ         (<>  9.)  Y.    (<J>_0_)  Y*  (4)9)  (C5) 

Ji^m   11   £„m„   2  2   £m 


where  m,  +  m„  =  m. 

With  the  equations  from  Table  CI  and  the  properties  of  spherical 
harmonics  [38],  equation  (C5)  gives  expressions  which  are  amenable  to 
calculation.   Expressions  for  various  anisotropic  model  potentials  in 
the  intermolecular  frame  of  Figure  32  are  given  in  Table  C2.   Expressions 
for  the  same  models  but  using  the  angle  Y  of  Equation  (6-11)  rather  than 
(J)  „  from  (6-10)  are  tabulated  in  Table  C3. 
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TABLE  C2 


Expressions  for  Anisotropic  Potential  Models 
in  the  Intermolecular  Frame  of  Figure  32 
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3    i  J      i  J 


r . 
ij 


<^  +  -  32 


2  2 


4r 


ij 


DQ 


2  4  -  -i- 

r .  . 

12 


u    (ij)  =  46e 
over  J 


0 


r . 


J    i 


[3c?  +  3c2  -  2" 


i  J   J 


/■      \ 


udis(ij)  =  "  2£K 


^ 


[3c2  +  3c2  -  2] 


54   2 
35  k  e 


(C15) 


unn(ij)'  =  ^V  [1  "  5c,  -  5cT  -  15c:cf  +  2{s.s.c  -  4c.c.}*]    (C16) 


u^Uj)*  =  4^T-  [c(3c2-  1)  -  c.(3c2-  1)  -  2s.s.c(c,  -  c.)]    (C17) 


(C18) 


(C19) 


[1  -  5c2-  5c2-  15c2c2  +  2{s.s.c  -  4c. c.}2] 


D  =  dipole,  Q  =  quadrupole,  over  =  overlap,  dis  =  dispersion.  C.  =  cos  9., 
s.  =  sin  8.,  c  =  cos  „<)>...  y,  Q,  6,  and  K  are  the  dipole  moment,  quadrupole 
moment,  overlap  parameter,  and  anisotropic  polarizability,  respectively. 


t 


Eq.  (1.3-10)  in  ref.  [102]  is  too  small  by  a  factor  of  4. 

"Eq.  (178)  in  ref.  [66]  is  too  small  by  a  factor  of  2  (cf.  Eq.  (3.10-19) 
in  ref.  [102]). 
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TABLE  C3 


Expressions  for  Anisotropic  Potential  Models  in  the 
Intermolecular  Frame,  using  y  rather  than  (j). 


-ij 


r .  .  J 


(C20) 


uQQ(ij)  =  ^3-  [1  -  5c2-  5c2-  15c2c2  +  2{c(y)  -  5c.c.}2] 
rij 


(C21) 


uDQ(ij)  =  \^r  [(cj  "  ci)(1  +  5cicj  ~ 2c(Y))] 

iJ 


u    (ij)  =  4Se 
over  J 


r .  . 


12 


[3c2  +  3c2  -  2] 
1     J 


(C22) 


(C23) 


r         \ 


Udis(ij)  =  -  2<£ 


r . 


[3c2  +  3c2  -  2] 
1     1 


(C24) 


54   2 

33  k  e 


,r,  . 


[1  -  5c2-  5c2-  15c2c2  +  2{c(y)  -  5c. c.}2] 
1    J     1  3  1  J 


TD  =  dipole,  Q  =  quadrupole,  over  =  overlap,  dis  =  dispersion, 
c.  =  cos  9.,  c(y)  =  cos  y,  u  and  Q  =  dipole  and  quadrupole 
moment,  &   =  overlap  parameter,  K  =  anisotropic  polarizability 
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APPENDIX  D 

EXPRESSIONS  FOR  yl.  ,  yL,  Yo*  and  yL  f°R  VARIOUS 
ZA    Zd    jA       j£> 

ANISOTROPIC  POTENTIALS  FOR  AXIALLY  SYMMETRIC  MOLECULES 

F     "P  F         F 

Expressions  for  the  perturbation  terms  Y„.,  Y.,,,  Y-,a>  and  Y™ 

2A   2B   3A       3B 

amenable  to  calculation  are  obtained  by  substituting  the  strength 
coefficients  from  Table  CI  into  (3-12),  (3-13),  (3-14)  and  (3-15), 
respectively.   The  resulting  expressions  for  a  variety  of  anisotropic 
potentials  are  given  in  Tables  Dl,  D2,  D3,  and  D4.   In  these  tables 
the  reduced  dipole  and  quadrupole  moments  are  defined  by  y   =  y/(ea  ) 
and  Q  =  Q/ (ea  )    ,  respectively. 
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TABLE  D2 

F 
Expressions  for  y.   for  Multipole  Potentials 

for  Linear  Molecules 


F* 
Y,A(112;112;112)   =  0  (D8) 


3A' 


Y3*(H2;123;123)    =  0  (D9) 

F* ,         .  2tt  PL        *4     *2  *     * 

Y3A(112;112;224)    =  ~  f^  ~^2  V       Q       J10(p    'T   }  (D10) 

*2 

F* ,  2tt   PL        *4      *2  *      * 

Y3A(112;123;213)    =  -  ||  -^  H        Q       J1Q(P    ,T   )  (Dll) 

*2 

F* ,  2tt   PL        *2     *h  *      * 

Y3A(123;123;224)   =  -  |j  -£j  U   Z  Q  *  J12(p    ,T   )  (D12) 

*2 

F*  36tt   PL        *6  *      * 

Y3A(224;224;224)    =  -  |||  -|j  Q  °  J^p    ,T   )  (D13) 
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TABLE  D3 

F 
Expressions  for  ynT.    for  Various  Anisotropic 

— __ — __ — —ZB 

Potentials  for  Axially  Symmetric  Molecules 


2   *3 
Overlap-Overlap      :    7^(202)  =  ■— -  ~-   62  LY(2;  12, 12)       (D14) 

*3 

F*        8tt   ^L    2   Y 
Dispersion-Dispersion:   YoD(202)  =  -^ =~  k     Lt(2;6,6)         (D15) 

?  n*3 

F*  1  fiTT     I,        Y 

Overlap-Dispersion    :    Y™(202)  =  -  ±£- ~-  6k  Lr (2; 6, 12)      (D16) 

2B  J    _K 

F* 
Multipoles  :        Y™  =  0  (D17) 

•  ZB 
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TABLE  D4 


Expressions  for  y   for  Multipole  Potentials 
3d 

for  Linear  Molecules 


Y3*(112;112;112) 


Y3B(112;123;123) 


4-tt 
135 

.3 


14tt 


1/2   p 


T 
*3 


*3 

^  y*6  KY(222;333)  (D18) 


8tt      ,„    .1/2   KL       *4     *2  vy 


315 


(3tt)x/"  -£2  W       Q       K'(233;344)      (D19) 


Y3*(H2;112;224)    =   0 


(D20) 


Y3*(H2;123;213) 


(D21) 


Y3*(123;123;224) 


4tT 
135 


22tt 


1/2   p 


a3 

y*2  Q*4  KY(334;445)        (D22) 


*2 


Y3*(224;224;224) 


*3 

4tt  1  /?    ^T  *6      v 

U25    (20027T)i//  -^  Q       KY(444;555)      (D23) 


APPENDIX  E 
THE  INTEGRALS  KY (££'£" ;nn'n")  AND  LY(£;nn') 

Tables  El  and  E2  show  values  of  KY  and  LY  for  the  state 

conditions  studied  by  Verlet  [32] .   To  facilitate  interpolation 

Y       Y 
between  these  state  conditions  these  results  for  K  and  L  have 

been  fitted  to  an  empirical  equation  of  the  form: 


£n|KY(££'£";nn'n")|  =  A  p*2  £n  T*  +  B   p*2  +  C   p*  £n  T* 


+  D   p  +E  £nT  +F     (El) 
n       n  n 

v 
with  a  corresponding  equation  for  L  .   On  the  right  side  of  (El)  n 

signifies  (nn'n")  in  the  case  of  KY  and  (nn1)  for  L.   |kY|  is  the 

Y       Y 
magnitude  of  K  ;  the  K  take  on  positive  values,  except  for 

Y  Y 

K  (334;445),  which  is  negative,  while  all  the  L  used  here  are 

negative.   Equation  (El)  was  previously  used  by  Gray  and  Gubbins  [10  ] 

and  by  Flytzani-Stephanopoulos  et  al.  [33  ]  for  J  and  K(££'£";nn'n") 

and  values  of  the  constants  for  these  have  been  tabulated.   The  constants 

in  (El)  have  been  determined  by  a  least  squares  fit  and  are  given  in 

Table  E3.   (The  integrals  KY  and  LY  for  p  =  0.85,  T  =  .658  and 

p  =  0.65,  T  =  1.827  do  not  fall  on  any  smooth  curve  through  the 

others  and  are  therefore  omitted  from  Tables  El  and  E2  and  in  fitting 

the  constants  in  Table  E3.)   The  maximum  deviation  for  the  predictions 

of  Equation  (El)  is  less  than  1.8%  of  the  values  in  Table  El  for  the 

KY  integrals  and  less  than  2.4%  of  the  values  in  Table  E2  for  the  LY 

integrals. 
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TABLE  El 


The  Integrals  KY(U'£";nn'n")  for  Pure  Fluids 


K 


Y333 
222 


Y344 
233 


K 


Y445 
334 


,Y555 
v444 


.88 

1.095 

.13376 

.06811 

-.06007 

.05321 

.88 

.936 

.13288 

.06727 

-.05895 

.05191 

.88 

.591 

.13070 

.06583 

-.05694 

.04899 

.85 

2.888 

.13758 

.07072 

-.06383 

.05909 

.85 

2.202 

.13601 

.06919 

-.06162 

.05618 

.85 

1.273 

.13287 

.06666 

-.05817 

.05129 

.85 

1.127 

.13171 

.06583 

-.05713 

.04997 

.85 

.880 

.13066 

.06506 

-.05605 

.04846 

.85 

.786 

.13020 

.06466 

-.05555 

.04797 

.85 

.719 

.12982 

.06432 

-.05506 

.04734 

.824 

.820 

.12909 

.06329 

-.05378 

.04607 

.75 

2.845 

.13094 

.06405 

-.05518 

.04912 

.75 

1.304 

.12676 

.06059 

-.05052 

.04297 

.75 

1.070 

.12603 

.05974 

-.04945 

.04173 

.75 

.827 

.12356 

.05952 

-.04891 

.03912 

.65 

3.669 

.12513 

.05921 

-.04956 

.04358 

.65 

1.584 

.12249 

.05624 

-.04528 

.03768 

.65 

1.036 

.12166 

.05521 

-.04383 

.03587 

.65 

.90 

.12204 

.05561 

-.04416 

.03589 

.6 

1.360 

.11900 

.05195 

-.03973 

.03163 

.45 

2.934 

.11453 

.04932 

-.03778 

.03089 

.45 

1.710 

.11865 

.05130 

-.03897 

.03104 

.45 

1.552 

.11740 

.05058 

-.03827 

.03033 

In  the  table,  subscripts  on  K  are  ££'£"  and  superscripts  are  nn  n' 


Thus  K 


Y333  _  vy 


222 


=  K'(222;333),  etc, 
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TABLE  E2 
The  Integrals  LY(£;nn')  for  Pure  Fluids 


* 

p 

* 

T 

LT(2;6,6) 

LY(2;12,12) 

LY(2;6,12) 

.88 

1.095 

-.094590 

-.034505 

-.054839 

.88 

.936 

-.088000 

-.028847 

-.048249 

.88 

.591 

-.074936 

-.018479 

-.035915 

.85 

2.888 

-.13374 

-.088380 

-.10407 

.85 

2.202 

-.12238 

-.067320 

-.086940 

.85 

1.273 

-.10148 

-.040432 

-.061476 

.85 

1.127 

-.096296 

-.034552 

-.055242 

.85 

.880 

-.088666 

-.027976 

-.047642 

.85 

.786 

-.084445 

-.024443 

-.043532 

.85 

.719 

-.082117 

-.022472 

-.041232 

.824 

.820 

-.087964 

-.026075 

-.045886 

.75 

2.845 

-.13151 

-.077086 

-.096764 

.75 

1.304 

-.10516 

-.038798 

-.061397 

.75 

1.070 

-.098936 

-.032645 

-.054545 

.75 

.827 

-.092278 

-.026591 

-.047789 

.65 

3.669 

-.13692 

-.083730 

-.10318 

.65 

1.584 

-.11152 

-.042113 

-.066088 

.65 

1.036 

-.10116 

-.030680 

-.053592 

.65 

.90 

-.097834 

-.027544 

-.049949 

.5 

1.360 

-.10987 

-.034114 

-.059170 

.45 

2.934 

-.11942 

-.051890 

-.076157 

.45 

1.710 

-.11520 

-.038650 

-.064651 

.45 

1.552 

-.11201 

-.036003 

-.061532 
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APPENDIX  F 


Expressions  for  the  Spherical  Harmonic  Coefficients 

gz  z  n/r^  in  Equation  (6~77) 


12 


8200^r;       *   2  g000U;      cl        3 

8220(r)  =  ^  8000(r)<(cl  ~¥{C2  "i}> 

g221(r)  =  "  T   8000(r)<Slcls2c2C> 

g222(r)  =  f-   g000(r)<sJS2(2c2  -  1)> 

(   v    105     ,  ,  .  4   6   2,3. 

8400(r)  =  ^8000(r)<cl  "  7  Cl  +  35* 

,  ,    315/5     -  w  4   6  2  ,  3  w  2   1,. 

8420(r)  =  —U~   8000(r)<(cl  "  7  Cl  +  35}  (c2  "  3}> 

,  .      IO5/3"     ,  w    ,  2   3, 

8421(r)  =  "  TV  2  8000(r)<SlCl{cl  -T}  S2C2C> 

8422(r)  =  IF  ^  8000(r)<SJ  (C5  "  7>  S2  (2C'  "  1}> 

,  ,    11025     ,  w  4   6  ■  2  ,  3"    4   6   2,3,^ 

Wr)  =  ~^h~   8000(r)<Cl  "  7  Cl  +  35}  (C2  "  7  C2  +  35}> 

(   \  2205     ,  .  _    ,  2   3.      .2   3.. 

8441(r)  =  ~  ~W   8000(r)<Slcl(cl  "  f    S2C2  (C2  "  7)C> 

/■  \    2205     ,  s.   2    .    2   1.   2,2   lw„  2   .... 

8442(r)  =  "32~  8000(r)<Sl  (C1  "  7}  S2  (c2  "  7}  (2c   ~  1}> 

315         3    3      3 

8443(r)  =  "  16"  8000(r)<slcl  S2C2  (4c  "  3c)> 

8444(r)  "  iff  8000(r)<4s2    (8c4-8c2+l)> 


t 
c.    =   cos   6.,    s.    =   sin   9.,    c   =   cos   d> 
1  11  1 
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g600(r)  =  16  m   Wr)<231cl  '  315  Cl  +  105  cl  "  5; 


8620(r)  =  ^F  g000(r)<(231cl  "  315  cl  +  105  cl  "  5)(c2  "  3}> 


8640(r)  "  ^W   8000(r)<(231cl  "  315  cl  +  105  4  ~   5><cl  ~  1   cl  +  I5}> 
8660(r)  =  256  8000(r)<(231cl  *  315  cl  +  105cl  "  5>(231c2  _  315c2  +  105c2  "  5)> 


8800(r)  =  IzT  8000(r)<6345cl  "  12012ci  +  6930c4  -  1260c2  +  35> 


APPENDIX  G 

THE  INTEGRAL  Icr,  USED  TO  CALCULATE  THE  ANGULAR 
554 

CORRELATION  PARAMETER  G   FOR  QUADRUPOLES 

Table  Gl  gives  values  for  the  integral  I,-,  which  arises  in  the 
second  order  perturbation  theory  for  the  angular  correlation  parameter 

G„  for  quadrupolar  fluids  [  80  1 •   The  integrals  I   ,  „(p  ,T  )  are  defined 

^  nn  A/ 


by: 


^•a'pV)   = 


*    * 
r  +  r 
12   13 

13 


dr12  rl2 


*   *-(n»-l) 
.   23.  23 


rl2  r13' 


&   &   & 

x  g^(r19r„r._)  P0(cos  a  )  (Gl) 


'ov  12  23  13'  I 


t-Vi 

where  P.,  is  the  £   order  Legendre  polynomial,  and  a„  is  the  interior 
angle  at  molecule  3  in  the  triangle  formed  by  molecules  1,  2,  and  3. 

In  calculating  I   , „  "from  (Gl) ,  the  superposition  approximation  is 

nn  Jo 

employed  for  the  triplet  correlation  function  and  Verlet's  molecular 

* 
dynamics  results  are  used  for  the  pair  correlation  functions  g  (r  )  [ 32  ] . 

To  facilitate  interpolation  between  the.  state  conditions  in  Table  Gl, 

the  results  for  Irr,  have  been  fitted  to  an  empirical  equation  of  the 
554 

form: 


£n    |lcc/|    =  A   p*2   £n  T*  +  B   p*2  (G2) 

554 

*  *  * 

+  Cp      £n   T     +Dp 

+  E   £n  T     +  F 
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1 1  ,. ,  |  represents  the  magnitude  of  Ire,  since  Irr,  is  negative.   The 
constants  in  (G2)  have  been  determined  by  a  least  squares  fit  and  are: 

A,B,C,D,E,F  =  -  1.41842,  2.29308,  2.07360,  (G3) 

-  1.45408,  -  0.89302,  -  3.70178 

The  maximum  deviation  for  the  predictions  of  Equations  (G2)  and  (G3)  is 
less  than  1.7%  of  the  values  in  Table  Gl.   (The  integral  I  for  p  =  0.85, 
T  =  0.658  and  p  =  0.65,  T  =  1.827  do  not  fall  on  any  smooth  curve 
through  the  others  and  are  therefore  omitted  from  Table  Gl  and  in  fitting 
the  constants  in  (G3).) 
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TABLE  Gl 

The  Integral  Irr,    for  Pure  Fluids 
a 554 


p  T  I 


554 


.88 

1.095 

-  .03987 

.88 

.936 

-  .04094 

.88 

.591 

-  .04438 

.85 

2.888 

-  .03214 

.85 

2.202 

-  .03340 

.85 

1.273 

-  .03594 

.85 

1.127 

-  .03698 

.85 

0.880 

-  .03820 

.85 

.786 

-  .03948 

.85 

.719 

-  .03995 

.824 

.820 

-  .03674 

.75 

2.845 

-  .02632 

.75 

1.304 

-  .02904 

.75 

1.070 

-  .02984 

.75 

.827 

-  .03128 

.65 

3.669 

-  .02113 

.65 

1.584 

-  .02333 

.65 

1.036 

-  .02478 

.65 

.90 

-  .02613 

.50 

1.360 

-  .01986 

.45 

2.934 

-  .01561 

.45 

1.710 

-  .01818 

.45 

1.552 

-  .01817 

APPENDIX  H 
VALUES  FOR  THE  g£  ,   (r^)  COEFFICIENTS 
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TABLE  HI 


Values   of   gpoQ^]^    ~   g4Q(/rl2^    f°r  Lennard~Jones 


plus   Quadrupole  Fluid   at   KT/e   =   1.277,    pa     =   0.85, 
Q/(ea5)1/2  =   0.5 


R/SIGMA        G(000) 


G(200> 


G( 220) 


G{221 ) 


G(222) 


G(4C0) 


0.800 

0.0 

0.0 

0  .0 

0  .0 

0  .0 

O.C 

0  .825 

0.  0 

0  .0 

0  .0 

0.0 

0.0 

0.  0 

0.850 

0.0 

0  .0 

0  .0 

0.0 

0.0 

O.C 

0.875 

0.  002 

0.000 

-0  .001 

-0.000 

-0.000 

O.COO 

0.900 

0.027 

0.003 

-0.011 

-0.005 

0.001 

0  .  C04 

0.925 

0.  184 

0  .006 

-0.060 

-0.031 

-0.C06 

0.  C05 

0.950 

0.592 

-0.000 

-0.151 

-0.090 

-0.018 

0.011 

0.975 

1  .213 

0  .007 

-0.290 

-0.189 

-0.019 

0.  C01 

1  .000 

1.916 

-0.003 

-0  .434 

-0.252 

-0.054 

0  .C19 

1  .025 

2.39  2 

0.003 

-0.488 

-0.284 

-0. 047 

0.C15 

I  .050 

2.62  7 

0  .002 

-0  .453 

-0.303 

-0. 061 

0.  C16 

1  .  075 

2.  60  1 

0.003 

-0.414 

-0.231 

-0.071 

0  .C09 

1.100 

2.437 

-0.0C1 

-0  .357 

-0. 181 

-0.084 

0.014 

1  .  125 

2.255 

0.007 

-0 .284 

-0.137 

-0.079 

0.  030 

1  .  150 

1  .  99  8 

0.001 

-0.243 

-0.093 

-0.041 

-0.  017 

1  .175 

1  .757 

-0.015 

-0.168 

-0.086 

-0.025 

-0. C04 

1  .200 

1  .  566 

-0.003 

-0  .  142 

-0.076 

-0.032 

-0.000 

1  .225 

1  .  394 

-0.  007 

-0.112 

-0.072 

-0.024 

-0. COO 

1  .250 

1  .248 

0  .004 

-0  .085 

-0.057 

-0.013 

0.  001 

1  .275 

1.111 

-0.009 

-0.076 

-0.051 

-0.005 

0  .00  1 

1  .300 

1  .023 

0.003 

-0  .077 

-0.042 

-0.028 

-0. C03 

1  .325 

0.  928 

-0.004 

-0  .058 

-0  .029 

-0 .029 

-0. C07 

1  .350 

0.  838 

-0. 004 

-0  .038 

-0.032 

-0.016 

0.  002 

1  .375 

0.789 

-0.009 

-0  .025 

-0.012 

-0.013 

-0.  C03 

1  .400 

0.  749 

-0.011 

-0.019 

-0.014 

-0.011 

-0.005 

1  .425 

0.  720 

-0. 004 

-0.017 

-0.016 

-0.003 

-0.  CI  4 

1  .450 

0.706 

0  .004 

-0  .020 

-0.013 

-0.008 

-0. CO 7 

1  .475 

0.  692 

-0. 000 

-0  .020 

-0.018 

-0.002 

-0.010 

1  .500 

0.66  4 

-0.003 

-0  .021 

-0.007 

0.002 

-0. C02 

1  .525 

0.664 

■    0.002 

-0.011 

-0  .008 

-0  .002 

0.  000 

1  .550 

0.  666 

0.003 

-0.001 

-0.007 

0  .004 

-0. C02 

1  .575 

0.665 

0  .005 

-0  .005 

-0.010 

-0. 000 

-0. 003 

1  .600 

0.  671 

0.  005 

-0.019 

-0.0  11 

0.003 

-0.001 

1  .625 

0.689 

-0.001 

-0  .007 

-0.006 

-0.000 

0  .  00  0 

1  .650 

C.  71  0 

-0 .003 

-0  .004 

-0  .009 

-0.001 

-0. 006 

1  .675 

0.  732 

0.002 

-0.014 

-0.008 

0.0C4 

-0. C07 

1  .700 

0.769 

0  .OOP 

-0.021 

-0.007 

0.001 

-0. C09 

1  .725 

C.  801 

0.  006 

-0.019 

-0.009 

-0.007 

-0  .003 

1  .750 

0.  834 

0.012 

-0.01  2 

-0.006 

0.  005 

-0.003 

1  .775 

0.877 

0.006 

-0 .007 

-0.006 

0.008 

-0. C04 

1  .300 

0.933 

-0.000 

-0.005 

-0.005 

0.001 

0  .006 

1  .825 

0.988 

0.0C9 

-0.014 

-0.003 

-0. 003 

0.  01  3 

1  .850 

1  .  02  6 

0  .003 

-0  .023 

-0.003 

-0.007 

0  .C06 

1  .875 

1.071 

-0.000 

-0.016 

-0.005 

-0.015 

0.  C03 

1  .900 

1  .  128 

0  .  006 

-0  .026 

0.001 

-0. 007 

0.  C04 

1  .925 

1.161 

0.002 

-0  .035 

-0.012 

-0.003 

0  .009 

1  .950 

1  .  167 

-0.014 

-0.018 

-0.007 

-0. 007 

0.  C04 

1  .975 

1  .  1«2 

-0 .007 

-0  .01 0 

-0.004 

-0.012 

0.  0 

2.000 

1  .  206 

0.001 

-0  .008 

-0.002 

-0 .004 

0.  CI  1 

2.025 

1  .223 

-0.000 

-0  .002 

-0.002 

-C. 003 

0.  coo 

2.050 

I  .  22  8 

-0 .004 

-0  .002 

0  .004 

-0.003 

0  .001 

2.075 

1  .  234 

-0.000 

-0.005 

-0.005 

0.  006 

0.C01 

2.  100 

1  .222 

-0.004 

-0.012 

-0.005 

0.007 

0.  C05 

2.  125 

1  .  188 

0.005 

-0 .007 

-0.009 

0.008 

0  .000 

2.150 

1  .  169 

0  .007 

-0  .008 

-0.005 

-0.005 

-0.C04 

2.  175 

1.130 

0.002 

0.017 

-0.019 

-0  .004 

-0. C02 

2.200 

1.113 

0.002 

0.007 

-0.004 

0.003 

0.  0 
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TABLE  HI    (Continued) 


R/SIGMA 

G (000 ) 

G( 200) 

G( 220) 

G(221 ) 

G( 222) 

G(4C0) 

2.  225 

1  .  C66 

-0.001 

0  .002 

-0  .002 

0.007 

0  .008 

2  .250 

1.  022 

0.  0  06 

-0.007 

-0.006 

-0.001 

0.  005 

2  .275 

1  .002 

0  .006 

-0  .001 

-0.004 

-0.000 

-0.002 

2  .  300 

0.  976 

-0.0  08 

0  .001 

-0.003 

0.003 

-0  .  001 

2  .325 

0.95  0 

-0  .005 

-0  .004 

0.005 

0.  000 

-0.  C04 

2  .350 

0.  932 

-0. 005 

-0  .003 

0.001 

-0.002 

-0.C05 

2.375 

0.922 

-0. 007 

-0.013 

-0.000 

-0.002 

-0. C06 

2  .400 

0.906 

-0.001 

-0.012 

-0.001 

-0.002 

-0. 005 

2.425 

0.  900 

-0. 001 

0.003 

0.002 

-0.005 

-0  .004 

2  .450 

0.  890 

-0.009 

0  .006 

0.005 

0.00  1 

0.003 

2.475 

0.  880 

-0.000 

0  .003 

0.001 

0  .006 

0.  00  3 

2  .500 

0.  876 

-0.003 

0  .005 

-0.002 

0.004 

0  .  C01 

2  .525 

0.83  2 

-0.001 

-0  .002 

-0.004 

0.  003 

0.  C04 

2.550 

0.882 

0.002 

-0 .004 

0.003 

0.003 

0  .000 

2  .575 

0.887 

-0. 000 

-0.010 

0.002 

0.005 

-0. 002 

2  .  600 

0.901 

-0.002 

-0 .006 

-0.001 

0.003 

0  .  006 

2  .625 

0.  918 

-0.002 

0.  001 

0.001 

-0.003 

0  .  C02 

2  .650 

0.934 

-0.001 

-0.007 

-0.004 

-0.005 

0.  C05 

2.675 

0.94  5 

0.000 

-0  .008 

-0.004 

-0 .006 

0.  C02 

2  .700 

0.96  3 

0.  001 

-0  .000 

-0.01 0 

0.003 

-0. 004 

2  .725 

0.972 

0  .005 

0  .002 

-0.004 

0  .006 

-0. C04 

2  .  750 

0.998 

0.003 

0.004 

0  .002 

0.009 

0  .000 

2.775 

1  .004 

0  .008 

0  .005 

0.005 

0.  007 

0.  006 

2  .800 

1  .029 

0.014 

0  .001 

0.004 

0  .001 

-0. COO 

2  .825 

I  .  039 

0.016 

0  .003 

-0.001 

0  .009 

-0. 003 

2  .850 

1  .054 

0  .009 

-0  .001 

0.001 

0.  003 

-0  .  C02 

2.  875 

1  .  064 

0.005 

0  .002 

0  .002 

-0.007 

0  .  00  1 

2  .900 

I  .068 

-0. 006 

-0.000 

-0.000 

-0.005 

-0. COO 

2  .925 

1  .  071 

0  .002 

0  .002 

0.005 

-0.002 

-0. 001 

2  .950 

1.064 

0.  002 

-0  .003 

0.002 

0  .002 

-0. C05 

2.975 

1  .  071 

-0.0  00 

-0  .000 

0.000 

-0. 004 

0  .  C02 

3.000 

1  .  073 

-0  .002 

0  .004 

-0  .002 

-0.010 

0  .  002 
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TABLE  H2 

Values   of 

-^420^12^ 
of 

&4  4  2-^1 2^- 

Table  HI 

for    the   Fit 

lid 

R/SI  GMA 

G( 420 ) 

G( 42  1) 

G(422 ) 

G( 440 ) 

G( 441  ) 

G( 442) 

C.  800 

0  .0 

0.0 

0.0 

0  .0 

CO 

0  .0 

0.  325 

0  .0 

0.0 

0.0 

0  .0 

0.0 

0  .0 

0*  350 

0  .0 

0.  0 

0.0 

0.0 

0.  0 

0  .0 

0.  375 

-0  .000 

C  .000 

0  .000 

0.000 

0.000 

-C  .001 

0.500 

-0.001 

0.002 

0  .001 

-0.002 

0.001 

-0  .001 

0.  925 

0  .000 

-0.000 

0.001 

0  .004 

0  .003 

0  .005 

0.  55  C 

0.016 

0.003 

0.003 

0.020 

0.021 

0.011 

0.975 

0   .01   3 

C.  025 

0.O06 

0  .  040 

0.030 

0.007 

1.000 

0  .01  1 

0  .027 

-0  .007 

0  .045 

0.055 

0  .013 

1*  025 

0.014 

0.017 

0.004 

0  .  C  6  5 

0.  043 

-0.008 

1  .  050 

0.016 

0  .027 

-0.015 

0.042 

0.045 

-0  .009 

1  .075 

0  .006 

0  .  009 

-0  .007 

0  .037 

0  .024 

-0  .014 

1*  IOC 

0  .006 

0.010 

-0.020 

C  .045 

-0  .004 

-0.010 

1.12  5 

-0.014 

0  .002 

-0.005 

0  .022 

0.000 

-0  .004 

1.150 

0  .02d 

0.019 

0.003 

0  .022 

-0.0  04 

-0.004 

1.175 

0.031 

C.  009 

0.007 

-0.001 

0.  009 

0  .002 

1*  200 

0.012 

0.  006 

0.003 

0  .023 

0.006 

0.011 

1*  225 

-0  .001 

0.005 

0.  009 

-0.011 

0.0  14 

0  .006 

1.  250 

-0.001 

-0. 000 

-0.00  2 

0.000 

0.016 

-0.0  15 

li<i75 

0  .005 

0  .005 

0  .002 

0.021 

0  .009 

-C .007 

1.300 

0  .002 

0.008 

-O.OO 8 

0  .020 

0.016 

-0  .006 

1.  325 

-0  .000 

0  .007 

-0.009 

-0  .020 

0.012 

-0 .0  07 

1  .3oO 

0.012 

0.002 

-0  .006 

0  .007 

0.0C6 

-0.002 

1*  375 

0  .002 

-0 .004 

0.  006 

0  .007 

0.  003 

-0.003 

1.400 

0.000 

-0.001 

0.010 

0.C1  0 

0  .007 

-0  .001 

1.  425 

-0  .004 

-0.005 

0.003 

0.001 

-0.001 

-0.001 

1.  450 

0  .000 

-0. 001 

-0.006 

0.  007 

0.000 

0  .001 

1  .475 

-0  .001 

-c.ooc 

0.001 

0.000 

0.003 

0  .005 

1  .  oOO 

0  .022 

0.  001 

0.004 

0  .001 

0.009 

C  .000 

1  .525 

0.010 

,-0 .003 

0  .001 

0.  004 

0.010 

-0  .005 

1.550 

0.003 

-0 . OOo 

0.000 

0  .004 

-0  .006 

-0.006 

1.575 

0  .003 

-0.001 

-0.004 

0  .007 

0.003 

-0 .004 

1.600 

0.003 

C  .  0  0  1 

-0  .008 

0.009 

-0.000 

-0.005 

1  .  625 

-0  .001 

O.COd 

0.001 

0.005 

-0.003 

-0  .007 

1.650 

0.001 

0  .005 

0.O04 

0  .005 

-0.002 

0  .003 

1  .  o75 

-0  .007 

0.001 

C.005 

0.005 

0  .003 

-0  .0  03 

1.700 

0  .000 

0.  004 

-0.002 

0.005 

0.001 

-0  .003 

1*725 

-0 .00  1 

0.  002 

-0.000 

0  .005 

-0.005 

-0  .005 

1  .  750 

0  .00  1 

-0.001 

0.003 

0  .006 

-0.001 

-0 .007 

1.775 

0  .007 

-0 .008 

0.002 

-0.013 

0.  007 

-C.004 

1  .  800 

0.001 

0  .002 

-0  .006 

0  .004 

0.008 

-0  .004 

1.  325 

0  .007 

0.001 

-0.002 

0.006 

0.004 

0  .OOo 

1.850 

-0 .008 

-C.0C1 

0.000 

0.012 

-0. 01 0 

0  .004 

1  .  375 

-0  .004 

-G .006 

-0  .005 

-0.011 

0.  006 

0  .004 

1.900 

-0  .001 

-0 . 006 

-0  .003 

-0 . OOO 

0  .005 

-0.000 

1  -  -^2.  5 

-0.012 

-0  .000 

0.000 

0.00  J 

0.010 

-0  .001 

1.950 

0.001 

-0. 001 

-0.001 

0  .002 

0.002 

-0 .009 

1  .  9  7  5 

0  .002 

C  .  001 

-0.0C1 

-0.00  2 

0.  006 

0  .002 

2.  CO  0 

0  .C07 

0  .004 

-0.006 

0  .004 

C  .006 

0  .001 

2*025 

0  .001 

-0 . 003 

0.002 

0  .002 

0.014 

0.C04 

2.  050 

-0.007 

-0.001 

-O.OO 1 

-0.004 

0.  007 

0  .012 

2.  075 

-0.007 

-0 .001 

0.00  1 

0  .0 

-0.003 

0.007 

2.100 

0  .002 

0.000 

0.  000 

0.003 

0.000 

0  .007 

^.  1^.5 

-0  .007 

0.001 

-0.003 

0  .008 

-0.002 

-0.007 

2.  1  50 

0  .000 

-0.0  02 

-0.001 

0.001 

0.001 

0.005 

2.  175 

0  .001 

-0. 004 

0  .003    • 

C  .007 

-0.011 

0  .004 

2.200 

0  .007 

0  .002 

-0.004 

-C  .005 

-0.005 

-0.000 
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TABLE  H2    (Continued) 


fi /SIGMA 

G(  <+2  0) 

GC  421) 

G( 422) 

G(  440 ) 

G(4<+1  ) 

G( 442) 

2.  2<:5 

0  .003 

0  .002 

-0.001 

0.003 

-0  .008 

0  .004 

2.  250 

-0.001 

-0.005 

-0.00  1 

0.011 

0.002 

0  .003 

2.27  5 

-0.003 

0  .003 

0.001 

-O.C02 

0.002 

0  .000 

2.300 

-0  .001 

-0.001 

-0.000 

0  .003 

0  .006 

0  .004 

2.  325 

0  .005 

0.006 

-0.001 

-0.002 

0.000 

C  .000 

2.350 

0  .003 

0.  005 

-0  .002 

-0.004 

-0.000 

0  .002 

^.375 

-0  .00  1 

-C  .000 

-0.007 

0  .000 

0.003 

-C.004 

2.40C 

0  .00  1 

0  .  002 

-0.005 

0  .003 

-0.005 

-0  .004 

2.  425 

0  .00  1 

0  .002 

-0  .001 

0  .001 

-0.004 

-0.002 

2.  45  C 

0.00  1 

-0.00  1 

0  .  001 

-0.003 

-0  .005 

-0  .002 

2.475 

0.003 

-0.002 

-0.000 

0  .  006 

-0. 003 

-0.005 

2.  50  C 

0  .006 

0.000 

-0.004 

-0.001 

-0.000 

0  .002 

2.  o«i  5 

0  .008 

-0.002 

-0.003 

0  .002 

0.002 

-0  .008 

2.  550 

0  .005 

C.002 

-0.003 

0  .  006 

0.001 

0.001 

2.  575 

C  .002 

0  .002 

-0  .004 

0.010 

-0.00  1 

0.000 

2*  60  0 

0  .005 

0.  003 

0  .00  1 

0  .006 

0  .004 

-0.002 

d.k  625 

-0  .00  1 

-0  .002 

-0  .001 

0  .005 

0.011 

0  .001 

2.  65  0 

0  .00  1 

-0.00^ 

-0.000 

0  .003 

-0.001 

-0  .004 

ii*  6  7a 

-0  .002 

-0.00  1 

0.001 

0.000 

-0.000 

0  .001 

2.700 

0  .004 

-C  .002 

0.003 

-0  .003 

-0.000 

-0  .003 

dk  725 

0  .006 

0  .006 

0.  003 

0.000 

-0.001 

-0  .006 

2*  76C 

0  .  00  -> 

0.  0  02 

0.003 

0  .003 

0.  000 

-0  .004 

2.  775 

0  .005 

-0.001 

C.000 

0  .006 

-0.000 

-0 .OOo 

2.  600 

0.002 

-0.001 

-0.003 

-0  .002 

0.004 

-0  .003 

2*3<i5 

0  .001 

-0 .002 

-0  .002 

-0.000 

0.006 

C  .001 

2.  35C 

0.00  1 

-0.001 

-0.001 

-0.003 

0  .002 

0.0 

2.  375 

0  .003 

-0.002 

0.002 

-0.001 

0.001 

-0 .001 

2.900 

C  .00  1 

0.001 

0  .001 

0.004 

0.003 

0  .001 

2.  325 

0.00^ 

0.001 

0.000 

u  .002 

0.0  00 

0  .001 

2.950 

0  .005 

0.  OOl 

-0.00 1 

-0  .0  03 

3.000 

0  .0  08 

2.  975 

-0.00  1 

C  .  0  0  0 

0.  002 

-0.006 

-0.003 

0.001 

J-  00  0 

-0 . 006 

0.001 

-0.007 

-0.010 

O.OOii 

-0  .003 
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TABLE  H3 

Values   of   8443(^0)    -  g660(r12>    for    the  Fluid 
of  Table  HI 


R/SIGMA        GC44J) 


G( 444) 


G(600) 


G( 620) 


G( 640) 


G( 660) 


Ok  300 

0  .0 

0  .0 

0  .0 

0.0 

0  .0 

0  .0 

C.  325 

0.0 

0.  0 

0  .0 

0  .0 

0.0 

0.0 

C.85C 

0  .0 

0  .0 

0.0 

0.0 

0.0 

CO 

0.375 

0  .000 

-0.000 

-o.oco 

-0.000 

-0.000 

0  .00  1 

C.900 

0.0 

-0.002 

-0.000 

-0.002 

-0  .001 

0  .003 

C.925 

0  .006 

C  .005 

-0.001 

-0  .003 

-0.002 

0  .001 

Oj.  950 

0  .005 

0.  009 

-0.017 

0  .004 

-0.010 

0  .0  14 

0.975 

0  .007 

-0  .005 

-0  .001 

0.  003 

-0.003 

0  .009 

1  .000 

0  .033 

0.001 

0.008 

0  .002 

-0.013 

0.011 

1-  025 

0.010 

0.036 

0.  006 

-0.011 

-0 .029 

0.011 

lu  050 

-0  .C0fc> 

0.016 

0.016 

-0.013 

0.001 

0  .C05 

U  075 

0  .027 

0  .006 

0  .J034 

-0.C1 7 

-0.016 

0  .C35 

1.100 

-0.C03 

0.011 

0.012 

-0.014 

0.001 

0  .004 

1.  I<i5 

0  .0 

0  .002 

0.013 

-0.012 

0.017 

C  .021 

I  .  1  50 

0  .024 

0  .009 

0  .000 

0  .004 

0.001 

0.012 

1.175 

0  .005 

-0.014 

-0.002 

-0  .008 

-0  .006 

-0.015 

1.200 

-0.012 

-0  .002 

0  .003 

0.002 

-0.017 

-0 .009 

1.  225 

0  .005 

-0. 006 

-0.004 

-0  .009 

-0.010 

-0.003 

1.250 

0  .  003 

-0.C05 

0.005 

-0.018 

-0.007 

-0.004 

1.  275 

-0  .001 

-0.003 

-0  .00  1 

-0.011 

0  .001 

-0  .008 

1  .  300 

0  .  0  C  3 

-0.003 

0.017 

-0.009 

0  .009 

0  .009 

1.325 

-0  .00  1 

-0. 025 

0.012 

-0.014 

0  .  005 

0.006 

1*350 

-0.000 

-0 .0  06 

-0.000 

-C  .006 

0  .003 

0  .008 

1.375 

0  .000 

0  .007 

-0.007 

-0  .  C08 

0.  J05 

0  .001 

1.  400 

-0.0  13 

-0.006 

-0  .002 

0  .0 

0  .002 

-0  .009 

1  .  425 

-0  .00  1 

-0.013 

-0.008 

0  .003 

0.004 

-O.O04 

1  .  45  0 

C  .003 

-0 . 006 

0.  000 

0  .003 

0.007 

0.001 

1.475 

0.010 

0  .008 

0  .003 

-0.001 

0.002 

0  .0 

1.  500 

0  .009 

0.001 

0  .  002 

-0 . C09 

-0  .006 

-0  .011 

1.525 

0.012 

'-0.001 

0.001 

-0  .006 

0  .002 

C  .C01 

1.550 

0  .003 

-0  .002 

0  .003 

0  .009 

0.000 

0  .006 

1  .  575 

0  .001 

0.003 

-0.0C5 

0.007 

-0.001 

0.004 

1*600 

0  .006 

-0  .005 

0  .003 

-0.00  1 

0.003 

-0  .004 

I  .  625 

-0.007 

-0. 003 

-0.004 

-0  .002 

0.002 

-0  .006 

1.650 

0  .005 

0.001 

-0.003 

-0.0  10 

-0. COO 

-0  .002 

1  .  675 

-0. 003 

0  .003 

-0.007 

0  .004 

C.001 

-0.001 

Ik  700 

-0  .005 

0  .  008 

-0.012 

-0.001 

0  .002 

0  .002 

1  .  725 

C  .  005 

-0.00  1 

-0  .006 

-0.00b 

0.002 

-0  .000 

1.  750 

0  .001 

-0. 0  02 

-0.C02 

0  .001 

0.004 

-0  .005 

1  .  775 

0  .003 

-0 . 004 

-0.005 

0.001 

0.  004 

-0 .007 

1.300 

0  .009 

0.001 

-0.005 

0  .003 

0.  004 

-0  .003 

1  .825 

0  .  005 

-0.000 

-0.000 

0.006 

-0.004 

-0  .007 

1  .350 

0  .  0  0  i 

-0.012 

0.008 

0.000 

-0. 002 

0  .C06 

1.  375 

-0  .003 

-C .002 

0.001 

-0  .004 

-0.002 

0  .000 

1  .  900 

0.011 

-0.001 

-  0.000 

-0.00  9 

0.001 

-0  .002 

1.  925 

0.012 

-0.013 

0  .002 

-0  .00  J 

-0.000 

-0 .003 

1  .  950 

0  .  00  J 

-0.014 

0.003 

0.010 

-0.0  15 

-0 .008 

1  .  975 

0  .003 

-0  .006 

0.  002 

0  .  003 

-0. 004 

-0.014 

2.000 

0  .CIO 

-0  .005 

0.006 

-0.013 

0.000 

0  .002 

2.  025 

0  .007 

-0.0  10 

-0.001 

-0.006 

0  .006 

-C  .008 

2.  060 

—  0  .0  06 

-0.000 

0  .002 

-0  .003 

0.011 

-0  .005 

2.  075 

-0.006 

0.005 

-0.002 

0  .006 

0.00  1 

0.001 

2.  10  0 

0  .000 

0  .001 

-0. 00 1 

-0 .006 

-0. OOfc. 

-0.009 

2.  125 

-0  .004 

0  .004 

-0.002 

0  .004 

-0  .002 

0.C03 

2.  150 

0  .001 

0.  004 

0.003 

0  .002 

0.  0  08 

0  .002 

2.  175 

0  .006 

-0  .003 

-0.002 

0  .  002 

-0.003 

0.0  03 

t.2U0 

0.007 

0  .002 

-0  .007 

0  .007 

0.000 

0  .004 
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TABLE  : 

H3    (Continue 

:d) 

R/5 IGMA 

G( t4j) 

G( 444} 

G(600) 

Gt  620  J 

G( 640) 

G(6oO) 

d.  225 

0  .006 

-0.015 

0.00  1 

0  .002 

-0  .008 

-0  .005 

2»  250 

0.  003 

-0.003 

-0.000 

0.004 

-0.007 

-0  .008 

2„  276 

-0 .002 

-0. 001 

C  .00  1 

0  .  008 

-0.003 

-0.006 

2.300 

0  .002 

-0.001 

0.00  1 

0.002 

0.002 

0  .004 

2.  Jt5 

0.  001 

0.  003 

0.007 

-0  .002 

-0.004 

0  .008 

2.350 

-0  .006 

-0.003 

-0.001 

0.002 

-0  .003 

0  .003 

2.375 

-0  .004 

-0  .004 

0  .000 

0  .002 

-0.001 

0  .0 

2.400 

-0  .002 

-0.007 

-0  .004 

0.005 

0  .002 

0  .000 

2.  425 

0  .0 

-0.0  10 

-0.004 

0  .  C04 

0.001 

0  .007 

2.  450 

0  .coo 

-0.002 

-0.00  1 

-0  .001 

0.002 

-0.000 

2.475 

0.005 

0.003 

-0.001 

-0.000 

0.  000 

0  .001 

2.500 

0  .001 

-0. 000 

-0.007 

0  .000 

0.005 

-0  .003 

d.  525 

0.0C2 

-0.000 

-0.007 

-0  .005 

0  .003 

-0  .001 

2.  5bC 

0.000 

0.00  1 

-0  .00  I 

-0 .002 

-0. 000 

-0  .003 

2.  57b 

0  .002 

-0.001 

o.oco 

0  .002 

-0.001 

-0.005 

2.  600 

-0  .006 

0.011 

-0.  0C5 

-0.004 

-0.004 

0  .006 

<i.  625 

0  .  000 

-0.002 

-0.001 

0  .003 

0.001 

0.010 

2  .  6  6  C 

-0.013 

-C . 004 

0.000 

O.OOj 

0.002 

0  .009 

2.  675 

-0  .005 

0.001 

0  .005 

0.001 

-0.  004 

0  .004 

2.  700 

-0  .005 

C  .006 

-0  .002 

-0.001 

-0.003 

G  .001 

2*  725 

0.001 

-C. 001 

-0.00 1 

0  .000 

-0.001 

-0  .004 

<i.  7d0 

0  .002 

0  .  00* 

-0.001 

0  .COd 

0.001 

0.C02 

2.  775 

0  .001 

-0.001 

0  .005 

0  .002 

-0.00  1 

0.001 

2.  aoc 

0  .003 

-C  .  003 

0.003 

-0  .003 

0  .003 

0.001 

2.  625 

0  .  002 

-0 .002 

0  .006 

0.000 

0  .006 

0  .002 

2.  65C 

0  .000 

-0. 0  02 

0.00  1 

-0  .003 

-0.001 

-0.001 

2.  o75 

-0  .00  1 

-0  .005 

-0.008 

0  .005 

-0.000 

-0  .005 

2»  500 

-C  .002 

-0.0  08 

-0  .001 

0  .001 

-0. 002 

0.001 

2.  925 

-0  .002 

-0.007 

-0.003 

-0.001 

0  .003 

0  .0 

^.950 

0  .003 

-C. 006 

0  .002 

G.000 

-0.003 

0  .0  00 

2i  975 

0.004 

-0.001 

0  .0C3 

0  .005 

O.OOl 

0.003 

3.000 

0  .007 

-0.003 

-0.001 

-0 . 003 

0.  004 

-0  .009 
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TABLE   H4 


,„(r.,„)    for   Lennard-Jones 
4  0  CF— 1 2 


Values_ol^00()(r12)_J1_gL 

plus   Quadrupole  Fluid  with   kT/e    =  0.765, 
po3 


0.931,    and  Q/(eq5)1/2   =  0.707 


R/SIGMA       G(OOO) 


G( 200) 


G( 220 ) 


G( 221 ) 


G( 222) 


G( 4C0) 


0.800 

0.  0 

0.0 

0.0 

0.0 

0.  0 

O.C 

0  .325 

0.0 

0  .0 

0  .0 

0.0 

0.0 

0.  C 

0.850 

0.  0 

0.0 

0.0 

0.0 

0.0 

0  .0 

0  .875 

0.0 

C  .  0 

0  .0 

0.0 

0.0 

0  .0 

0.900 

0.  00  3 

0  .001 

-0  .002 

-0.001 

0  .000 

0.  C0  1 

0  .925 

0.  049 

0.  007 

-0.040 

-0.020 

0.000 

0  .  005 

0.950 

0.319 

0.C48 

-0.260 

-0.108 

-0. 007 

0.  C60 

0.975 

0.99  3 

0.  1  20 

-0.745 

-0.297 

-0.032 

0.  154 

1  .000 

1  .971 

0.  154 

-1 .309 

-0.491 

-0.086 

0.  268 

1  .025 

2.800 

0  .  123 

-1 .650 

-0  .628 

-0.  160 

0.  286 

1  .050 

3.  165 

0.087 

-1 .651 

-0.637 

-0. 183 

0  .226 

1  .075 

3.257 

0.049 

-1 .496 

-0.622 

-0.212 

0.  103 

1  .  100 

2.  989 

-0.002 

-1  .245 

-0.476 

-0.  194 

0.  C64 

1  .  125 

2.555 

-0.028 

-0 .939 

-0.376 

-0.158 

0.  CI  2 

1  .  150 

2.  178 

-0  .056 

-0 .709 

-0.274 

-0.  146 

-0.  C02 

1  .  175 

1  .  817 

-0.067 

-0 .525 

-0.226 

-0.094 

-0.013 

1  .200 

1  .512 

-0.053 

-0.395 

-0.160 

-0. 084 

-0. C34 

1  .225 

1  .  291 

-0.051 

-0 .271 

-0  .1 34 

-0.059 

-0. C22 

1  .250 

1  .  095 

-0.042 

-0.  184 

-0. 1 1 2 

-0.058 

-0. 027 

1  .275 

0.95  2 

-0 .037 

-0  .1 38 

-0.111 

-0. 042 

-0. C27 

1  .300 

0.854 

-0 .027 

-0.120 

-0.107 

-0.025 

-0.  030 

1  .325 

0.772 

-0.014 

-0.091 

-0.086 

-0. 031 

-0. C36 

I  .350 

0.673 

-0.020 

-0  .063 

-0.073 

-0.030 

-0. C27 

1  .375 

0.  635 

-0.01 1 

-0.052 

-0.065 

-0.024 

-0 .031 

1  .400 

0.608 

-0.015 

-0  .032 

-0.070 

-0.020 

-0. C15 

1  .425 

0.554 

-0.019 

-0  .024 

-0  .056 

-0.013 

-0. C24 

1  .450 

0.539 

-0.004 

-0.017 

-0.059 

-0.018 

-0. 033 

1  .475 

0.525 

-0.012 

-0  .009 

-0.065 

-0.012 

-0.030 

1  .500 

0.51  0 

-0.002 

-0  .002 

-0.061 

-0  .004 

-0  .026 

I  .525 

0.523 

'    0.009 

-0  .008 

-0.061 

-0.007 

-0. 016 

I  .550 

0.539 

0.001 

-0.013 

-0.054 

-0.002 

-0. C06 

1  .575 

0.  572 

0.002 

-0.C20 

-0.061 

-0.009 

-0 .021 

1  .600 

0  .603 

0.0  06 

-0.018 

-0.060 

-0.009 

-0. 026 

1  .625 

0.643 

0.015 

-0  .023 

-0.066 

-0  .009 

-0. 029 

1  .650 

0.671 

0.  020 

-0.037 

-0.064 

-0.003 

-0. 028 

1  .675 

0.730 

0  .009 

-0 .035 

-0.064 

-0. 005 

-0. C20 

1  .700 

0.  785 

0.002 

-0.038 

-0.056 

-0.010 

-0  .009 

1  .725 

0.838 

0.007 

-0.043 

-0.050 

-o.ooe 

-0. C03 

1  .750 

0.838 

0.007 

-0  .049 

-0.046 

0.001 

-0. 002 

1  .775 

0.  963 

0.011 

-0 .075 

-0.036 

0.004 

-0. C03 

1  .800 

1  .  033 

0.018 

-0 .083 

-0.036 

-o. oca 

0.  C03 

1  .825 

1  .  094 

0.012 

-0.101 

-0.034 

-0.005 

0  .004 

1  .850 

1.153 

0.  020 

-0.096 

-0.028 

-0. 009 

0.  C09 

1  .875 

1.191 

0.015 

-0.100 

-0.027 

-0 .007 

0  .  CO  3 

1  .900 

1.  221 

0.  004 

-0.090 

-0.021 

-0.004 

0.  016 

1  .925 

1  .259 

0  .002 

-0 .079 

-0.009 

-0. 002 

0.  023 

1  .950 

1  .  283 

0.014 

-0.051 

-0.006 

-0.004 

o  .cia 

1  .975 

1  .  308 

0  .008 

-0.036 

-0.008 

-0.006 

0.  CI  9 

2  .000 

1  .303 

-0.007 

-0.019 

-0.020 

-0. C05 

0.  CI  1 

2.025 

1.317 

-0.002 

-0  .009 

-0.026 

-0.001 

0  .023 

?  .050 

1  .  322 

-0.015 

0  .006 

-0.036 

0.  0C4 

0  .01  3 

2.075 

1  .288 

-0 .003 

0.017 

-0.025 

0  .  004 

0.  C28 

2.100 

1  .  270 

-0. 003 

0  .034 

-  0  .  C  2  3 

0.003 

0.  C27 

2.  1  25 

1  .  236 

-0.013 

0  .022 

-0.0  15 

-0.001 

0.  C21 

2.  150 

1  .  190 

-0.006 

0  .020 

-0.013 

-0.008 

0  .  C09 

2.  175 

1.130 

-0.005 

0  .023 

-0.  01  0 

0.  005 

0.  01  0 

2  .200 

1  .07  3 

-0.009 

0.021 

-0.01 1 

0.  007 

0.  C02 
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TABLE  H4    (Continued) 


R/SIGMA 

G(000 ) 

G(200) 

G(220  ) 

G( 221  ) 

G( 222) 

G(4C0) 

2.225 

1  .  030 

0  .001 

0.019 

-0.0  16 

0.  009 

-0.  coo 

2  .250 

0.  976 

-0.016 

0  .003 

-0  .009 

0  .008 

-0.  C04 

2.2  75 

0.932 

-0.007 

0.017 

-0.008 

0.001 

-0.C1  1 

2.300 

0.883 

-0.003 

0  .005 

-0.0  06 

-0.003 

-0. CI  4 

2.325 

0.  847 

-0.006 

0  .002 

-0.007 

-0.005 

-0.013 

2.350 

0.814 

-0.001 

0  .005 

-0.010 

-0.003 

-0. C06 

2.375 

0.79  1 

-0.003 

-0  .001 

-0.009 

-0.003 

-0. 004 

2.400 

0.  784 

-0.0C1 

-0.001 

-0.006 

-0.002 

-0.  001 

2.425 

0.  787 

-0.000 

0  .002 

-0.002 

0.  000 

-0. C08 

2.450 

0.  788 

-0. 000 

-0 .006 

0.005 

-0.002 

-0 .008 

2  .475 

0.797 

0.  004 

-0.005 

0.006 

-0.001 

-0. 007 

2  .500 

0.795 

-0.004 

-0 .003 

0.001 

-0.004 

-0. C14 

2.525 

0.  818 

-0.005 

0.005 

0.006 

-0. 003 

-0  .  C07 

2.550 

0.85  1 

-0.005 

0  .000 

0.007 

-0. 001 

-0. 003 

2.575 

0.  8R1 

-0.002 

-0  .003 

0  .008 

0.005 

-0. C08 

2  .600 

0.901 

0.001 

-0  .005 

0.008 

0.001 

-0.  01  0 

2  .625 

0.930 

0.011 

-0.010 

0.000 

-0.002 

0.  001 

2.650 

0.  959 

0.013 

-0.012 

0.005 

-0.009 

-0 .004 

2.675 

0.998 

0.  0  08 

-0.014 

0.008 

-0. 009 

-0. C09 

2  .700 

1  .  028 

0.  008 

-0  .002 

0  .008 

-0.004 

-0. C02 

2.725 

1  .  052 

0.  007 

-^0.012 

0.003 

-0.001 

-0. C04 

2  .750 

1  .06<3 

0  .006 

-0.014 

0.002 

0.  001 

-0. C07 

2.775 

1  .  096 

0.005 

-0.010 

0.008 

0.002 

-0.004 

2.800 

1.102 

-0.002 

-0.001 

0.002 

0.0C9 

-0. C03 

2.825 

1.111 

-0.008 

-0  .001 

0.009 

0.004 

-0. C03 

2.850 

I  .  121 

-0. 000 

-0  .006 

-0.002 

0.002 

0.  007 

2.875 

1.130 

-0 .002 

0  .007 

-0.004 

0.  004 

0.  C09 

2.900 

1  .  132 

0.001 

0  .000 

0  .002 

-0.001 

0  .  C09 

2.925 

1.130 

0.006 

0.000 

0.005 

-0.004 

0.  CI  3 

2  .950 

1  .  124 

0.005 

0  .006 

-0.005 

-0.008 

-0. C03 

2  .  975 

1  .  109 

-0.002 

0  .009 

-0  .001 

-0.000 

0  .00  3 

3  .000 

1  .  104 

-0. 004 

0.008 

0.005 

-0.002 

-0. 001 
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TABLE  H5 

Values   of 

*420^1 2^-^- 

-H  4  2-^-1 2^- 

for    the  Fluid 

of 

Table  H4 

R/S I GMA 

G( 420  ) 

G(42i  > 

G( 422  ) 

G(440 ) 

G( 441 ) 

GC442J 

0.600 

0  .0 

0.0 

0.0 

0.  0 

0.0 

0  .0 

0.325 

0  .0 

0  .0 

0  .0 

0  .0 

0  .0 

0  .0 

0.85C 

0  .0 

0.0 

0.  0 

0  .0 

0.0 

0  .0 

0.875 

0.0 

0  .0 

0.0 

0  .0 

0.0 

0  .0 

C.  90  0 

0  .000 

0.000 

0.0 

0  .002 

-0.001 

0.000 

C»  92  5 

0  .007 

0.003 

0.001 

0.016 

0.  009 

0  .003 

0.950 

0.016 

0.012 

0  .007 

0  .069 

O.Co4 

0  .021 

0.  975 

0.075 

0.030 

0.011 

0  .225 

0.  149 

0  .057 

1.000 

0.154 

0  .062 

-0.017 

0  .527 

0.  206 

0  .094 

1  .025 

0  .23t> 

0  .084 

-0.010 

0  .3b0 

0.223 

0  .  123 

1»  05C 

C  .229 

0.  073 

-0.015 

0.31  1 

0.235 

0  .096 

1.  075 

0.217 

0.073 

-0.023 

0  .239 

0.  172 

0  .  132 

1  .  1  OC 

0  .1  93 

0  .002 

-0.02  8 

0.  167 

0.114 

0.0*:? 

1*125 

0  .1  46 

0.  048 

-C.01 4 

0  .  12o 

0.  077 

0.  053 

1*150 

0.118 

0  .022 

-0. 025 

0  .  059 

0.079 

0  .034 

1.175 

0.0o3 

0.016 

-0.020 

0  .08  3 

0.040 

0  .0  12 

1.200 

0  .065 

0.010 

-0.000 

0  .046 

0.  024 

0.014 

1  .  225 

0  .042 

0.003 

0.001 

0  .025 

0.018 

0  .0  19 

1.  250 

0  .034 

-0. 000 

-0.003 

0.002 

0.012 

0.015 

1.275 

0.019 

0.002 

-0  .002 

0.011 

-0.007 

0  .009 

1.  300 

0  .022 

0.012 

0.004 

0  .005 

0.009 

0  .0  13 

1  .  32  5 

0.014 

0  .009 

-0.003 

0.010 

-0 . 004 

0.000 

1  .  350 

0  .001 

0.006 

0  .002 

0.008 

0.010 

0.001 

1  .375 

0  .007 

-0.004 

0.  004 

-0.011 

0.014 

0  .008 

1.  400 

-C .003 

0  .007 

0  .005 

0.015 

-0.000 

0  .003 

1  .425 

0  .004 

0  .008 

0.  003 

0  .002 

-0.010 

-0 .006 

1  .  450 

0  .00*. 

0  .  009 

0  .  005 

0.003 

-0.002 

0  .002 

1.  475 

0  .001 

-0.001 

0.005 

-0  .007 

-0.001 

0.010 

1.500 

-0.002 

0.000 

0.  003 

-0.007 

-0.004 

0.011 

1.  525 

-0 . 00b 

0.  002 

0.004 

0  .  006 

0.002 

0  .002 

1  .  550 

-0 .006 

0  .007 

0  .00  1 

C  .003 

-C  .0  02 

0.000 

1.  575 

-0.010 

0.010 

0.0C5 

-0  .  004 

0.002 

0  .001 

1.600 

-0.006 

0  .  006 

0  .003 

-0  .  006 

0.003 

0  .007 

1  *  625 

-0 . 003 

0.010 

0  .002 

-0.016 

0.003 

-0  .001 

1.650 

-0  .003 

-0.  001 

0.003 

-0.005 

0  .005 

-0 .002 

1.  o75 

-0  .007 

0  .003 

0  .007 

0.003 

0.011 

0  .003 

1.  700 

-  C  .  C  1  C 

0.005 

-0.001 

-0  .003 

0.006 

-0  .009 

1.  725 

-0  .CC3 

0  .  009 

-0.001 

0.000 

-0.001 

-0.C01 

1  .750 

-0.010 

0.0  10 

-0.002 

0  .003 

-0.006 

0  .001 

1.  775 

-0  .00  1 

0.015 

-0.002 

0.005 

-0.001 

0  .004 

1.300 

0  .002 

0.0  11 

-0.004 

0.006 

0.012 

-C  .003 

I.  625 

0  .004 

0.012 

-  0  .  0  0  0 

0  .00  1 

0.  00t> 

-0  .006 

1  .  350 

0  .004 

-0. 000 

0..003 

0  .003 

-0 .006 

0  .001 

1.875 

0.010 

C.007 

-0.006 

-0.011 

-0.002 

-0  .004 

1.900 

0.011 

0  .003 

-0.005 

-0.012 

0.008 

0  .001 

1.  925 

0.007 

0.  002 

0.004 

-0.  01  4 

0.  005 

0  .003 

1  .  950 

0.012 

0  .001 

0  .005 

-0.014 

0  .009 

O.OOo 

1  .  975 

C  .012 

0  .  002 

-0.007 

-0 .003 

0  .002 

-0  .002 

2.  000 

0  .00^ 

-0.001 

-0.003 

0.009 

0.007 

C  .005 

2.  025 

0.003 

-0.006 

0  .002 

O.OOo 

0.0  10 

-0 .005 

<i.u5C 

-0  .009 

-0.005 

0  .003 

0  .006 

0.005 

-0.007 

2.  075 

-0.0  12 

-0  .005 

0  .009 

-0  .002 

-0.013 

-0  .001 

2.  IOC 

-0 .004 

-C. 004 

0  .008 

-0.001 

-0.003 

-0  .001 

2.125 

-0  .004 

-0.004 

0.011 

C  .001 

0  .009 

0  .002 

2.  15C 

-  0  .000 

-0.00  1 

0  .004 

0.001 

0.  002 

-0.003 

2.  175 

-0  .004 

-0.C04 

-0.003 

0.  009 

-0  .002 

-0  .015 

2.  200 

0  .001 

-0. 009 

-0  .008 

-0 .004 

-0.009 

-0  .003 
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TABLE  H5    (Continued) 


«/S  ioMA 

G(  42  0  ) 

G(421  ) 

0(422) 

G( 440 ) 

-0 .004 

G(441 ) 
-0  .003 

G(44?) 

2.  225 

-0.  006 

-0.004 

-0.001 

0  .001 

2.  250 

-0  .OGo 

-0.002 

0.003 

-0 .007 

0  .003 

-0 .008 

2.  275 

-0.001 

0.000 

0  .003 

-0.014 

-0.002 

-0  .007 

21  300 

0.002 

-0. 003 

0  .001 

-0.009 

-0.011 

0.001 

2.  325 

-0.004 

-0.005 

0  .001 

-0.C06 

-0.006 

0  .0 

2.  350 

-0 .007 

-0.002 

0.  002 

-0.001 

0.001 

0.0  02 

2*375 

-0  .004 

0  .003 

0.002 

-0.001 

-0.001 

-0  .004 

^.40  0 

-0.007 

0.  002 

-0.002 

0  .007 

-0.001 

0  .003 

2.425 

-0.00  I 

-0.001 

-0.002 

-0.001 

-0.005 

0  .004 

2.  450 

0  .002 

-o.coo 

-0  .002 

0  .004 

-0.001 

0  .004 

2.475 

-0.004 

-0.004 

0.002 

-0.002 

-0  .001 

-0  .004 

<±.  50C 

-0.002 

-0.001 

0  .000 

-0.0C5 

0.005 

-0  .002 

2.  525 

-0  .000 

0.002 

0  .  005 

-0.004 

0.001 

-0  .002 

2.  550 

0  .003 

0.001 

0.007 

0.002 

-0.000 

0  .003 

2.575 

0  .00^ 

0.003 

0  .005 

0  .004 

-0.00b 

0  .003 

2.600 

C  .00^ 

0.  0  02 

-0.001 

0  .003 

-0  .002 

-0 .006 

2.  b^5 

-0 . 004 

0.002 

0.002 

0.  007 

-0.002 

0.003 

2.  65C 

-0.006 

0  .002 

0  .003 

-0  .003 

0  .000 

0  .005 

2*  d75 

-0  .003 

0  .003 

-0.001 

-0.005 

-0. 003 

0  .002 

2*  70  0 

0  .002 

0.003 

0.002 

-0.003 

0.001 

C  .004 

2.  725 

-0 .00^ 

-0  .004 

-0  .002 

-0  .007 

-0.000 

0.003 

2.  750 

0  .004 

-0.005 

-0.005 

-0.C04 

-0.0  02 

0.002 

2*  775 

-0  .005 

-0.005 

0.0 

0.001 

-0  .003 

-C  .000 

2.  6C0 

-0.007 

-C.000 

0.00  1 

0  .008 

0.006 

-0  .0  10 

2.  825 

-0  .005 

0.002 

0.004 

0.013 

0.001 

-0.001 

2.  850 

-0 .001 

0  .003 

0  .004 

0.016 

0.000 

0  .002 

<±»  87s 

-0  .006 

0  .002 

0.001 

0  .003 

-0 .001 

-0 .001 

2*900 

-0 .002 

-0 . OCl 

-0.002 

-0  .005 

-0.003 

-0 .005 

<:.  92  5 

0.  03-d 

-0.001 

-0.  001 

0  .009 

-0.002 

-0 .001 

2*95  0 

0  .00  1 

0.000 

-0.004 

-0.002 

-0.002 

0  .001 

2.  375 

-0  .004 

-0 .005 

0.000 

-0  .001 

-0.002 

-0  .005 

3.  000 

-0.006 

-0 . 003 

-0.004 

-0  .008 

0.001 

0  .005 
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TABLE  H6 

Values  of  g443fe12L^-g66ofel2)    f°r 

the   Fluid 

of 

Table  H4 

R/S I GMA 

G<  443  ) 

G( 444 ) 

o(6X)0) 

G<  520) 

G( 640) 

G( 6bO) 

c  aoo 

0  .0 

0.0 

0.0 

0.0 

0.  0 

0  .0 

Ci 

,  625 

0  .0 

C  .0 

0  .0 

G  .0 

0.0 

0  .0 

0, 

.  850 

0  .0 

0.  0 

0  .0 

0.0 

0.0 

0  .0 

0< 

,  875 

0  .0 

0  .0 

0.0 

0  .0 

0.0 

0  .0 

0. 

.  900 

-0  .000 

C  .0 

0  .000 

-0 .001 

-0.001 

-0.000 

Oi 

,  925 

-0 .002 

0.  0 

-0. 003 

-0.004 

-0.005 

-0.000 

o; 

.  950 

-0  .002 

-0 .001 

-0.003 

-0.017 

-0.016 

-0  .010 

0. 

.  975 

C  .007 

C  .  00b 

-0.025 

-0 .054 

-0.048 

-0 .028 

.  000 

0  .033 

-0 . 004 

-0.051 

-0.0B3 

-0.076 

-0  .051 

.025 

0  .052 

0.00b 

-0.054 

-0.111 

-0.078 

-0 .042 

.  050 

0  .002 

0  .0  08 

-  0  .  03  8 

-0.057 

-0  .063 

-0  .024 

.  075 

0  .030 

0.  028 

-0.  073 

-0  .000 

-0.070 

0.0  15 

.  100 

C  .005 

-0  .002 

-0.045 

0  .004 

-0.050 

C  .01  1 

.125 

-0  .008 

0.015 

-0.027 

0  ,C2b 

-0.028 

-0  .022 

150 

0.035 

0.  004 

-0.022 

0  .003 

-0.020 

-0.0  12 

.  175 

0  .005 

0.012 

0.  003 

-0.015 

-0.025 

-0  .009 

.  200 

-0 .007 

0.  002 

O.OOC 

-0.002 

-0.014 

-0 .006 

.  225 

0  .00  1 

C  .0 

0.004 

-0  .00  1 

-0.015 

-0.023 

,  250 

-0.000 

0.008 

-0  .004 

0  .006 

0.005 

-C  .008 

►  27  5 

-0 .00  1 

0.004 

0.00b 

-0.  006 

-0.001 

C  .006 

,300 

0.014 

0  .OCb 

0  .002 

0  .002 

-0.010 

-0  .002 

.  3<i5 

0.017 

-0 . 006 

-0.003 

C  .002 

-0.005 

-0.005 

.350 

0  .006 

0  .005 

-0.002 

0.006 

-0.009 

-C  .012 

.  375 

o  .oo^ 

0.001 

-0. 004 

0.013 

0.002 

0.001 

,  400 

0  .0 

0.0 

-0. 0C4 

-0 .005 

o.occ 

0  .OOo 

.  42b 

0  .005 

0.005 

-0  .009 

-0  .01 0 

0  .004 

-0.000 

.  450 

0  .003 

-C .002 

-0. 005 

0  .000 

0  .001 

-0  .002 

.  475 

0  .007 

-0.005 

-0  .007 

-0  .003 

0.001 

0  .000 

,  500 

-0  .003 

-0.001 

-0.0C2 

-0  .002 

0  .  005 

-0  .0  07 

.52  5 

-0  .003 

0.001 

0.  002 

-0.001 

0.001 

-0  .004 

.55  0 

~0  .000 

0  .002 

0  .002 

-0 .001 

-0.005 

-0  .004 

.575 

C  .  006 

0.001 

0.  005 

0  .003 

-0 .006 

-0  .003 

.  60  0 

0  .005 

0.  004 

O.X3C8 

0  .  001 

-0.001 

-0  .004 

.  625 

-0  .00  1 

0  .002 

0  .002 

-0  .005 

0  .005 

0  .000 

.  65  C 

0  .003 

-0.003 

0.007 

-0.010 

0.009 

-0  .012 

>  675 

0  .001 

-0.000 

0.011 

-0.00  6 

0  .000 

-0  .007 

.700 

0  .  0  C  2 

-0. 007 

0  .009 

-0.000 

0.000 

-0 .005 

.  725 

-0 .009 

-0.010 

0.010 

0.001 

-0. 000 

-0.0  13 

,  750 

-0 .005 

-0 . 004 

0.012 

con 

0.001 

0  .002 

,  775 

0.004 

0.  0  05 

-0.01C 

0  .006 

0  .007 

-0  .003 

.  300 

0  .004 

0  .  004 

-0.002 

-0  .002 

-0.002 

0  .003 

.  825 

-0  .00b 

-0.00  1 

0  .007 

0  .003 

0.001 

0  .000 

.  850 

0.000 

-o.ooc 

0.O09 

0  .001 

0  .003 

-0.014 

.37  5 

0  .007 

-0.00  1 

-C  .005 

0.006 

C  .  0  0  8 

-0  .007 

.  900 

0  .00^ 

-0.010 

0.000 

0  .003 

0.004 

0  .003 

>  92  5 

-0  .OI-* 

-0.009 

0.002 

-0.004 

-0.C07 

0  .007 

.950 

-0.001 

-0.015 

C  .003 

0  .005 

0.009 

-0.0  11 

.  375 

O.OOd 

-0.00c: 

-0.007 

0  .004 

0  .004 

-0  .000 

2, 

.  000 

C  .004 

0  .003 

-0.006 

0  .00^ 

-0.001 

0  .005 

2 

.  025 

C  .009 

-0.0  02 

-0.006 

0.001 

-0.003 

-0 .002 

2 

.  050 

0  .00  1 

G  .003 

-0.0C5 

0  .002 

0.  0 

0  .004 

2 

.075 

0  .008 

0  .008 

0  .004 

0  .004 

-0.000 

0  .000 

2i 

.  100 

0  .  OOo 

0  .  009 

-0.003 

0  .co^ 

0  .002 

0  .013 

2 

.125 

-0.007 

0  .008 

-0.011 

C  .000 

-0.007 

0.0  12 

2 

.  150 

0.000 

-0 .002 

0.003 

0  .006 

-0.007 

-C  .004 

2 

.  175 

C  .008 

-0.007 

0.004 

-0  .C03 

0  .002 

0  .004 

{- 

.  200 

0  .001 

-0.003 

-0.0C7 

0  .004 

0  .005 

C  .004 
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TABLE  H6    (Continued) 


fi/SI GMA 

G( 443  ) 

G(  444  ) 

G(600  ) 

G( 620) 

G( 640) 

G{ 660) 

2.225 

-0 .002 

-0  .004 

-0.002 

0  .007 

0.005 

0  .006 

2i250 

0  .001 

-0.001 

-0 .005 

0  .001 

0  .001 

-0  .003 

2»  275 

-0.00 1 

-0.0  04 

0.000 

0  .002 

0  .005 

-0  .001 

Z*  300 

0.005 

0.001 

0.003 

0.000 

0.  002 

-0  .001 

2*  325 

-0  .002 

-0 . 007 

0.003 

0  .004 

0.003 

0.001 

2. 350 

0  .002 

-0.010 

0  .002 

0.00a 

-0  .004 

-0.000 

2.  375 

0  .001 

-0.004 

-0.002 

0  .004 

-0.002 

-0.003 

2.400 

C  .004 

-0.005 

-0.004 

-0.000 

-0.008 

-0.003 

2.  425 

0  .000 

-0.003 

-0.003 

0.002 

-0. 005 

-0.001 

2.450 

0.0  12 

0  .001 

0.004 

-0  .002 

-0.002 

0.010 

2.  475 

0  .004 

0.  002 

-0.  000 

0  .004 

-0.003 

0.004 

2.  500 

0  .005 

G.001 

-0.001 

-0  .003 

0  .005 

-0.003 

2  .  52  5 

0  .002 

0  .006 

-0.002 

-0  .002 

0.002 

0  .004 

2.  550 

0  .002 

0  .003 

-0.004 

0.005 

-0.000 

0.005 

2.  575 

-0  .003 

0  .004 

0  .00  1 

0.005 

-0.003 

0  .002 

2.  60  0 

-0  .004 

-0. 000 

0.001 

0.006 

-0.003 

0  .006 

2.  625 

-0 . 009 

-0 .002 

0.005 

0.010 

0.000 

-0.000 

2.  650 

0.001 

-0.007 

0  .001 

0  .004 

-0.001 

0.002 

2.  675 

-0  .00^ 

-0  .006 

0.  005 

0.010 

-0  .003 

0  .006 

2.  700 

-o.oco 

0  .000 

0  .001 

0  .002 

-0.002 

-0  .002 

2*  725 

-0.000 

-0  .002 

0.0 

-0  .005 

0.  002 

-0.001 

2..  75  0 

-0  .005 

-0.002 

0.008 

0.002 

0  .006 

-0 .009 

2.  775 

0  .003 

0  .  002 

0.005 

-0  .001 

0.003 

0.001 

2  .  6  0  C 

-0.005 

-0.003 

-0.004 

-0  .OOo 

0.002 

0  .005 

2.  325 

-0  .001 

0.000 

0  .0 

-0.007 

-0.004 

0.003 

2.  850 

0  .002 

0  .005 

-0  .002 

0  .000 

-0.008 

0  .003 

2*  375 

-0  .003 

0  .004 

-0.001 

-0.001 

-0.003 

0  .005 

2.  300 

-0  .000 

-0 . 003 

0  .002 

0  .004 

-0.002 

0  .006 

2i  92  5 

0  .005 

-0.000 

0.001 

0  .005 

0.001 

-0  .000 

2i  950 

-0  .006 

-0.003 

-0.002 

0  .001 

-0. 004 

-0.004 

2»  975 

-0 .00  1 

-0 .003 

-0  .002 

0  .003 

0.C04 

-0  .001 

3.  000 

0  .003 

0.  002 

0.002 

0.006 

0.001 

-0  .002 
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TABLE  H7 

Values   of   g 

000^12^-^ 

g/Q0(rin)    for   Lennard- 

-Jones 

plus 

Quadrupo 

le  Fluid  with  kT/e   =   1, 

.294,    pa     = 

=   0.85 

and   Q/(ea5)1/2   =   1.0 

R/SIGMA 

G(000  ) 

G( 200) 

G( 220  ) 

G(  221  ) 

G( 222) 

G( 4C0) 

0  .800 

0.0 

0.0 

0  .0 

0.0 

0.0 

0.  C 

0  .825 

0.0 

0.0 

0  .0 

0  .0 

0  .0 

0.  C 

0.850 

0.  000 

0.000 

-0.000 

0.0 

0.0 

0.000 

0.875 

0.005 

0.001 

-0  .007 

-0.001 

0.000 

0.  C04 

0.900 

0.064 

0.015 

-0  .067 

-0.026 

0.002 

0  .  C22 

0  .925 

0.326 

0.061 

-0.318 

-0.124 

0.005 

0.  092 

0.950 

0.872 

0  .  146 

-0  .823 

-0.301 

-0.008 

0.  250 

0.975 

1  .603 

0.213 

-1 .372 

-0.507 

-0.054 

0.282 

1  .000 

2.  167 

0.218 

-1 .667 

-0.617 

-0.  106 

0.  402 

1  .025 

2.481 

0.  173 

-1  .685 

-0.630 

-0.117 

0.  245 

1  .050 

2.  575 

0.  1  12 

-1 .584 

-0.599 

-0.137 

0.  264 

1  .075 

2.440 

0  .054 

-1  .305 

-0.496 

-0. 147 

0.  178 

1.100 

2.  250 

0.008 

-1 .046 

-0.416 

-0. 138 

0.  100 

1  .  125 

2.  057 

-0.024 

-0.850 

-0. 344 

-0. 124 

0.  C67 

1  .150 

1  .84  3 

-0.040 

-0  .649 

-0.287 

-0.113 

0.  CI  0 

1  .  175 

1  .626 

-0. 054 

-0.500 

-0.247 

-0.103 

-0  .001 

1  .200 

1  .  425 

-0  .068 

-0 .388 

-0.203 

-0.095 

-0. C15 

1  .225 

1  .295 

-0.064 

-0 .306 

-0.172 

-0.085 

-0. 004 

1  .250 

1  .  156 

-0.063 

-0.228 

-0. 144 

-0.061 

-0. C35 

1  .275 

1  .040 

-0  .066 

-0 . 176 

-0.131 

-0. 050 

-0. C45 

1  .300 

0.  997 

-0.064 

-0.151 

-0.118 

-0.048 

-0  .047 

1  .325 

0.897 

-0.050 

-0.112 

-0.1 C8 

-0.037 

-0. C53 

1  .350 

0.853 

-0.049 

-0 .097 

-0  .095 

-0.045 

-0. C55 

1  .375 

0.  807 

-0.039 

-0.074 

-0.093 

-0.033 

-0  .C43 

1  .400 

0.  76  7 

-0  .023 

-0. 06  5 

-0.084 

-0.035 

-0.  C52 

1  .425 

0.747 

-0.017 

-0  .054 

-0 .079 

-0  .036 

-0. C51 

1  .450 

0.  71  3 

-0. 014 

-0.037 

-0.082 

-0.028 

-0. C47 

1  .475 

0.691 

-0.010 

-0  .034 

-0.078 

-0.032 

-0.  C49 

1  .500 

0.686 

-0 .008 

-0.021 

-0.082 

-0.016 

-0 .045 

1  .525 

0.694 

•     0.000 

-0.031 

-0.080 

-0.012 

-0.C35 

1  .550 

0.690 

0  .002 

-0 .034 

-0.082 

-0.008 

-0. 031 

1  .575 

0.696 

0.004 

-0 .036 

-0.082 

-0.003 

-0. 028 

1  .600 

0.724 

0.012 

-0.019 

-0.088 

-0. 015 

-0.C34 

1  .625 

0.725 

0.019 

-0.036 

-0.071 

-0.010 

-0.020 

1  .650 

0.751 

0.013 

-0.035 

-0. 064 

-0. 005 

-0.012 

1  .675 

0.78  5 

0.010 

-0  .041 

-0.059 

-0.005 

-0. 024 

1  .700 

0.  81  8 

0.019 

-0.056 

-0.054 

-0.005 

-0  .021 

1  .725 

0.859 

0  .021 

-0.071 

-0.048 

-0. 006 

-0.  CI  5 

1  .750 

0.885 

0.015 

-0  .074 

-0  .053 

-0.003 

-0. C02 

1  .  775 

0.  928 

0  .021 

-0.087 

-0.037 

-0.002 

-0. C09 

1  .800 

0.952 

0  .022 

-0 .091 

-0.030 

-0.0C4 

0.C01 

1  .825 

0.  983 

0.023 

-0.081 

-0.018 

-0.006 

-0.C0  1 

1  .850 

I  .033 

0.  026 

-0 .081 

-0.012 

-0.000 

-0.C03 

1  .875 

1.  074 

0.0  18 

-0  .079 

-0.008 

-0  .002 

0.  C06 

1  .900 

1  .  096 

0.014 

-0.058 

-0.007 

-0.016 

0.  019 

1  .925 

1  .  128 

0  .007 

-0  .055 

-0.008 

-0.010 

0.  C20 

1  .950 

1.  174 

0.005 

-0  .041 

-0.013 

-0  .007 

0  .C33 

1  .975 

1  .  185 

0  .002 

-0.026 

-0.008 

-0.011 

0.  C24 

2  .000 

1  .  197 

-0.009 

-0.020 

0.001 

-0.004 

0.  C33 

2.  025 

1  .  201 

-0 . 009 

-0.011 

-0.004 

-0.000 

0  .026 

2  .050 

1  .204 

0.002 

-0 .005 

-0.013 

-0.010 

0.  024 

2.  075 

1  .  202 

0.001 

0.015 

-0.014 

-0  .009 

0.  C25 

2.100 

1.169 

-0. 008 

0  .007 

-0.012 

-0.001 

0.  023 

2  .125 

1.145 

-0  .008 

0.015 

-0.015 

0.  007 

0.  C17 

2.  1  50 

1.124 

-0.012 

-0  .003 

-0.018 

0.007 

0  .021 

2.  175 

1  .  088 

-0.013 

-0.019 

-0.015 

0.004 

0.  C04 

2  .200 

1  .  077 

-0.013 

0  .003 

-0.011 

-0.003 

0.  C 
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TABLE  H7  (Continued) 


R/SIGMA 

G(000) 

G(20C) 

GC220  ) 

G(221  ) 

G(222) 

G(4C0) 

2  .225 

1  .046 

-0  .009 

-0  .001 

-0.010 

-0.003 

0.  c 

2  .250 

1.016 

-0.009 

-0.001 

- 0  .  0  0  4 

0.006 

-0  .006 

2.275 

0.999 

-0.013 

-0 .006 

-0.001 

-0.000 

-0. C05 

2  .300 

0.971 

-0.010 

-0  .005 

-0.002 

-0.001 

-0. 004 

2.325 

0.957 

-0.007 

0.002 

0.003 

0.000 

-0.012 

2.350 

0.941 

-0.004 

-0.012 

-0.004 

-0. 003 

-0.  C12 

2.375 

0.921 

-0.001 

-0.013 

0.002 

-0  .002 

-0. C08 

2.400 

0.916 

-0.000 

-0 .009 

-0.000 

0.001 

-0.  01  5 

2.425 

0.902 

-0 .002 

-0  .000 

-0.002 

0.  001 

-0.  CI  5 

2  .450 

0.902 

-0.001 

-0.004 

0.000 

0.003 

-0.C05 

2.475 

0.897 

0  .003 

-0.003 

-0.006 

0.  001 

-0.C0  7 

2  .500 

0.908 

0  .002 

-0  .005 

-0.007 

-0.002 

-0. 010 

2.525 

0. 953f 

0.002 

-0  .009 

-0.006 

-0.006 

-0.013 

2.550 

0.96  0 

0  .003 

-0.007 

-0.007 

-0. 008 

-0.  CI  0 

2.575 

0.967 

-0.000 

-0.016 

-0.0  10 

-0.005 

-0. C04 

2.600 

0.974 

0  .004 

-0.015 

-0.002 

-0.003 

-0. C07 

2.625 

0.993 

0  .005 

-0  .006 

-0.004 

-0.001 

-0. C06 

2  .650 

0.998 

0.  006 

-0.002 

-0.004 

-0.008 

-0  .003 

2  .675 

1  .  008 

0.011 

-0  .01 0 

-0.01 0 

0.002 

-0. C03 

2  .700 

1.021 

0.006 

-0  .025 

-0.010 

0.004 

-0.C06 

2.725 

1  .  039 

0.  006 

-0.009 

-0,01 1 

-0.001 

-0. 000 

2.750 

1  .057 

0  .001 

-0  .00  1 

-0.007 

-0.005 

-0. C01 

2.775 

1  .06  7 

0.  002 

-0 .001 

-0.013 

-0.003 

0  .C01 

2  .800 

1  .  082 

0.  006 

-0.004 

-0.003 

0.003 

0.  COO 

2.825 

1  .086 

-0.000 

0  .005 

-0  .006 

0.002 

o.  coe 

2.850 

1.09  1 

-0.004 

0  .008 

-0  .007 

0.005 

0  .004 

2  .875 

1  .093 

0.002 

0  .007 

-0.002 

0.  004 

0.  C05 

2.900 

1  .  106 

0  .003 

0  .0 

-0.000 

0.001 

0.C08 

2.925 

1.107 

-0. 002 

-0.004 

-0.007 

0.0C3 

0.  C09 

2.950 

1.110 

-0.000 

-0  .005 

-0.008 

0.003 

0.  C04 

2.975 

1.114 

0  .004 

-0.001 

-0.008 

0  .003 

0  .  C06 

3  .000 

1.118 

-0.006 

-0  .007 

-0,010 

-0. 007 

0.  008 

■T. 


Due  to  a  programming  error  the  values  of  g 
r  >  2.5a  are  in  error. 


000 


(r)  in  this  table  for 
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TABLE   H8 

Values   of 

H  20^12^ 

-H  4  2-^1 2^- 

for    the   Fluio 

of   Table  H7 

P/SIGMA 

G(  420  J 

G( 421 ) 

3(422) 

G( 440  J 

G(  44  1  ) 

G(442) 

0.  80  0 

0  .0 

0.0 

0  .0 

0.0 

0  .0 

0  .0 

o.  das 

0  .0 

0.0 

CO 

0.0 

0.0 

0.0 

0.85C 

0  .0 

0.0 

-0.000 

0.000 

0.0 

0  .000 

0.  875 

-0 .000 

0  .0 

-0.000 

0  .  0C4 

0  .002 

C  .001 

0.  9C0 

0  .003 

0.  002 

0  .004 

0.034 

0.020 

0  .005 

0.925 

0  .0^3 

0  .  CI  7 

0.015 

0.131 

0.085 

0.030 

0*  9dC 

0  .064 

0.041 

0.031 

0.315 

0.  205 

0  .076 

C.975 

0.125 

0.  073 

0  .033 

0  .492 

0  .304 

0  .134 

1  .000 

0.182 

0  .090 

0.014 

C  .541 

0.326 

0  .133 

1.0^5 

0  .209 

C.  098 

0.00  3 

0  .473 

0.291 

0.101 

1  .050 

0  .232 

0.  094 

-0.003 

0.392 

0.232 

0  .  107 

1*075 

0  .193 

0.061 

-0  .015 

0  .297 

0.174 

0  .083 

1.  100 

0  .164 

0.057 

-0.007 

0  .  136 

0.120 

0.050 

1.125 

0.151 

C  .027 

0  .  004 

0.  128 

0.111 

C  .056 

1.150 

0  .122 

C.026 

0  .004 

0  .083 

0.062 

0  .033 

1.175 

0  .061 

0.016 

-0  .001 

0.064 

0.06  0 

0.017 

1.  200 

0  .065 

0  .  009 

-0  .008 

0  .038 

0  .  050 

0  .020 

1.  225 

0.05o 

0  .009 

0.006 

0  .035 

0.027 

0.017 

1.  250 

0  .042 

-0. 000 

0  .008 

0.014 

0.019 

0  .001 

1  .275 

0  .027 

-0.001 

0  .006 

0  .025 

0.017 

0.014 

1.  3C0 

0.025 

0.  CC2 

0.011 

0  .026 

0.017 

0  .009 

1  .  325 

0  .024 

0.  005 

0  .007 

0.012 

0  .020 

0.017 

1  .350 

0.018 

0  .002 

0  .007 

0.003 

0  .009 

0.012 

1  .  375 

0  .009 

-0  .002 

0.006 

0.C0  9 

0  .003 

C.013 

1  .  400 

0  .  002 

-0.001 

-0  .002 

0.017 

0  .004 

0.015 

1.  425 

-0  .  005 

0.  002 

0.006 

0.005 

0.001 

0  .009 

1.450 

-0  .00o 

0.000 

0.006 

0.011 

0  .002 

0  .004 

1  .475 

o.oco 

0  .004 

-0  .006 

0  .020 

-0 .006 

0.014 

1.500 

-0.005 

0.000 

0  .007 

0  .  0  1  6 

0  .005 

0  .001 

1  •  od.  5 

-0  .009 

.-0.001 

C  .008 

0.014 

0.015 

0.004 

1  .  550 

-0 .005 

0  .005 

0  .009 

0  .022 

0.015 

0  .009 

1.575 

-0  .003 

0.  004 

0  .007 

0.015 

0  .008 

0  .011 

1.  60C 

-0  .008 

0.  007 

-0  .001 

0  .007 

0.003 

ecu 

1.625 

-0 .009 

0.  004 

0  .001 

0.010 

0  .005 

-0  .002 

1  .  o50 

-0.010 

0  .000 

0.001 

-0.  007 

0  .003 

-0.001 

1  .  675 

-0  .008 

C  .013 

-0  .003 

-0.014 

0  .004 

-0.002 

1.70C 

-0.001 

C  .  009 

0.000 

-0.003 

0.011 

-0  .COO 

1.  725 

0  .003 

0  .005 

-0.001 

0  .000 

0.014 

0  .001 

1  .  750 

-0 .002 

0  .005 

-0.005 

O.COd 

0.003 

0  .001 

1.775 

-0  .002 

0  .009 

-0.011 

-0.007 

0.006 

0.005 

1.  300 

-0  .005 

0  .005 

-0  .009 

-0  .01  0 

0.005 

0  .006 

1.  325 

-0.005 

0.  003 

-0.008 

0  .001 

0.000 

0  .0  14 

1  .  850 

0  .002 

C  .004 

-0  .004 

0.013 

0.007 

0.013 

1.  375 

-0  .002 

C  .001 

0  .008 

0.001 

-0.004 

0  .002 

1.900 

0  .004 

-0.003 

-0  .005 

0  .  002 

-0  .005 

0  .007 

1  .  925 

0  .006 

0.  005 

-0  .002 

-0.007 

-0  .005 

0  .002 

1  .  950 

-C  .006 

0  .00*: 

0.002 

-0  .001 

-0  .009 

0  .  006 

1.975 

-O.OOo 

-0 .002 

-0.000 

0.C17 

0.000 

-0  .002 

2.000 

-0  .000 

-0  .005 

-0.003 

-0  .001 

-0.007 

-0  .002 

2.  025 

-0.002 

-0.001 

0  .001 

-0.007 

0  .000 

-0 .005 

2.05C 

-0  .000 

-0.00  2 

-0.002 

0  .007 

-0.002 

-0 .005 

2.075 

-0  .004 

-0  .001 

0.004 

-0.012 

-0  .006 

-0.003 

2.  1  00 

-0.007 

-0 . 002 

0.000 

0.007 

0  .004 

0.007 

2.  125 

-0  .003 

-0 .006 

-0.004 

-0  .002 

-0  .005 

0  .001 

2.  1  50 

-C.0C7 

-0. 009 

0.000 

-0  .003 

-0.005 

C  .0  02 

2.  1  75 

-0 .005 

-0. 007 

0.002 

l>  .003 

0.003 

-0.0  06 

2.200 

-0.012 

-0 .002 

-0.006 

-0.003 

-0  .001 

-0  .004 
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TABLE  H8    (Continued) 


R/S IGMA 

G( 420  ) 

G(  421J 

G{422 ) 

G( 440  ) 

G(44  1  ) 

G(  442J 

2.  225 

-C  .010 

-0.003 

0.004 

-0.001 

0.000 

-0  .009 

2.  250 

0  .000 

-0.000 

0  .004 

-0  .006 

-0.001 

-0  .003 

2.275 

-0.003 

-0 . 00 J 

0.  004 

0  .003 

-0.002 

-0.C03 

2.  300 

-0  .004 

-C  .004 

C.002 

0  .002 

-0.0  03 

-0 .003 

2.  325 

-0  .000 

-0 .004 

0.00^ 

-0.006 

-0  .000 

-0  .014 

d.  .  J  b  0 

-0  .006 

-0.002 

0  .002 

-0.003 

0.001 

-0  .002 

2.  5  75 

-0  .002 

0.001 

0.004 

0  .006 

-0.000 

0.002 

2.400 

-0.000 

0  .002 

0.004 

-0.000 

0  .002 

0  .003 

<±.  425 

-0  .002 

-0 . 000 

-C.00C 

0  .006 

-0.000 

0  .006 

d.  450 

-0.002 

0  .001 

0.001 

-0.002 

-0.003 

0.001 

^.  475 

-0  .002 

-0. 002 

0  .006 

-0  .002 

0.  002 

0.001 

2*  500 

0  .00  1 

0  .001 

0.002 

-0.006 

-0.006 

-0  .004 

2.  525 

-0.00*: 

0.  0  02 

0.003 

0  .006 

0.000 

-0  .001 

*:»  550 

-0  .004 

-0.000 

0.001 

0.011 

0  .006 

0.007 

2.  575 

0  .003 

-0.000 

-0  .00 1 

0.01  0 

0.003 

0.005 

2.  600 

0  .002 

0.  005 

-0.002 

0.008 

0  .002 

0  .000 

2.  625 

0  .001 

0  .00<l 

-0.002 

-0  .CO  1 

0.001 

0  .C02 

<i.  65C 

O.OOd 

0.000 

0.002 

-0  .002 

-0.002 

0  .003 

2.  675 

0  .007 

0  .002 

0  .  OOj 

-0.005 

0.006 

0.002 

2.  700 

0  .002 

-0.002 

0  .003 

0  .004 

0.  005 

-C  .000 

2.  725 

-0  .002 

0  .002 

0.  003 

-0  .009 

0  .001 

0.001 

2*  750 

0.003 

C  .  003 

0  .002 

-0  .004 

-0.005 

0  .006 

2»  775 

C  .004 

-0.001 

0  .004 

-0.00  3 

0.004 

0.000 

2.  6C  0 

0.001 

-0 . 000 

0.0 

-0.000 

0.001 

-0  .003 

2.  325 

0  .003 

coco 

-0  .004 

0.004 

0.002 

-0.003 

<l.  850 

-0.001 

-0.002 

0.001 

0.004 

0.001 

-0  .002 

2.675 

0  .004 

-0.001 

0.002 

0.001 

-0.008 

0  .002 

2.  900 

0  .003 

-0.003 

-0.000 

-0  .003 

-C.C06 

0.0  02 

£»925 

-0  .002 

-0.002 

-0.004 

0  .003 

0.001 

-0 .000 

2.950 

0.005 

0.003 

-C.0C1 

0  .007 

-0  .004 

-0.004 

2.  975 

0  .004 

0.004 

-O.OOo 

0  .004 

-0.004 

0  .004 

3.  000 

0  .000 

0.005 

-0.010 

0  .002 

-0. 007 

0  .007 
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TABLE   H9 

Values   of 

-£443^12^ 
of 

^640^12^ 

Table  H7 

for    the 

Fluid 

^/S I  3 MA 

G( 443) 

G(  40-4) 

G( eco ) 

■3(620) 

5 ( a* 0  ) 

0.800 

0  .0 

0  .0 

0  .c 

0.  0 

0.0 

0.325 

0  .0 

0  .0 

c .  0 

0  .0 

0  .0 

0.  350 

0  .0 

c.  0 

0.0 

-COCO 

-0.000 

0.375 

0.000 

0  .000 

0  .CO  1 

-  0  .  C  0  3 

C  .000 

0.  900 

-0.001 

0.001 

-0. 001 

-0.012 

-0.007 

0  .925 

0.001 

-0  .CC2 

-0.003 

-  0 .  0  4  3 

-0. 022 

0.350 

0.000 

-  3  .  C  C  2 

-c  .01  c 

-0.115 

-0.055 

0.97  5 

0.0  16 

G  .  0  V  6 

-0.012 

-0 . 1 75 

-0.0  9 5 

1.0DC 

0  .053 

-1       *~  c    : 

-C  .027 

-0.177 

-0.111 

1.025 

0.  054 

-0 . 01 4 

-0.023 

-0.151 

-0.03d 

1.050 

0  .  0  r>  6 

-  0 . 017 

-0 .022 

-0.122 

-0.034 

1.075 

0  .  C  6  2 

0  .001 

-0.035 

-  0 . 05  0 

-0.0  31 

1.100 

0.  053 

-0.013 

-0.020 

-0  .C24 

-0.047 

1.125 

0  .030 

-  0  .  C  0  5 

-0.029 

-0 . C27 

-0.02b 

1.15  0 

0  .007 

3  .005 

-0.04  1 

-0.005 

-0.011 

1.175 

0.012 

c .  0  1  0 

-0. 035 

-0.005 

-0  .01  1 

1  .200 

0  .023 

0.005 

-0.0  16 

0.011 

-  0  .  C  0  6 

1.225 

0.011 

COCO 

-0.011 

-0  .0  1  0 

-  C  .  0  0  5 

1  .  250 

0  .003 

0.012 

-0.007 

-0.C06 

O.CCc 

1.275 

0  .  0  C  6 

-2  .005 

-0.005 

-0.000 

-0.002 

1  .  3  0  C 

0.000 

0  .  C04 

-O.C03 

-0. 0  05 

-0.001 

1.325 

0  .0C7 

0.00  1 

-0.004 

-0.000 

-  0 .  c  0  e 

1.350 

-  0  .003 

0  .  C  0  3 

0  .  C  0  5 

-0 .002 

1  .375 

0.010 

0  .  0  C  5 

0.  004 

0  .  C  0  0 

0.014 

1.400 

-C  .00  6 

0  .  C  1  5 

0  .  C  0  3 

0.005 

0  .005 

1.  425 

0.000 

0.002 

0.003 

0.010 

0  .007 

1  .  4-50 

0.001 

-0. 006 

C.0C3 

0  .  C  1  0 

0.  0  05 

1.475 

-0  .002 

~     .1        •      V       J       J 

0.007 

0.014 

-0.009 

1.500 

-0 .006 

-0.005 

-0  .003 

0  .  c  0 1 

-0  .004 

1.  525 

-0  .00  1 

-0.002 

-0.016 

0  .  C  0  0 

0.001 

1  .  550 

-0.000 

-;  .002 

-0.00  7 

0.004 

-0.002 

1  .575 

-0  .001 

-  0  .  0  C  6 

0.001 

0.  004 

-0.001 

1.600 

0  .002 

-0  .005 

0  .002 

-0. C02 

-0  .004 

1  •  62  d 

0.  007 

-0. 00d 

-0.C06 

-0  .002 

0  .007 

1  .  b50 

-0  .002 

-0 .002 

-0.002 

0.00  3 

0.003 

1  .  575 

-0 .00  3 

-3 .00  1 

C  .004 

0  .004 

-0.010 

1.700 

0  .00  1 

-0.004 

-0.001 

0  .003 

-0.009 

1  .  725 

0  .  000 

-0.CC2 

0.000 

0.  006 

0  .  0  0  C 

1  .  75C 

-  0  .  C  0  0 

;  .00 1 

0.007 

0  .003 

0.005 

1.775 

-0  .002 

0 .  0  0  7 

-0.  002 

0.C02 

-0.000 

1  .  300 

0  .  0'  0  1 

0.007 

0  .009 

0.002 

-0.001 

1.  325 

0.  002 

-0. 0  02 

0  .  0  C  5 

0.002 

0  .  0  0  6 

1  .950 

0.007 

0  .003 

0.C0  5 

-0.005 

C.  002 

1  .  3  7  5 

0  .00  1 

0  .003 

0  . 0  0  e 

-  0  .  0  0  6 

-0  .00  1 

I  .  9C  0 

0.  005 

-0.005 

0  .  0  0  6 

-0.  007 

0.007 

1  .  V  2  5 

0  .004 

-0.004 

-0.  004 

-  0  .  0  0  t 

0  .OOj 

1.950 

-0.001 

-:  .ocs 

0  .005 

-0.014 

0.002 

1.975 

0.003 

-0.001 

0  .  C  0  0 

-0.007 

0  .  301 

2.000 

0.001 

-C  .006 

-0  .00  1 

-0  .002 

-  0  .  0  0  t 

2.  02  5 

-0.  007 

-0 . 00  J 

0  .  0  C  5 

0  .005 

-0.001 

2  •  0  5  0 

0  .002 

-0.0  11 

-0.003 

0  .  0  0  b 

-  0  .  0  0  r. 

2.075 

0  .003 

-0.017 

0.006 

0.006 

-0  .006 

2.100 

0  .002 

-0.001 

0.005 

0  .  C  C  9 

-0.003 

2.  125 

0  .  00<+ 

0.000 

0.003 

C  .  CC3 

-0.003 

2.150 

0  .005 

0  .  0  C  3 

-0.001 

-0  .CO  J 

-0.005 

2.175 

0  .  0  0  I 

-  0  .  0  C  2 

0.001 

-0.001 

0.004 

2.  20C 

0.001 

-0  .006 

0 .  c  0  0 

-  0  .  C  0  2 

-0.OO1 
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TABLE  H9    (Continued) 


=/5 I GMA 

G( 445) 

G(4ii) 

'J  (600  ) 

G  (  6  2  0  ) 

G(  64  0  ) 

<;.  225 

0  .0 

-c .ooe 

-0.003 

-0.00  1 

-0.002 

2.  250 

0.001 

0  .002 

-0.0C1 

-0.003 

-0.00^ 

2.  275 

-0.005 

0  .  0  0  2 

0.002 

0  .  005 

-0.005 

2.300 

-0  .00  4 

-  0  .  C  0  1 

-0  .002 

-0  .003 

-0.003 

2.  325 

-0.001 

0  .  G  0  0 

-0.004 

:  .coo 

0.003 

2.350 

c  .  o  o  0 

0  .005 

-  0  .  C  0  9 

0.002 

0.001 

2.375 

0  .  C  0  0 

-3  .0C2 

-0  .007 

-  0  .  C  0  0 

0.005 

2.^00 

0  .002 

-0.004 

-0.010 

-0.001 

-0.000 

2  •  4  2  5 

-  0  .002 

-0.OC5 

-0.000 

0.  0  02 

-  0  .  0  C  1 

2.  450 

0  .003 

-:  .002 

0  .004 

0  .006 

0  .004 

2.475 

0  .003 

-3.003 

-0.  002 

0  .  C  0  0 

0.002 

2.500 

0  .007 

-0 .00? 

0  .002 

0  .003 

-Z .004 

2.  525 

0.  002 

-0.007 

0.007 

0  .004 

-0.005 

2.  550 

-0 .000 

-C . 002 

0.00^ 

0.001 

-  0  .  0  C  c 

2.  575 

0.000 

-0.000 

-0  .00  1 

0.000 

-0.000 

2.  600 

0  .  0C3 

0.003 

0.002 

0.0  Oo 

-0.007 

2.  525 

0  .004 

0.000 

-0.0C2 

0.005 

-0 .000 

2.  650 

0.007 

-  0  .  C  0  2 

-0  .002 

0  .002 

0.004 

2.  675 

0.004 

-  C  .  0  C  1 

0.003 

0  .  C  0  1 

-0.002 

2.700 

-0  .00  4 

-0  .002 

-0  .002 

-  0  .  C  0  1 

O.OOC 

2.  72  5 

0  .001 

0.  002 

C  .004 

-0  .002 

0.004 

2.750 

-0  .00  1 

C  .000 

0.004 

0.001 

0.001 

2.775 

-0.001 

-0.005 

0.002 

0  .003 

0.002 

2.600 

-C  .000 

-0.001 

0.006 

-0.006 

0  .004 

2.  325 

0.002 

0.001 

0  .0 

-0.003 

0.0  06 

2.950 

0  .0 

0  .coo 

0.00  1 

-0.00  1 

0.000 

2.  875 

0.002 

-0.006 

0.  002 

0.  00C 

0.  000 

2.900 

0  .005 

-0 .003 

-0  .001 

-0.002 

0.003 

2.  925 

0.  001 

0.00- 

-0  .003 

0  .004 

0  .004 

2.950 

0.0  02 

0.005 

-0. 001 

0.001 

2.975 

0  .009 

-i  r\  p   ^ 

0.004 

-0 .C02 

0  .000 

3.000 

0.012 

-0. 007 

-0.003 

-0.006 

-0.012 
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TABLE  H10 


Values   of   g000(r12)    ~   g400(r12)    for  Lennard-Jones 
plus  Anisotropic  Overlap  Fluid  with  kT/e   =   1.291 
pa3  =  0.85,    and   6   =   0.10 


=5 /SI GMA       G( 00  0) 


G(  200  ) 


G  (  £  2  0  ) 


(221 J 

G  (  2  2  «C  ) 

G(400 ) 

0.0 

0  .  0 

0  .0 

:  .c 

j  •  0 

0  .0 

0  .  0 

0  •  C 

0 .  c 

0  .  0  C  0 

0  .00  1 

0  .001 

0  .  C  G  0 

-0.002 

C  .005 

0  .  C  0  3 

c  .  c  0  e 

0.022 

0  .  C  2  1 

-  0  .  0  C  1 

0  .0  36 

c .  COS 

0.013 

0.017 

0.00  6 

-  0  .  C  1  2 

0  .007 

C  . •  C  2  J 

-0.027 

0.002 

0  .  C  0  1 

0.003 

-  C  .  C  4  4 

C  .006 

C  .004 

0.00 5 

0  .00  5 

0  .007 

-0  .0  10 

0.010 

0.017 

-0 .017 

j  .0  25 

-0.016 

C  .  0  1  1 

0.013 

-0.019 

C  •  C  0  D 

0  .CO  J 

-0.0  07 

-0.0  02 

0  .CI* 

-0.000 

0  .c  10 

0  .  0  0  V 

-0.015 

0  .  c  1  1 

u .  c  i : 

0.002 

0  .  c  0  0 

C  .01  5 

-  0  .  0  C  1 

J  .  0  0  1 

■~-         r      j  --\ 

0  .  005 

c .  c  0  0 

0  .  C  0  7 

-c  . :  1  : 

-  C  .  C  0  2 

0  .  C  0  6 

-  0  .  0 1  i 

-con 

0  .  0  1  c 

- C  .002 

:  .  c  3  9 

C.CDJ 

c  .c  :i 

w  .004 

-  C  .  C  0  £ 

0  .  C  0  3 

0.004 

C  .CO  J 

0    •  \j  '-»  3 

0.  C  D3 

-  0 .  c  0  2 

0.002 

:  .cog 

-0  .000 

-  0  .  0  C  a 

:.  coc 

—0.002 

0  .001 

C  iCOj 

- j .000 

0  .  0  C  = 

0  .002 

0.001 

-r  .0  DS 

0  .  005 

-c 0  0* 

-0 .00  2 

C.CCJ 

-0.001 

-0.005 

0.001 

-0 .00* 

-  u  .  0  0 1 

o  .  c  o  2 

0  .0  06 

-0.0  05 

0.004 

*>       ^  '">  ^ 

-  0  .  C  3  J 

0  .  C  0  1 

0.005 

-0  .  C  0  a 

C.CCJ 

0  .006 

0  .  0  0  7 

C  .  C  0  2 

0.001 

-0  .0  02 

0  .  U  0  1 

-0.001 

-0 .001 

0  .  0  C  7 

0.00^ 

-0 .0  05 

0.006 

-  0  .  0  0  £ 

0  .  c  0  1 

o .  o  c  a 

0  .  0  0  5 

0*002 

0  .00  J 

0  .  0  1  = 

0  .0  77 

0.  0  0* 

0.011 

v    •  \*  -j  O 

0  .  C  C  2 

-C.005 

0.011 

0  .  C  D  5 

-0.00: 

0  .010 

0  .  0  0  V 

-  0  .  0  0 :5 

0  .  0  1  0 

C  .005 

-0.007 

- C  .000 

0.0:4 

-0.00c 

C  .  C  0  d 

-0.002 

-  C  •  C  0  4 

C  .00  = 

0.005 

0  .  0  0  J 

0  .  0  0  d 

0  .  0  0  c 

0  .  C  0  6 

C  .  0  0  7 

-0.0 0 i 

0  .00 J 

0.300 
0.  525 
0  .350 
0  .  375 
0.900 
C.  325 
0.  95  0 
0.975 
.000 
.  0^:5 
.0  50 
.07  5 
.10  0 
.125 
.150 
.  1  75 
.  20  0 
.  225 
.  2  =  0 
.  275 
.  JOO 

•  5^5 
.  3  =  0 
.  375 
.  4  JO 
.  42  = 
.450 
.  *7  5 
.  5  0  C 

•  o<i  5 
.530 
.  575 
.50  0 

•  6d  5 
.  650 
.  575 
.700 
.  725 
.7  50 
.77  5 
.  500 
.  o2  5 
.35  0 
.37  5 
.90  0 
.  325 
.95  0 
.97  5 

i.OCC 

<i  .  0  3  0 
2  i  0  7  5 

C,  •    1  0    u 

2  .  12  5 

2  .  15  0 
2.  17  = 

2  .  20  0 


0  .0 

U 

.0 

0.  0 

0 « 

.  0 

0.000 

-0, 

,  000 

0.004 

—  0 

.003 

0  .04  1 

-0 

.023 

0  .225 

-0 

.  099 

0  .6-14 

—  \J  1 

.212 

1  .273 

-0 

,310 

1  .9*3 

-0 

.313 

2.370 

-0 

.228 

2  •  56* 

-0 

.  1  37 

2  .5d1 

-0 

.072 

2  .43_> 

c 

.  002 

<i  .  2  0  t> 

0, 

.  0  53 

1.371 

0 

,C72 

1  .74  = 

0  , 

.  0  77 

1  .5*3 

0 

iCao 

1  •  5c  2 

/> 

.  065 

1  *Z>\6 

c  < 

.  Oo5 

1.113 

C 

.063 

1  .007 

r*. 

.  063 

0  .9^3 

0 

.053 

0.3=3 

0 

.043 

0.313 

0. 

.  057 

0  .753 

0 

.  0  3^- 

0.703 

0 

.  025 

0  .676 

v> 

.0  23 

0  .661 

n 

,017 

0  .671 

c  < 

.015 

0  .661 

V-    , 

0  23 

j  •  6  6  7 

0  ■ 

.013 

0  .  6  7  j 

-1 

0  09 

0  .  556 

0  1 

.006 

0.6*7 

-0  , 

005 

0  .7^3 

-c . 

00  3 

0  .754 

-0 

.0  12 

0  .767 

—  0  ■ 

0  1  1 

0  .32^ 

-J 

,021 

0  .3  54 

_  "> 

,0  16 

0  .303 

-0  , 

021 

0.945 

-0 

,0  13 

C.97: 

-0  . 

027 

1  .027 

-0 

,021 

1  .  0--9 

-0  « 

,026 

1.10* 

—  ,v . 

03^ 

1  .  1  Jo 

-  J  « 

0  26 

1.1  =  1 

-0  < 

021 

1.13  0 

-  0  1 

025 

1.1*5 

-0  < 

0  1  * 

1.207 

-0. 

0  1  5 

1.^14 

—  f 

007 

1.21* 

-0 . 

0C4 

1  .  2  0  4 

C  . 

004 

1  .  1  32 

u  I 

007 

1.1=5 

0  • 

007 

1.113 

"'  , 

017 

1  .093 

:  < 

,0  15 

0 

.0 

0 

.0 

0 

.000 

0 

.00  2 

0 

.013 

0 

.  0*5 

0 

,0^0 

0 

.10  5 

c 

.060 

0 

.  003 

0 

.010 

C 

.024 

0 

.  005 

0 

.011 

0 

.02  0 

0 

.  01  1 

c 

.005 

0 

■  0  €~  D 

0 

.011 

0 

.00  4 

0 

.00  1 

0 

.016 

0 

.014 

0 

.  00  3 

0 

.014 

u 

0 

.006 

r 

0 

•  0  -  0 

0 

.  005 

0 

.002 

Q 

.014 

G 

.017 

0 

.01  1 

0 

.006 

0 

.017 

Q 

.0  11 

rt 

.012 

0 

.000 

0 

.001 

0 

.  00  5 

0 

.003 

.0  1  = 

0 

.01  5 

0 

.011 

0 

.00  4 

0 

.006 

c 

.  0  0  = 

0 

.  00  1 

0 

.005 

1-1 

.003 

c 

.00  1 

0 
•J 

.  0  j  J 

0 

.00  6 

c 

.010 

0 

.00  7 

0 

.006 

0 

.  CC* 
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TABLE  H10    (Continued) 


3/SIGMA 

3 ( 000) 

G( 200) 

G( 220) 

G(221  ) 

G(222 ) 

G(4C0  ) 

2.22  5 

1  .  06  8 

0.012 

-0  .009 

0.011 

0  .003 

-0. C02 

2  .250 

I  .  028 

0.012 

-0.010 

0.004 

0.001 

-0. 004 

2  .275 

1  .007 

0.016 

-0.017 

0  .005 

-0.004 

-C. C07 

2.  300 

0.  980 

0.014 

-0  .017 

0  .001 

0.002 

-0  .004 

2.325 

0.96  1 

0.017 

-0.010 

0.012 

-C.  000 

-0. C05 

2  .350 

0.95  4 

0.016 

-0  .003 

0.0C5 

0  .002 

0.  CC6 

2.3  75 

0.  931 

0.  019 

-0  .002 

0.0  04 

-0.006 

0.C02 

2  .400 

0.899 

C  .0C8 

0.002 

0.  003 

-0.000 

-0. C06 

2.  425 

0.883 

0.0  11 

-0  .006 

0  .002 

0  .004 

-0 .003 

2  .450 

0.  887 

0.  006 

-0.001 

0.  001 

-O.OOC 

0.003 

2  .475 

0.  881 

0  .006 

-0.003 

0.002 

-0.000 

C.  COO 

2.  500 

0.  890 

0.  0  08 

0  .006 

-0.007 

0.000 

0  .C02 

2.525 

0.90  2 

0.006 

0.008 

-0.002 

-0. 0C4 

-0. C03 

2  .550 

0.  899 

0  .006 

0  .003 

-0.001 

-0.005 

0.  COO 

2.575 

0.  909 

0.001 

0.  006 

0.005 

-0.003 

0.  003 

2  .600 

0.918 

0  .005 

0  .001 

-0  .001 

0.001 

0.  C02 

2.  625 

C.  930 

-0. 002 

-0  .001 

0  .001 

-0.007 

-0  .003 

2  .650 

0.  938 

-0  .003 

-0.004 

-0. 001 

-0.  002 

-0. C04 

2  .  675 

0.95  3 

-0.0  12 

0  .003 

-0.002 

0.002 

-0. C03 

2.  700 

0.  969 

-0.013 

0.001 

-0.006 

0.003 

-0 .C05 

2  .72  5 

0  .985 

-0.012 

-0.00  1 

-0.002 

0.  001 

-0. C02 

2  .750 

0.  9° 4 

-0.012 

0  .008 

0.001 

C  .003 

-0. 001 

2.775 

0.  99  8 

-0.016 

0.007 

-0.004 

-0.002 

0.  001 

2  .POO 

1.0  18 

-0.0  11 

0  .006 

-0  .002 

-0.  003 

-C. COO 

2.  82  5 

1  .  C31 

-0. 004 

0  .01  2 

0  .00  I 

0  .003 

-0  .003 

2  .850 

1  .040 

-0.011 

0  .007 

-0. 003 

0.  006 

0.  C01 

2  .375 

1  .  050 

-0  .006 

0  .006 

-0.003 

0  .002 

0.  C01 

2.  900 

1  .  054 

-0.004 

-0.002 

-0.007 

-0.000 

0  .003 

2  .925 

1  .  059 

-0  .004 

-0.004 

-0.005 

C.  002 

-0. C09 

2.950 

1.  062 

0.  0  00 

-0  .005 

-0.008 

0  .005 

-o.coo 

2  .975 

1  .  065 

0.004 

-0  .008 

-0.003 

0.005 

0.  C02 

3  .000 

1  .  05  3 

0  .002 

-0.011 

0.000 

0.003 

0.  CC6 
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TABLE  Hll 

Values  of  g420(r12)  "  g442(r12)  £°r  the  Fluid 
of  Table  H10 


^/SIGMA   G(420) 


G(  421) 


G( 422) 


G(44C) 


G( 44  1) 


G(442) 


o.soo 

0.  0 

0.  0 

0  .0 

0  .0 

0  .0 

0  .0 

0  .825 

0.  0 

0  .0 

0  .0 

0.0 

0.0 

C.  C 

0  .350 

0.  0 

0  .0 

0  .000 

0.000 

0.  0 

-C. COO 

0.  8  75 

-0.  00  1 

-0. coo 

-0  .000 

0  .000 

o.oco 

0.000 

C  .900 

-0.004 

0.000 

0  .00  1 

0.002 

-0. 000 

0.  C01 

0.925 

-0. 014 

-0.004 

-0  .003 

0.003 

0  .001 

0.001 

0  .95C 

-0. 024 

-0. 005 

-0.0  06 

0.003 

0.0C6 

0.  004 

0  .975 

-0.010 

-0.00  4 

-0  .021 

0.006 

-0.000 

0.  C08 

1  .  000 

0.  00  6 

-0.  002 

-0.004 

-0.023 

0.017 

0  .C08 

I  .025 

-0  .005 

0  .0 

-0.013 

-0.014 

-0. 001 

-0. C02 

1  .050 

-0. 023 

0  .009 

-C .004 

-0  .001 

-0  .020 

-0.018 

1  .075 

-0. 007 

-0.0  19 

-0.002 

-0.021 

-0.014 

-0. C29 

1.100 

-0.014 

-0 .020 

-0 .009 

-0  .005 

-0.023 

-0. C37 

1  .  125 

0.  004 

-0.017 

-0.012 

-0  .003 

-0  .009 

-0  .015 

1  .  150 

-0.003 

-0.014 

0.001 

-0. 003 

-0. 014 

-0.010 

1  .  175 

-0. 001 

-0  .003 

0  .005 

0  .023 

-0. 001 

-0. C04 

1  .  200 

0.  005 

-0.011 

0.003 

0.013 

-0.000 

-0 .009 

1  .225 

0.017 

0  .002 

-0.011 

0.007 

-0. 009 

0.  C03 

1  .250 

0.  020 

-0.  00  1 

-0  .021 

-0.010 

-0  .021 

-0.010 

1  .275 

0.  005 

-0.002 

0.002 

-0.001 

-0.0C3 

0.  003 

1  .300 

-0. 008 

-0 .004 

0  .006 

-0.003 

-0.001 

C.  COO 

1  .  325 

-0.  003 

-0. 002 

0  .003 

-0  .0  1  I 

0  .003 

0  .006 

1  .350 

0.004 

0  .005 

0  .  002 

-0.019 

0.  002 

0.  COS 

1  .375 

0.  0C1 

0  .009 

0  .00  1 

-0.022 

0.005 

0.  C02 

1  .  400 

0.  000 

0.  009 

0  .000 

-0.0  15 

0.000 

-0 .005 

1  .425 

-0.010 

0.0  12 

-0  .000 

-0.004 

-0.  0C1 

0.  C03 

1  .450 

-0. 002 

0.014 

-0  .005 

-0.000 

0  .003 

-0 .005 

1  .475 

0.  002 

0.  008 

-0.004 

-0.001 

0.009 

-0. 005 

1  .50  0 

0.007 

0  .005 

0  .005 

0  .001 

-0.005 

-0. C06 

1  .525 

0.  002 

"     0.004 

0  .000 

-0  .003 

-0  .002 

0  .003 

1  .550 

0.008 

0.002 

-0.001 

-0.012 

-0. 000 

0.  007 

1  .575 

-0. 003 

-0  .003 

0  .000 

-0.008 

-0.001 

0.  C08 

1.600 

-0.006 

-0. 005 

-0.000 

-0.012 

-0  .002 

0  .  001 

1  .625 

-0  .003 

-0 .001 

0  .000 

-0.003 

-0.001 

-0. C02 

1  .  650 

-0. 01 3 

-0. 004 

-0  .003 

-0.012 

-0.000 

0  .  00  1 

1  .675 

-0.00  1 

-0. 005 

0  .004 

0.006 

-0. 002 

0.  C04 

1  .700 

-0. 00  1 

0  .002 

-0  .002 

0.002 

-0. 004 

0.  C04 

1  .  725 

0.  006 

-0.  007 

-0.004 

0.014 

-0  .002 

0  .016 

1  .75C 

0  .007 

-0 .003 

-0  .007 

-0.004 

0  .  C  1  2 

0.  C07 

1  .775 

0.003 

-0.000 

0  .0 

-0.006 

0  .008 

0  .004 

1  .800 

-0. 006 

0.  002 

0  .  000 

0.004 

-0.001 

0.  002 

1  .825 

-0. 01  I 

0  .001 

0  .002 

0  .002 

0.008 

0.  C02 

1  .  850 

-0. 0C6 

0.  006 

0  .003 

0  .006 

0  .002 

0  .008 

1  .875 

-0.003 

-0.002 

-0.006 

0.  005 

0.  0C4 

0.  C07 

I  .900 

-0.004 

-0  .005 

0  .00  1 

0  .025 

0  .  009 

0.  C06 

1  .925 

0.  001 

-0. 007 

-0.000 

0.0  14 

0  .005 

-0  .005 

1   .950 

0  .00  1 

-0  .006 

-0.000 

-0.007 

0.  CC5 

-0. 001 

1  .975 

-0. 002 

0.006 

0.001 

-0.003 

0  .003 

0  .  003 

2  .000 

-0.012 

0.001 

0  .  004 

0.003 

-0.002 

0.  CIO 

2  .025 

-0. 009 

-0 .002 

-0  .002 

-0.003 

-0.014 

0.  C14 

2.  050 

-0.  0C2 

0.  001 

0  .003 

-0.020 

-0  .007 

0  .005 

2.075 

-0. 0°4 

-0.000 

0  .001 

-0.000 

-0. 004 

-0. C04 

2.  100 

-0. 002 

-0.007 

-0  .000 

0.005 

0  .007 

0  .CO  3 

2.  125 

0.  00  3 

-0.  003 

-0.000 

-0.002 

-0.001 

0  .CIO 

2.150 

0.003 

0  .004 

-0  .002 

-0  .007 

0.002 

-0. C05 

2.175 

-0.  002 

0.  001 

-0  .000 

-0  .003 

0  .004 

0  .C03 

2  .20  0 

0.  00  1 

0.00  1 

0  .002 

-0.006 

0.004 

0.  C03 
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TABLE  Hll    (Continued) 


3/SIGMA 

G(420  > 

G(  421  ) 

G( 422) 

G( 440) 

G( 441  ) 

G(442) 

2.  225 

-0.  C06 

-0.000 

0  .002 

0.001 

0.01  1 

O.COO 

2.250 

-0. 004 

0  .003 

-0  .001 

-0.001 

0.010 

0.  004 

2.275 

-0. 004 

-0 .001 

-C  .003 

-0  .003 

0  .004 

0.  C06 

2  .300 

-0. 002 

-0.001 

-0. 001 

-0. 007 

0.001 

0.  005 

2  .325 

0.  00  1 

-0  .002 

0  .002 

-0.005 

0.003 

0.  CC4 

2.  350 

0.  003 

-0. 001 

0.004 

0.002 

0  .004 

0  .001 

2.375 

-0. 00  5 

-0.002 

-0  .001 

0.011 

-0. 003 

-0. C06 

2  .400 

0.  002 

-0 .007 

0  .002 

-0.00 1 

-o.ooe 

-0. C02 

2  .425 

C.  001 

-0.001 

0.  005 

0.002 

-0.006 

-0  .00  1 

2  .450 

0  .  00  1 

0  .004 

0  .007 

-0.008 

-0. 006 

0.  C07 

2.475 

-0. 001 

0.  006 

0  .005 

-0  .001 

-0  .007 

-0.  003 

2  .500 

-0. 000 

-0.000 

-0  .000 

0.  004 

-0.000 

-0.  COO 

2  .525 

-0. 00 1 

-0  .006 

-0  .002 

0.002 

0.  009 

0.  C03 

2.  550 

-0.  002 

-0. 003 

-0.001 

-0.003 

0.006 

0  .004 

2  .575 

-0.01 1 

0  .003 

0  .000 

-0.001 

C.  001 

0.  C01 

2  .  600 

0.  003 

0  .  OCo 

-0  .004 

0.OC2 

-0 .004 

-0 .005 

2  .625 

-0. 002 

0.003 

-0  .002 

0.005 

-0. 004 

-C. 001 

2  .650 

0.  000 

0  .000 

0.001 

-0.004 

-0.008 

0.  C01 

2.  675 

0.  001 

0.  000 

-0.00  1 

-0.00? 

-0.005 

0  .CO  3 

2  .700 

0.00  4 

0  .001 

0.00  1 

0.001 

-0. 0C4 

0.  C05 

2  .725 

0.  007 

0.001 

-0.002 

-0.004 

0.001 

0  .006 

2.750 

0.  002 

CO 

-0.000 

-0.005 

0.004 

0.C03 

2  .  775 

-0  .003 

-0.002 

0  .002 

-0.006 

-0.002 

0.  C04 

2 .  aco 

-0. 00  2 

-0.  OCO 

-0  .000 

-0  .007 

-0  .001 

0  .  C04 

2  .825 

0.  002 

0.001 

0.001 

-C. 003 

-0. 003 

0.  C07 

2  .850 

0.  002 

0  .001 

-0  .003 

0.004 

-O.COO 

0.  C04 

2.  875 

0.  009 

0  .002 

-0.003 

0  .003 

-0.003 

0  .C02 

2.900 

0.004 

0  .003 

0  .002 

0.009 

-0.005 

0.  C05 

2.925 

0.  004 

-0  .001 

-0.0  0  2 

0.005 

-0  .008 

0  .C05 

2  .950 

0.  00  1 

-0.002 

-0. 005 

0.005 

-0.001 

-0. C02 

2  .975 

0.  000 

-0  .004 

-0 .009 

-0  .006 

0.001 

-0. C02 

3.  000 

0.  00  3 

-0. 002 

-0 .003 

-0  .007 

-0  .002 

-0 .C04 
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TABLE  HI 2 

Values  of   g^Cr^)    -  g660(r13>    for   the  Fluid 
of   Table  H10 


R/SIGMA        G(443)  G(444)  GC600)  G(620)  G<640)  G(6e0) 


0  .300 

0  .0 

0.  0 

0  .0 

0.0 

0.  0 

0.  C 

0.825 

0.  0 

0  .0 

0  .0 

0.0 

0  .0 

0.  c 

0.850 

0.  000 

0.  000 

0.  000 

0.0 

-0.000 

0  .000 

0  .875 

0.0 

-0.000 

-0.000 

0  .000 

-0.000 

0.  C01 

0.900 

-0. 003 

0  .002 

-0  .001 

0  .000 

0  .0 

0  .COO 

0  .925 

0.  002 

0.003 

-0.007 

0.003 

0.0  04 

-0. 006 

0.950 

0.00  3 

0  .002 

-0  .009 

-0.0  15 

0.011 

0.  C04 

0.  975 

-  0 .  0  0  4 

-0.001 

-C .01 2 

0  .001 

-C  .005 

-0 .CI  3 

1  .000 

-0. 026 

0.024 

-0 .036 

0.  007 

0.012 

-0.  CI  4 

1  .025 

0.  01  3 

-0  .0  I  1 

-0 .004 

-0.00  1 

0.001 

-0. C41 

1  .050 

-0.010 

-0. 010 

-0.002 

-0.001 

0  .003 

-0  .C35 

1  .075 

-0  .005 

-0.001 

-0  .006 

-0.004 

-0. 008 

0.  CIO 

1.10  0 

-0.006 

-0. 008 

-0  .001 

-0  .004 

0  .004 

-0 . C07 

1  .  125 

-0.010 

0.011 

-0.021 

-0. 015 

0.011 

0.  CI  2 

1  .  150 

-0.009 

-0  .001 

-0  .032 

-0  .008 

0.006 

C.  C3C 

1  .  175 

0.  01  3 

-0.002 

-0. 002 

-0.01 2 

0.002 

-0.C1  1 

1  .200 

0.009 

0.001 

-0.015 

-0  .006 

C.  000 

-0. C18 

1  .  225 

-0.014 

-0. 004 

-0  .004 

-0  .004 

-0.011 

-0. C20 

1  .250 

-0.  003 

-0.005 

0  .005 

-0.003 

0.  005 

-0. C07 

1  .275 

-0. 002 

0.001 

-0  .005 

-0  .002 

0.0C8 

-0. C03 

1  .  300 

0.  01  5 

0.  006 

-0.002 

-0.002 

-0.010 

-0.007 

1  .325 

0.  00  7 

0  .001 

-0.019 

-0.0C9 

-C.004 

0.  C03 

1  .350 

0.  00  3 

C  .003 

-0  .010 

0.003 

0.010 

0  .  008 

1  .375 

-0.011 

0.  007 

-0.012 

0.004 

0.003 

-0  .C04 

I  .400 

-0.005 

0  .005 

-0.011 

-0  .002 

-0. 004 

-0. C04 

1  .  425 

-0.  004 

0.  008 

-0  .006 

-0  .002 

-0  .0C7 

0  .  CO  3 

1  .450 

0.  006 

0.  002 

-0.003 

0.  003 

-0.005 

-0. C03 

1  .475 

-0. 005 

-0  .003 

-0  .002 

-0  .007 

-0.003 

0.  CC2 

1  .500 

0.  002 

0.  001 

-0.002 

0.004 

0  .001 

-0 .C04 

1  .525 

0.  00  2 

"    0  .001 

0  .00  3 

-0.006 

0.001 

C.  C02 

1  .550 

0.006 

C.  000 

0  .003 

-0.003 

-0.003 

-0. C07 

1  .575 

0.  00  7 

-0. 000 

-0. 004 

-0.001 

0.001 

0  .C07 

1  .600 

0  .007 

-0 .006 

0  .000 

0.009 

0.  004 

-0. C04 

1  .  625 

0.  C09 

0.003 

0.001 

-0.002 

0  .003 

-0. 007 

I  .650 

0.  00^< 

0.004 

-0.004 

-C. 000 

0.003 

0.  C04 

1  .675 

0.  00  3 

0.011 

-0  .003 

-0  .002 

0  .006 

-C.  COO 

1  .700 

-0.  00  1 

0.  000 

0.  002 

-0.004 

-0. 000 

-0  .004 

1  .725 

-0 . 004 

0  .0 

0  .002 

0.004 

-0. 004 

-0. C05 

1  .  750 

-C.  003 

-0. 006 

0.018 

0  .003 

-0 .005 

-0.  C08 

1  .775 

-0.005 

-0.002 

0.011 

C.  000 

-0.004 

-0. 007 

I  .800 

0.  00  3 

-0  .003 

0  .006 

0  .000 

-0.004 

-0. C07 

I  .  825 

0.  01  2 

-0. 0C4 

0.008 

0  .006 

0.005 

0  .C06 

1  .850 

-0. 003 

0  .006 

-0  .002 

0.009 

0.  ceo 

-0. C01 

1  .375 

0.  00  3 

0  .005 

0  .006 

0.000 

0  .006 

C.  COO 

1  .900 

0.  006 

0.005 

0.  006 

-0.001 

0  .002 

0  .002 

1  .925 

0.002 

0  .002 

0  .007 

-0.003 

-0. C01 

-0. CIO 

1  .  950 

0.  008 

0.  004 

0  .000 

-0  .000 

-0  .007 

-0  .C02 

1  .9  75 

0.  002 

-0. 008 

0  .00  1 

-0.003 

0.  004 

0.  C06 

2.000 

-0. 005 

-0  .004 

0  .005 

-0.002 

0.006 

0.  CI  1 

2.  025 

0.  001 

0.002 

0  .005 

-0.002 

0.000 

0  .005 

2  .05  0 

-0.001 

-0. 000 

0  .000 

0.001 

0.  C03 

-0. C07 

2  .075 

-0. 005 

0.006 

-0 .00  1 

0.013 

-0.009 

-0.013 

2  .  100 

-0. 003 

0.005 

-0.001 

o.cot 

-O.OCl 

-0 .01 2 

2  .125 

-0. 002 

0  .000 

-0  .008 

-0.000 

0.006 

-0. C02 

2.150 

0.  COO 

0.  000 

-0  .009 

-0.001 

-0.004 

-0  .C02 

2.  1  75 

-0  .008 

0  .007 

-0.003 

-0.011 

0.  004 

0.  COO 

2  .200 

-0. 002 

0.000 

0  .00  1 

-0.006 

0.005 

-0  .00  2 
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TABLE  H12    (Continued) 


-?/ SIGMA 

G( 443) 

G  (  444  ) 

G(600 ) 

GC620  ) 

G( 640  ) 

G(6C0) 

2  .22  5 

-0.00? 

-0 .000 

0  .002 

-0.001 

0.010 

c.  coo 

2.  250 

-0.  004 

0.  001 

-0  .007 

-0  .004 

0  .003 

0  .  C01 

2.275 

-0.002 

-0.003 

-0  .006 

0.005 

0.004 

0.  C03 

2.  300 

-0. 003 

-0 .007 

0  .005 

0.005 

0.001 

0.  C07 

2.325 

-0.012 

-0. 004 

0  .003 

0  .003 

0  .004 

0  .C08 

2  .350 

-0.008 

-0  .0  04 

-0  .001 

0.  004 

C.  002 

0.  C07 

2.375 

-0. 01 3 

-0.00  1 

-0  .009 

-0.009 

0.002 

0  .001 

2  .400 

-0. 004 

-0. 009 

-0. 002 

-0.004 

-3.004 

0.  C0  1 

2  .425 

-0. 00 1 

0  .001 

-0  .001 

-0.001 

-0.002 

-0. C07 

2.450 

0.  001 

-0.001 

0  .005 

-0  .004 

-0 .006 

-0. C06 

2.475 

-0.003 

0.001 

0  .002 

-0.003 

0.  C03 

-0. C07 

2  .500 

0.  002 

0  .003 

0  .000 

-0.003 

-0.001 

-0. C05 

2.  525 

-0. 005 

-0.001 

0  .004 

0  .00  1 

-0.001 

-0  .006 

2  .550 

-0  .002 

0  .003 

-0.003 

-0.004 

-0. 003 

-0. C09 

2.  575 

C.  000 

-0.0  03 

0  .002 

0  .001 

0  .0C2 

0.  C07 

2  .600 

-0.008 

-0.005 

-0.001 

-0.003 

O.OOC 

0.  C02 

2  .625 

-0. 003 

-0  .006 

-0  .004 

0.003 

-0.0C8 

C.  CIO 

2.  65C 

-0.  003 

-0. 0  04 

-0  .003 

-0.001 

-0.005 

0  .005 

2.6  75 

0.00  1 

0  .002 

-0  .008 

-0.005 

-0. 005 

0.  C04 

2  .70  0 

0.  00  1 

-0.001 

0  .003 

-0.007 

0.001 

-0. COO 

2.725 

0.  000 

-0. 00  1 

0.001 

-0.005 

0.004 

0  .CO  3 

2  .750 

-0.000 

-0.000 

-0  .003 

-0.003 

0.005 

-C. C02 

2.775 

0.  003 

0.  002 

0  .006 

C  .000 

0  .00  1 

-0.  C05 

2  .800 

-0. 009 

0.  004 

-0  .001 

0.002 

0.004 

0.  003 

2.825 

-0. 00  4 

0  .002 

0  .002 

-0  .006 

0.00  3 

-0. COO 

2.  850 

0.  0nl 

0.  009 

-0.002 

-0  .003 

0  .005 

0  .003 

2.875 

-0. 000 

0  .006 

0.001 

-0.002 

0.CC2 

0.  C04 

2  .900 

0.  004 

0.001 

0  .003 

-0.003 

0  .001 

0  .007 

2.925 

0.003 

-0. oco 

-0.002 

-0. 003 

-0.001 

-0. COO 

2  .950 

0.002 

0  .001 

-0  .005 

-0  .003 

0  .005 

0.  C02 

2.  975 

0.  001 

-0. 0  03 

0  .004 

0.002 

0  .005 

-0.C07 

3.000 

0.006 

-0.005 

0  .002 

0.000 

-0.001 

0.  CI  1 
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TABLE  HI 3 


Values  of  80Q0(r12)  -  S400(r12)  for  Lennard-Jones 

plus  Anisotropic  Overlap  Fluid  with  kT/e  =  1.287, 

pg3  =  0.85,  and  6  =  0.3 


R/SIGMA    b<000j 


G( 200) 


(  220  ) 


G( 221) 


u( 222) 


G(4C0) 


0.80C 

C  .0 

0  .0 

0.0 

0  .0 

0  .0 

0  .0 

0.  325 

0  .  00  J 

-0  .004 

0  .004 

-0.000 

0.00  1 

0  .003 

0*  350 

0  .051 

-C.  05<; 

0  .  0=3 

0.001 

0.001 

0  .045 

0.  o75 

0  .  194 

-0.191 

0.139 

-0.001 

0.008 

0  .  145 

C»  900 

0  .452 

-0.417 

0  .385 

0  .002 

0.027 

C  .273 

0.  925 

0.795 

-0 .6o2 

0.552 

0  .006 

0  .041 

0  .359 

0.950 

1  .197 

-0. 860 

0.618 

0.012 

0.  035 

0  .364 

0.  975 

1  .547 

-0 .632 

0.496 

0  .026 

0.037 

0  .  263 

1  .  ooc 

1  .608 

-0. 761 

0.500 

0.  C40 

0.044 

0  .1  51 

1.  025 

2  .  059 

— C • 5s9 

0  ..121 

0  .  056 

0.020 

0  .092 

1  .  050 

2  .  144 

-0.351 

0.027 

0  .  075 

0.021 

0  .029 

1  .  075 

2  .1  59 

-0. 148 

-0.O06 

0.037 

0.  049 

0  .004 

1.100 

2  .064 

0.019 

-0. 01 e 

0  .072 

0.010 

-0  .003 

1.125 

1  .92  9 

0.  125 

0.006 

U  .062 

0  .009 

-0.015 

1.150 

1  .792 

0.  185 

0.019 

0.044 

0  .002 

-0  .02o 

1.175 

1  .655 

0  .228 

0.037 

0  .  042 

0.0  06 

-0.0  1 V 

1.  200 

1.513 

0.242 

0.  034 

0.060 

O.C04 

-0.023 

1.  225 

1  .363 

0.  230 

0.045 

0.052 

-0.015 

-0  .029 

1.250 

1  .252 

C  .  221 

0.056 

0  .032 

-0.005 

-0  .0  17 

1  .2  7o 

1.134 

0.211 

0.045 

0  .036 

0.007 

-0 .025 

1  .500 

1  .033 

0.203 

0  .062 

0  .035 

-0.011 

-0  .009 

1  .  325 

0.955 

0.  179 

0.059 

0  .025 

0.004 

-0  .02  9 

1  .350 

0  .897 

0  .  158 

0.04  1 

u  .024 

-0.004 

-0.023 

1  .  375 

0.814 

0.141 

0.036 

0  .026 

-0.004 

-D.033 

1  .  400 

0.778 

C.lll 

0.025 

0.015 

-0.000 

-0  .0  31 

1.  425 

0  .747 

0.106 

0.034 

0.017 

0.001 

-0 .031 

1  .  450 

0.  7^8 

0.  093 

0.015 

0  .020 

0.  0  05 

-0 .025 

1.  475 

0  .71-i 

0.  087 

0.012 

0.013 

-0. 004 

-0.031 

1*500 

0  .691 

0  .064 

C.016 

0.014 

0.012 

-0  .01 9 

1*  525 

0  .68j 

.     0.C52 

0  .030 

0.009 

-0.001 

-0  .021 

1.  550 

0  .677 

0.  0  39 

0.  027 

0  .002 

0.004 

-0  .024 

1.575 

0.697 

0  .034 

0  .  042 

0  .005 

-o.coo 

-0 .C22 

1.  600 

0.703 

0.022 

0..035 

0  .003 

-0.007 

-0.025 

1  .  62  5 

0  .733 

0.0  12 

0.019 

0  .004 

-0.001 

-0  .021 

1.650 

0  .762 

-0.012 

0.025 

0.006 

-0.0  02 

-0.0  14 

1*675 

0  .79o 

-0  .025 

0.02  5 

0  .007 

-0. 013 

-0  .004 

1  .  70C 

0  .83  7 

-C .036 

0.034 

-0.001 

-0.012 

-0  .000 

1.725 

0  .853 

-C .046 

0.  025 

-0  .002 

-0  .007 

0  .003 

1.  750 

0  .900 

-0.052 

0.018 

C  .  COb 

-0. 006 

-0  .000 

1.  775 

0  .94  9 

-C . 064 

0  ..013 

0  .005 

-0.011 

-0.001 

l.dOO 

0  .966 

-0  .074 

0.017 

-0.  005 

0  .002 

0  .001 

1*325 

1  .035 

-0.082 

0.020 

0  .002 

0.004 

0  .006 

1.  850 

1  .073 

-0 . 06 J 

0.011 

0  .003 

0  .001 

0.015 

1  .  375 

1.107 

-0.081 

0.012 

0  .007 

0.003 

0.020 

1*  90C 

1.127 

-0 .078 

0.016 

-0  .001 

-0  .002 

0  .017 

1  .  92  b 

1.141 

-0.075 

0.008 

-0. C09 

0.010 

0  .020 

1.  9o0 

1  .156 

-0. 061 

-0  .000 

-0  .001 

0  .005 

0  .015 

1.  97  5 

1  .  lt>8 

-0. 04  9 

-0.001 

-0 .000 

0.005 

0.0  12 

.2.  0C0 

1.183 

-0. 042 

-0.O20 

-0 .005 

0.  0  04 

0.0  10 

2.025 

1.173 

-C . 033 

-0.017 

-0.C02 

0  .003 

0  .003 

d.»  050 

1.163 

-C. 021 

-0.028 

-0  .003 

0.0  09 

0  .007 

2.075 

1.142 

-0.015 

-0.026 

-0 . 003 

-0.001 

0.005 

2.100 

1.12  3 

-0 .002 

-0  .032 

0.000 

0.001 

0.015 

2.  125 

1.110 

0.019 

-0.016 

0  .000 

-0  .007 

0.010 

2.  1  50 

1  .  062 

0  .  025 

-0.031 

0  .  004 

-0.002 

0.013 

2.  175 

1  .  Odd 

0.019 

-0.022 

0.005 

-0.003 

0  .008 

2.  200 

1  .050 

0.  022 

-0.024 

0.  004 

-0.005 

0.001 
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TABLE  H13  (Continued) 


R/S<IGMA 

G(  000  ) 

G( 20  0 ) 

G( 220) 

G( 22  1  ) 

G(222) 

G( 400) 

2«  225 

1.015 

0.  032 

-0.015 

0.008 

0.001 

-0.00  7 

2.  2d0 

1.014 

0  .041 

-0.006 

0.003 

0  .006 

-0  .016 

2.275 

1  .002 

0  .042 

0.000 

O.OOo 

0  .006 

-0.009 

2-  300 

0  .973 

C.041 

-0.006 

0.004 

0.  003 

-0.011 

2*  325 

0  .954 

0  .  032 

-0.O07 

-0  .005 

-0.003 

-0.013 

2.  350 

0  .9*6 

0.  036 

-0.  01 1 

0.011 

-0.005 

-0  .0  12 

2.  375 

0  .926 

0.  026 

-0.011 

0  .009 

-0.C03 

-0.011 

2.<+00 

0.918 

C  .02b 

-0.000 

0.001 

-0.004 

-0 .004 

2.  425 

0  .909 

0.027 

0.  005 

0  .000 

-0.001 

-0  .009 

2.450 

0.915 

0.026 

0.005 

-0.001 

0.002 

-0.009 

2.  475 

0.911 

0.0  19 

0.012 

-0  .001 

0.001 

-0 .006 

2,  500 

0.915 

0.015 

0.014 

-0.00  3 

0.005 

-0.003 

<i  •  5<£  5 

0  .919 

0.012 

0.017 

0  .001 

0.001 

-0.008 

2.  550 

0  .930 

0.  007 

0.014 

0.002 

-0.001 

-0 .007 

2*57  5 

0.95  0 

0.001 

0.006 

0.006 

-0.001 

-0.006 

2*  50  0 

0  .951 

-0.001 

0  .025 

0  .00  9 

0.002 

-0 .002 

2.  625 

0  .94  6 

-0.007 

0.013 

0  .  002 

-0.000 

-0  .001 

2  »  6  5  0 

0  .971 

-0.013 

0.  009 

-0  .003 

-0  .005 

-0 .001 

2.  675 

0.950 

-0.0  12 

0.010 

-0.008 

0.003 

0  .003 

2.70  0 

0  .969 

-0.013 

0  .  004 

0.000 

-0. 005 

0  .003 

2.  725 

C  .990 

-0.018 

0.006 

0.003 

-0  .005 

0  .005 

2*  75C 

1  .006 

-0.0  15 

0  .009 

0  .007 

0.000 

0  .005 

2.  775 

1.018 

-0.017 

-0.00  1 

-0.002 

-0.002 

0  .003 

2.  300 

1  .026 

-0 .021 

0  .001 

-0  .003 

-0.003 

0.011 

2.  825 

1  .055 

-0.018 

0.00  3 

-0  .006 

-0.  005 

0.011 

dm  850 

I  .043 

-0.017 

-0.005 

0  .003 

-0.002 

0  .003 

2*  875 

1  .041 

-0.013 

-0.013 

0  .004 

-0.000 

0  .002 

2*900 

1  .055 

-0.0  15 

-0. 003 

0.001 

-0. 001 

0  .003 

2.  925 

1  .OoO 

-0.0  10 

0.006 

0  .003 

0.000 

0  .005 

2.  950 

I  .045 

-0.0  11 

0.  006 

0  .00  2 

-0.003 

0  .003 

2.  975 

1  .040 

-0. 009 

-0.011 

-0.001 

-C. 002 

0  .005 

8.  000 

1  .036 

-0 .005 

-0  .008 

0  .00  1 

-0. 000 

0  .001 
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TABLE  H14 

Values   of   g^O^ll^    "   g442^r12')    for    the  Fluid 
of  Table  H13 


k/SIGMA       G(42C) 


G(4^1) 


G<42<;) 


G(  440  ) 


G( 44  1  ) 


G(442) 


0.  300 

0  .0 

0.  0 

0.0 

0.0 

0.0 

0  .0 

0.  8^5 

-0  .003 

0.000 

-0.001 

0  .  003 

-0.000 

0.001 

0.  850 

-0.044 

-0.C01 

-0.001 

0  .  036 

0.  002 

0  .0 

0.  375 

-0  .142 

0.001 

-0.005 

0  .  107 

-0.0  01 

0  .002 

C»90C 

-0  .254 

-0  .002  . 

-0.022 

0  .  169 

0  .002 

0.013 

0  .  9  2  5 

-0.296 

-0. C06 

-0.023 

0  .  156 

0.002 

0.012 

0.  950 

-0 .261 

-0.010 

-0.019 

0.105 

0.  008 

0  .009 

0.  575 

-0  .140 

-0.0  10 

-0  .008 

0  .02  7 

0.008 

0  .025 

1.000 

-0 .053 

-0.019 

-0.005 

0  .001 

0  .009 

0  .024 

1.  0^5 

-0  .003 

-0.013 

0.012 

-0  .001 

-0.013 

0  .005 

1.  050 

0.017 

-0. 022 

C.002 

-0.001 

-0.017 

C  .006 

1.  075 

0.016 

-0. 003 

0.001 

0  .005 

-0.016 

0.010 

1.10  0 

0  .01  1 

-0.011 

0  .  0  C  2 

0  .023 

-0.004 

-0  .0  10 

1*125 

0.011 

O.OOj 

0.016 

0  .031 

-0  .009 

-0 .007 

1.150 

0.014 

-0.004 

-0.007 

0  .022 

-0.019 

-0.012 

1.175 

0.012 

C  .003 

-C.007 

0  .005 

-0.018 

0  .0  15 

1.200 

0  .007 

0.015 

-0.000 

-0.012 

-0.015 

-0.002 

1  .  22  5 

0  .004 

0.015 

-0.012 

0.010 

-0.002 

-0.015 

1  .25C 

-0.0C  1 

0.017 

-0. 003 

-0  .027 

0.  003 

0  .001 

1.275 

0.001 

0.012 

0  .006 

0  .001 

-0.001 

0.012 

1.300 

C  .005 

0  .003 

-0  .002 

0.003 

-0.014 

0  .001 

1.  325 

-0  .000 

0.004 

0.004 

-0.014 

-0.002 

0  .003 

1  .  33C 

0  .004 

-0.012 

0  .007 

-0 . 005 

0.001 

0  .005 

1  *375 

-0  .003 

-0.008 

0  .004 

0.006 

-0.C09 

-  J  .  0  0  3 

1*  40C 

-0 .003 

-C .003 

0.002 

-0  .012 

-0.006 

0  .003 

1*  425 

-0  .00  1 

-0 .003 

0.001 

-0 .008 

0  .C03 

0  .005 

1.450 

-0.010 

-0.004 

0.005 

0.000 

0.001 

0  .0  13 

1  .  475 

-0.010 

-0.006 

-0.  001 

-0.009 

-0.005 

0.00'+ 

1  .  50C 

-0  .005 

-0  .003 

0  .004 

-0.012 

-0. 003 

-0  .001 

1.5^5 

-0  .001 

.  C .001 

0.00  1 

-0  .006 

0  .008 

-C .001 

1  .550 

0  .002 

0.  0  03 

0.001 

-0. 006 

0.003 

0  .002 

1.575 

-0  .005 

-0.002 

0  .002 

-0  .005 

0.004 

-C  .007 

1  .  500 

-0  .004 

-0.006 

0.003 

0.  008 

0.0C2 

-0.010 

1.625 

-0 . 006 

-0.001 

-0  .007 

-  0  .  C  0  0 

0.004 

-0.007 

1.650 

0.00  1 

-0.0C7 

-0.001 

-0  .001 

0  .005 

-0  .003 

1  .  67  5 

-0  .002 

-0.001 

0  .004 

0.005 

0.014 

C  .003 

1.700 

-0  .001 

-0  .002 

0  .005 

-0.000 

0.014 

-0  .007 

1.  725 

-0  .018 

-0.002 

0  .006 

0  .001 

0.001 

-0  .002 

1*750 

-0.012 

-0. 000 

0.0C8 

0.C01 

0.001 

0  .000 

I*  775 

-0.013 

-0.009 

0  .006 

0  .  C  1  5 

0.001 

-0.007 

1.  300 

-0  .003 

-0.010 

0.007 

0.019 

-0. 007 

-0.002 

I.  325 

-0.015 

-0  .003 

0  .001 

0.015 

-0.005 

-C  .007 

1  .  boC 

-0  .009 

-0. 009 

0.0C2 

0  .01  1 

0.  002 

-0 .006 

1  .875 

-0  .  OOo 

-0 . 006 

0.003 

0.017 

0.006 

-0.005 

1.900 

-0.010 

0.007 

0  .0 

0  .  005 

0.00  1 

-0  .001 

1*925 

-0  .009 

0  .007 

-0.OC7 

-0.001 

-0  .004 

0  .006 

1.950 

-0.016 

0  .001 

0  .003 

-0  .009 

-0.014 

-0.001 

1.  975 

-0.005 

0.  0 

0.  003 

-0  .004 

0.007 

-0.005 

2.  000 

-0.007 

-0.003 

-0.003 

0  .002 

0.  009 

-0  .003 

2.025 

0  .0C1 

-0.00  1 

-0.000 

0.015 

0.009 

-0  .002 

^.050 

o.ooc 

0  .  003 

0.  000 

-0  .003 

-0  .002 

0  .006 

2.  075 

0  .002 

-0.003 

-0.007 

0  .COl 

-0.006 

0.011 

2.  100 

-0  .004 

-O.GOO 

-0.00 1 

0  .CO  1 

0.002 

0.005 

,£.125 

-0  .005 

C  .  003 

-0.000 

-0.003 

0.003 

0  .009 

2.  laO 

-0 .007 

C  .003 

0.003 

-0  .006 

0.002 

-0  .003 

2.  175 

-0 .003 

0.0  10 

0.002 

-0.000 

-0.002 

0  .001 

2.  200 

-0.011 

0  .002 

-0.000 

0  .003 

0.005 

0  .005 

325 


TABLE  H14  (Continued) 


R/SIGMA 

G(  420  ) 

G(  42U 

G(422) 

G( 440) 

G(  441  ) 

G(442) 

2.  225 

-0  .003 

0.000 

-0.002 

0  .002 

0.003 

-0.002 

2.  250 

-0.000 

0.  002 

0  .006 

0.000 

0  .003 

0  .001 

2.  27a 

0  .005 

-0.001 

0  .004 

-0.011 

0.004 

-0  .003 

2.300 

0  .  0  0  J 

0.002 

-0.000 

-0.00  J 

0.002 

-0  .001 

2»  J25 

0  .003 

-0.0C3 

-0.J005 

-0  .001 

-0.004 

0  .003 

2-  350 

0.004 

0.  005 

-0.004 

-0.003 

-0  .004 

0  .004 

2-37  5 

0  .002 

0.  0  02 

0.000, 

-0 .006 

-0.001 

-0.0  03 

2*  40C 

0  .003 

0  .0  06 

-0  .004 

-0  .004 

-0.000 

0  .007 

2*  425 

0  .004 

0.  004 

-0.001 

0  .000 

-0.003 

-0  .002 

2.  450 

-0  .00  1 

-0 .002 

0..004 

-0  .002 

-0 . 003 

0  .002 

2»475 

0  .004 

-0. 000 

0  .003 

-0.005 

0  .0 

-0  .005 

2.  500 

0  .003 

-0.000 

0.00  1 

-0.0C2 

0.  004 

-0  .004 

2.  525 

-0  .002 

-0 .002 

-0  .005 

-0.001 

0  .002 

-0 .003 

2.o50 

G  .00  1 

-0.001 

-0.001 

-0 .003 

-0.000 

-0 .001 

2»  575 

-0.001 

-0. 006 

0.002 

-0.009 

0.001 

0.002 

2.  600 

0  .003 

0  .002 

-0  .002 

-0 .005 

-0  .002 

0  .003 

2.  62  £ 

0  .002 

-0.001 

0.001 

-0 .C02 

-0 .006 

-0.000 

2.650 

0  .  0  u  o- 

-0  .003 

-0.002 

-C  .002 

-0.001 

0.003 

2.  675 

-0.002 

-0.001 

-0.00  I 

-0  .004 

0.005 

0.001 

2.  700 

-0.004 

-0.001 

-0.002 

0.  002 

0.001 

0  .003 

2.  725 

0  .0 

0.001 

-0.002 

-0  .003 

-0.0  03 

-0  .002 

2.750 

-0.00  1 

0.004 

0.  003 

-0  .002 

0  .002 

-G  .001 

2.  775 

0  .002 

0  .002 

0.000 

0.005 

0.003 

-0 .001 

2.  800 

-0  .0C2 

0.003 

0.001 

-0.001 

0.002 

0  .006 

2.  82  5 

-0  .002 

-0.C01 

-0. 002 

0  .003 

-0.006 

0  .007 

2.850 

-0  .001 

-0.001 

-0  .005 

C  .007 

-0 .004 

0.004 

2.  875 

0.005 

-0.001 

-0. 004 

0.005 

0.002 

-0.000 

2.900 

0  .004 

-0.001 

-0.005 

0  .  007 

0.001 

-0  .0  02 

2.  325 

-0  .005 

0  .002 

-0.004 

0  .003 

-O.C04 

-0.002 

2*  950 

-0.006 

-0.003 

-0.004 

0  .002 

0  .0 

-0  .003 

2.975 

0  .002 

-0.001 

-0.002 

-C  .000 

C.004 

-0.000 

3.  000 

-0 .005 

0  .005 

0.  000 

0  .004 

O.OOJ 

-0.002 
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TABLE  HI 5 

Values   of   g/^Cr-^)    ~   §660^12^    f°r    the  Fluid  of 

Table  H13 


K/S IGKA       G( 443) 


G(  444) 


G(600  ) 


G( 620) 


G( 640) 


G(o60) 


o.  aoo 

0  .0 

0  .0 

0.0 

0  .0 

0.0 

0.0 

0-  325 

0  .0 

0  .003 

-0 .002 

0.002 

-0.002 

0  .002 

0.  350 

0.0 

0.  006 

-0.031 

0  .Q3<l 

-0.026 

0.0  19 

0.  37  5 

-0  .00  1 

0.017 

-0.093 

0.091 

-C.067 

0  .041 

0.  9CC 

0  .000 

0.013 

-0.14b 

0.139 

-0.094 

0  .053 

0.525 

0  .002 

0.011 

-0.  159 

0.130 

-0  .064 

0  .020 

C.95C 

-0.000 

-0.003 

-0 .121 

0.  087 

-0.030 

-0  .003 

0.975 

C  .016 

-0.0  1  0 

-0.075 

0  .042 

-0.01 1 

0  .0  10 

1  .  ooc 

0  .006 

-0.003 

-0. 033 

0.007 

0.005 

-0.014 

l»025 

-0  .001 

0.0  10 

-0.023 

0.00b 

0.018 

-0  .015 

1.050 

-0.018 

0.0  10 

-0.015 

0.017 

0.018 

-0  .007 

1.  075 

0  .003 

0.0  15 

-0.033 

0.012 

-0.003 

-0 .004 

1.10C 

0.004 

0  .007 

-0.027 

-0 .008 

-0.002 

0  .020 

1.  125 

-0.011 

0  .  0  1  t> 

-0.017 

-0 .004 

0.000 

-0.0  13 

1.150 

-0.013 

0.011 

-0.014 

-0 .008 

-0  .003 

-0 .009 

1.175 

0.013 

-0.0  00 

-0.028 

-0.C09 

-0.008 

-0.022 

1  .  200 

-0.011 

-0.010 

-0.029 

-0.012 

0.  0 

-0.024 

1.  22  5 

-0  .007 

-0  .002 

-0.021 

0  .007 

0.002 

0  .004 

1.  250 

-0.004 

-0.000 

-0.024 

0  .001 

0.010 

0  .025 

1.  275 

0  .00  3 

-0.000 

-0.022 

-0.012 

-0.007 

0.010 

1.300 

-0  .006 

-0.002  ■ 

-0.0  2  5 

-0.015 

-0.016 

0  .0  13 

1.325 

0.014 

-0 .0  02 

0.00  1 

-0.010 

-0  .006 

0  .008 

1.35C 

-0  .003 

-0 . 005 

0.001 

-0  .003 

-0 .004 

0.014 

1.375 

-0  .007 

0.005 

-0  .jOO  1 

0  .  C  0  3 

-0.007 

-0  .003 

1  .  400 

-0.011 

0.010 

-0. 000 

0  .  C  0  6 

-0.006 

-0  .013 

l.<*25 

0  .005 

-0  .002 

-0  .005 

0  .009 

-0.004 

-0.005 

1.  450 

-0  .005 

0.0 

-0.001 

3  .  C  0  6 

-0.007 

0  .009 

1  .  475 

-0.002 

0.001 

0.00  1 

0.003 

-0.005 

-0  .001 

1  .  500 

-0  .002 

0.012 

-0.002 

-0  .001 

0.  000 

3  .OOo 

1.525 

-0  .004- 

.  0.005 

0.  003 

-0 .001 

0.001 

-0 .001 

1.  550 

-0  .006 

0  .  0  0  6 

0  .001 

-0  .005 

-0  .001 

-0  .006 

1.575 

0.003 

0.  005 

0.001 

-0.014 

-3. 000 

0  .002 

1.600 

0.010 

0.  002 

-0.003 

-0.011 

-0.005 

0.007 

1  .  625 

0  .002 

-0.003 

-0  .001 

-0 .002 

-0.003 

-0  .004 

1  .  65  C 

-0.001 

-0. 009 

0.001 

0.010 

-0.000 

0  .005 

1.  675 

-0.003 

-0.CC3 

0.  007 

-0.002 

-0.002 

-0  .001 

1  a  7  0  C 

-0  .C0<+ 

C  .002 

0  .007 

0  .002 

0.001 

-0  .005 

1.  725 

-0  .000 

-0.000 

0.007 

0  .002 

0.000 

0.000 

1*750 

0  .010 

-0  .003 

0.018 

0  .006 

0.005 

0  .004 

1.  775 

0.013 

0.0  04 

0.018 

0.001 

-0.006 

-0  .003 

1  .300 

0  .000 

0.011 

0.005 

0.012 

-0. 01 0 

0.010 

1.82  5 

C  .003 

0.0  13 

0.010 

0.006 

-0.007 

-0  .004 

1  .  35C 

0.002 

0.013 

0.  006 

0.000 

0  .001 

0  .004 

1.375 

-0  .OGo 

0.  00  I 

0  .005 

-0  .003 

0.001 

0  .002 

1»  »00 

-0  .000 

0.010 

0.004 

-0  .004 

0.001 

-0 .003 

1.925 

0  .003 

C  .  004 

-0.000 

0.000 

-0.002 

-0 .007 

1.950 

-0  .000 

-0.00  1 

0.  004 

-0  .005 

0.  009 

-0  .003 

1.  975 

0  .  00  J 

C.  0  10 

0.  005 

-0.007 

0.005 

0  .000 

2. OOC 

-0  .coo 

0  .003 

-0 .00 1 

-0  .006 

-0.008 

-0  .003 

2»  025 

0  .CO  1 

0.001 

-0.003 

0  .004 

-0  .008 

0.005 

2.050 

-0  .004 

0.  005 

-0.011 

-0  .C07 

-0.00  1 

-0  .005 

2.  075 

-0.0  05 

0.  001 

-0 .005 

-0  .006 

-0.002 

0.011 

2.  1  OC 

-0.000 

-0.005 

-0.003 

-0  .003 

0  .007 

C  .012 

2.  126 

0.006 

-0.  003 

-0.006 

0  .002 

0.  005 

-0.0  11 

2.  1  5C 

-0  .003 

-0 .002 

-0.010 

-0  .001 

-0.007 

-0  .002 

2.  175 

-0.010 

-0. 010 

-0.002 

0  .008 

0.  J05 

0  .002 

2.  20C 

0.003 

-0. 007 

-0.00  6 

0  .002 

-0.C04 

-0  .005 

327 


TABLE  H15    (Continued) 


K/SIGMA 

G{ 443 ) 

G( 444  ) 

G( 600  ) 

G( 620) 

G( 640) 

G( 660) 

2.  225 

-0 .007 

-0 .002 

-0.000 

0  .  004 

-0.010 

-0 .007 

2i25C 

0  .001 

-0.002 

0  .00  1 

0.012 

-0.012 

-0  .006 

2.  275 

0  .002 

-0.005 

0.003 

-0  .003 

-0.005 

0  .005 

2.30C 

-0  .002 

-0.001 

O.OCOi 

0.00-4 

-0.005 

-0  .004 

2.  325 

-0  .00  1 

C  .001 

0.005 

0  .005 

0.002 

-0.001 

2*  350 

0  .005 

-0.001 

-0.002 

0  .005 

-0.006 

0  .003 

2.  j75 

0  .001 

-0.004 

-0.003 

0  .004 

-0.004 

-0.003 

2-400 

0.001 

-0.000 

-0.005 

0.  009 

-0.003 

0.000 

2.  425 

-0.002 

0.001 

-0.002 

0  .003 

0.000 

0  .005 

2.450 

-0  .001 

0  .007 

-0.002 

0  .000 

0.003 

0  .008 

2.475 

-0  .001 

0  .  002 

0.  001 

-0.004 

-0.004 

0  .005 

2.  50  C 

-0  .006 

0.004 

0.  001 

-0.001 

-0.000 

-0.003 

2»  525 

-0  .004 

-C  .004 

0.000 

0  .002 

-0.003 

-0.004 

2-  o50 

-0 .003 

-0.000 

0.00  1. 

0  .004 

0.000 

0.000 

2*  575 

-0  .001 

-0  .003 

0.003 

0.001 

-0.002 

0  .003 

2.  bO  0 

-0  .007 

0.  000 

0.003 

-0  .005 

0.0 

0  .003 

2.625 

-0  .001 

-C  .003 

0.001 

0.001 

-0.002 

0  .002 

2.  650 

-0  .001 

0  .002 

-0.001 

-0  .003 

0.  003 

0  .004 

2*  675 

-0  .006 

0  .006 

-0.001 

-0  .00  1 

-0  .006 

0  .007 

2.700 

-0 .008 

0.  00  J 

-0.003 

0.  003 

-0. 003 

-0  .002 

2.  725 

-0  .002 

0.002 

-0.002 

0  .002 

-0.000 

-0.001 

2-  750 

-0  .007 

0.001 

-0. 002 

0  .006 

-0.001 

0  .002 

2.  775 

-0  .00  1 

-0.001 

-0.002 

0  .002 

0.002 

0  .008 

2.600 

-0.005 

0  .  OOo 

-0. 001 

-0  .002 

-0.003 

0  .005 

2.  62  5 

-0.005 

-0.001 

0  .001 

-0.003 

-0. 004 

-0.006 

2i  850 

-0  .007 

-0  .000 

-0.001 

-0  .002 

0.003 

0  .003 

2.  375 

-0.004 

C  .004 

0.003 

-0.004 

0.005 

0  .002 

2.900 

-0  .003 

C  .001 

0.007 

-C  .001 

0  .002 

-C  .OOd 

2.925 

0  .00  1 

-0.003 

0.004 

-0  .003 

0.005 

-0.003 

2.  950 

-0  .000 

-0.001 

-0.002 

-0  .002 

0  .  006 

0.0 

2.  975 

-C  .003 

-  0  .  0  0  c 

-0.004 

C  .003 

0  .0 

0  .000 

3.  000 

0  .007 

C  .  003 

0.005 

-0.000 

0.005 

0  .001 

APPENDIX  I 

I  I   m 

VALUES  FOR  THE  J       INTEGRALS 
n 
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TABLE  11 

The 

i     Tooo 

Integrals  J 

T222  , 
-  J    for 

a  Lennard- 

Jones 

plus 

n 
Quadrupole  Flu 

11  3 

id.  pa  = 

.85,  kT/e  = 

1.277, 

Q/(ea5)1/2  =  0. 

5 

N 

J(N;000)    J(N;200) 

J(N;220) 

J(N;221) 

J(N;222) 

0 

-0.00257 

-0.15423 

-0.08598 

-0.02223 

1 

•  •  •  • 

-0.00093 

-0.12748 

-0.07211 

-0.01963 

2 

■  a  •  • 

-0.00035 

-0.11024 

-0.06284 

-0.01726 

3 

•  a  •  a 

-0.00012 

-0.09836 

-0.05632 

-0.01529 

4 

1.26163 

-0.00001 

-0.08971 

-0.05152 

-0.01367 

5 

0.75845 

0.00008 

-0.08312 

-0.04785 

-0.01236 

6 

0.58650 

0.00015 

-0.07795 

-0.04496 

-0.01127 

7 

0.49697 

0.00023 

-0.07380 

-0.04265 

-0.01038 

8 

0.44056 

0.00030 

-0.07041 

-0.04076 

-0.00963 

9 

0.40104 

0.00038 

-0.06764 

-0.03922 

-0.00900 

10 

0.37151 

0.00045 

-0.06536 

-0.03795 

-0.00846 

11 

0.34856 

0.00052 

-0.06350 

-0.03692 

-0.00801 

12 

0.33026 

0.00059 

-0.06200 

-0.03608 

-0.00763 

13 

0.31546 

0.00067 

-0.06081 

-0.03542 

-0.00731 

14 

0.30342 

0.00074 

-0.05990 

-0.03491 

-0.00703 

15 

0.29361 

0.00082 

-0.05924 

-0.03453 

-0.00680 

16 

0.28566 

0.00090 

-0.05882 

-0.03428 

-0.00661 

17 

0.27931 

0.00099 

-0.05860 

-0.03414 

-0.00645 

18 

0.27435 

0.00109 

-0.05860 

-0.03411 

-0.00632 

19 

0.27063 

0.00119 

-0.05879 

-0.03419 

-0.00622 

20 

0.26802 

0.00131 

-0.05916 

-0.03436 

-0.00615 

21 

0.26644 

0.00143 

-0.05973 

-0.03463 

-0.00610 

22 

0.26581 

0.00157 

-0.06048 

-0.03500 

-0.00607 

23 

0.26608 

0.00172 

-0.06141 

-0.03546 

-0.00607 

24 

0.26722 

0.00188 

-0.06254 

-0.03602 

-0.00608 

,   i  I  m 

'j  =  J(n;£n£„m) 

n  L   2. 
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TABLE 

12 

400 

400 

The   Int( 

2grals   J          -  J          for    the 

Fluid 

■  n               n 
of   Table   11 

N 

J( N; 40C  ) 

J( N;420) 

J{N; 421  ) 

J(NJ422) 

J(N;440) 

0 

0  .  C  0  2  5-7 

0.01C84 

0. 00513 

-0.00701 

0 .02167 

1 

0  .00212 

0 . 00731 

0. 00454 

-0.00354 

0.01 563 

2 

0  .00203 

0.00552 

0.  00419. 

-0. 00200 

0. 01244 

3 

0  .00209 

0 .C0452 

0.00394 

-0.00128 

0.01 055 

4 

0.0  02  1 3 

0.00590 

0 .00374 

-0. 0C093 

0. 009 jo 

5 

0 .00229 

0 . 00348 

0.  00357 

-0.000  74 

0.00856 

6 

0  .00253 

0.00319 

0 .00342 

-0.00062 

0.00799 

7 

0  .00245 

0.00297 

0.00329; 

-0.00053 

0.00756 

8 

0 .00251 

0. 00281 

0.00518 

-0.00046 

0.OC722 

9 

0  .00255 

0  .00269 

0.00309- 

-0.C0040 

0.00695 

10 

0.0  0262 

0 . 00260 

0.00501 

-0.00033 

0.00673 

1  1 

0 .00267 

0. 00254 

O. 00295 

-0.00027 

0 .0C  65o 

12 

0 . 00273 

0.0C250 

0.  00290 

-0.00021 

0.00641 

1  J 

0 .00279 

0. U0247 

0.00236 

-0.  0001  5 

0. 00629 

14 

0 ,002do 

0 . 00246 

0.00283 

-0. 0001  0 

0. 0C619 

15 

0  .002  9  4 

0. 00246 

0.00232 

-0.00003 

0.00611 

16 

0 .00303 

0.00<;47 

0. 00231 

0  .  0  0  C  0  3 

0.00605 

1  7 

0 .00314 

0  .00249 

0.  00231 

0. 00009 

0 . 00600 

18 

0  .00326 

0.00252 

0.00233 

0.00015 

0. 0C596 

19 

0  .0  03 J 9 

0  .00255 

0.00235 

0.00022 

0.00594 

ciO 

0 .00354 

0.  00260 

0 .00288 

0.00029 

0.00593 

21 

0 .00371 

0  .00265 

0. 00292 

0. 00036 

0. 00593 

^2 

0 .00390 

0  .00271 

0.00297 

0.00044 

C.C0594 

23 

0  .004  11 

0.00277 

0. 00502 

0 . 00052 

0 . 00595 

24 

0 .0043  4 

0.00285 

O.0C309 

0. C0060 

0 .00597 
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TABLE 

13 

441 
The   Integrals   J_ 

J          for    the 

Fluid 

LI                                 LI 

of   Table  11 

N 

j(  n; 441  i 

J(  N;-442) 

J (N; 443 J 

J (N;444> 

J(N;600 j 

0 

0 .C 124o 

-0  .0021 9 

0. 01 159 

-0. 01 108 

-0.00097 

1 

0 .01059 

-0.00169 

0.00722 

-0. 00516 

0.00071 

2 

0 .0091 4 

-0. 00129 

0.00493 

-0.00222 

0.00  L35 

3 

0 .00807 

-0 . 00095 

0. 00369 

-0.00071 

0.00 154 

4 

0  .00730 

-0. 00066 

0.00299 

0.0001 0 

0.00 152 

5 

0 .00674 

-0.00041 

O.002o0 

0.00056 

0 .CO  142 

6 

0 .00633 

-0. 00021 

0.C0236 

0. 00083 

0.00128 

7 

C .00603 

-0. 00004 

0.00221 

0.00099 

0.00113 

8 

0  .00560 

0  .0C01  1 

0.00212 

0. 00  109 

0.00098 

9 

0  .00563 

C.C0024 

0. 00206 

0.001  1  6 

0.00083 

1  0 

0 . C  05b0 

0 .00036 

0.00203 

0. 00 120 

O.C0069 

1  i 

0 .00541 

0.00047 

0.00201 

0.00123 

0.00055 

12 

0 .0  0534 

0.00058 

0. 00200 

0. 00125 

0 .00041 

1  J 

0 .0  053  0 

0 .OOO06 

0.00201 

0.0012O 

0. 00029 

14 

0.0C527 

0. 00078 

0.00202 

0.00127 

0.00016 

15 

0  .00526 

0. C0087 

0.00204 

0.00127 

0. 00004 

16 

0  .00527 

0.00097 

0 .00207 

0.001^7 

-0. 00006 

17 

0.0  0529 

0.00107 

0.00210 

0.00127 

-0. 00C20 

16 

0 .0053^ 

C.001 18 

0.00214 

0.00127 

-0.  0C031 

19 

0 .00557 

0 . 00 126 

0.00^19 

0.00 127 

-0. 000^3 

20 

0 .00542 

0.00139 

0. 00224 

0. 00126 

-0. 00054 

21 

0 .00549 

0.00150 

JO, 00230 

0. 00  126 

-0.00066 

£2 

0 . 00557 

0. 00162 

0.00237 

0. 00  126 

-0  .00077 

2J 

0 .0056o 

0.00174 

0.00244 

0.00125 

-0. 0C089 

24 

0 .00576 

0.00  187 

0. 00252 

0.00 1^5 

-0.00  101 
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TABLE    14 

620 

660 

The 

Integrals   J 

-   J          for    the 

Fluid 

n 

n 

of   Table   11 

N 

J(N; 620) 

J (N;640) 

J( N;66C) 

C 

-0.00270 

-0 .00153 

-0  .00307 

1 

-0. 00328 

-0.00145 

-0.00052 

2 

-0.00317 

-0*00149 

0  .00035 

3 

-0. 00283 

-0*00158 

0.00160 

4 

-0. 00249 

-0.00 1 66 

0  .C0199 

5 

-0. 0021 6 

-0*00173 

0  .00220 

6 

-0. 00187 

-0*00173 

0  .00231 

7 

-0.001to3 

-0*00162 

0  .00237 

8 

-0. 00143 

-0*00185 

0.00241 

9 

-0.00127 

-G. 00183 

0  .00244 

1  0 

-0.00  113 

-0*00191 

0  .00246 

1  1 

-0.00101 

-0*  0019<+ 

0  .00249 

12 

-0.00092 

-0*00197 

0  .00252 

1  3 

-0. 00064 

-C.002C0 

0.00257 

1  <+ 

-0.00078 

-0.00204 

0  .00262 

15 

-0.00073 

-0  .00206 

0  .00268 

lb 

-C.00C69 

-0.0  0213 

0.00275 

1  7 

-0. 0006b 

-0.00218 

0.0C263 

lb 

-0. 0G063 

-0*00224 

0.00292 

19 

-0. 00062 

-0.00230 

0.00303 

^0 

-0.00062 

-0*00237 

0.00315 

*  1 

-C.  00062 

-0.00245 

0  .00329 

Z2 

-0. 00063 

-0 .00254 

0.00344 

23 

-0.00063 

-0*00264 

0  .00361 

24 

-0.00068 

-0  .00274 

0  .00360 
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TABLE    15 

£ii 

The   Integrals   J 

222 
J          for   a  Lennard-Jones 

n 
is   Quadrupole  Fluid. 

U3 
pa     =    .931,    kT/ 

£   =   0.765, 

5    1  /2 
Q/(ecr  )    '      =  0.707 

N 

. j{  n; ooo  )  + 

J( NJ200  J 

J(N;22C J 

J(N;221 ) 

J(N ;222) 

0 

•  •  •  • 

-0.001 19 

-0.41895 

-0.25450 

-0.06191 

1 

•  •  «  • 

0  .00«i86 

-0.36265 

-0. 19627 

-0.05209 

2 

•  •  •  • 

0 .0051 6 

-0. 321 30 

-0. 1 5984 

-0. 04474 

3 

«  a  »  . 

C .00676 

-0.291 11 

-0. 13583 

-0.03907 

4 

i 

.2791o 

0.00797 

-0. 2o724 

-0.11918 

-0. 03458 

6 

0 

.77617 

0.00896 

-0.24310 

-0. 10708 

-0. 03095 

6 

0 

.60370 

0 .00980 

-0 .23Z36 

-0.09793 

-0  .  02795 

7 

0 

.5 1 300 

0.01052 

-0.21916 

-0.09077 

-0  .02545 

6 

0 

.45490 

0.0  1113 

-0. 20792 

-0. C3501 

-0 . 02334 

9 

0 

.41325 

C . Oil  66 

-0. 19625 

-0.06029 

-0.02155 

10 

0 

.38127 

0.01212 

-0. 18988 

-0. 07635 

-0. 01996 

1  1 

0 

•  3  55o2 

0  .01252 

-0. 16259 

-0.07303 

-0. 01 660 

12 

Q 

. 5344o 

0.01269 

-0. 17625 

-0.07C21 

-0. 01 741 

1  J 

0 

.3  1665 

0 . 01321 

-0. 1 70o3 

-0. 06780 

-0. 0 1637 

14 

0 

.30149 

0 .01352 

-0.1 d58d 

-0.06574 

-C.C1544 

15 

0 

.26647 

0.  01331 

-0. 16165 

-0. 06398 

-0.01 4o2 

16 

0 

.277^5 

0. 01408 

-0.  153C2 

-0.06247 

-0.C1390 

17 

0 

.2  674  9 

0  .0  1436 

-0. 15490 

-C. 06120 

-0. C1324 

18 

0 

•2o906 

0  .01463 

-0. 15226 

-0. 0  60 1  J 

-0. 01266 

19 

0 

.25176 

C  .01491 

-0. 15005 

-0. 05925 

-0.01214 

20 

0 

.24547 

0.01519 

-0. 14824 

-0.05654 

-0.01  157 

21 

0 

.24007 

0  .0  1 54  8 

-0. 14630 

-0.05799 

-0. 01 125 

22 

0 

.23543 

0  .01579 

-0 . 14572 

-0.05759 

-0.01087 

2J 

0 

.23162 

0.01611 

-0. 14496 

-0.05732 

-0. 01 053 

<l4 

0 

.2^843 

G  .0  1644 

-0. 144 j3 

-0. 05719 

-C .01023 

t^lV  =   J(n;£1£2m) 
n 
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TABLE  16 

-m.  -r  1  AOO  T440  _  ,  „.,  JJ 
The  Integrals  J  -  J  for  the  Fluid 
e n n 

of  Table  15 


J  (  N  *,  4  0  0  >    J  (  N  i  4  2  0  }     j  {  n  ;  4  2  i  )     J  (  N  ;  4  2  2  J    J  (  n  ;  4  4  0  ) 


0 

0  .0191  J 

C.0459  1 

0.0  1901 

0.00034 

0.05233 

1 

0  .01905 

0 . 04J66 

-0.01714 

-0.00  132 

0. 05291 

2 

0  .0^:006 

0. 04120 

0.01 533 

-0.00204 

0.05187 

3 

0 .021^9 

0. 03647 

0. 01530 

-0.00230 

0.05022 

4 

0  .022  58 

0. 03591 

0.0 125b 

-0. 00234 

0. 04843 

5 

0  .0  232 J 

0 . 03358 

0.01157. 

-0.00226 

0.0*571 

6 

0 .02364 

0. 03150 

0. 01077 

-0.00213 

0.0451 1 

7 

0  .02424 

0 • C2966 

0. C1012 

-0.00199 

0.04369 

8 

0  .024  4 9 

0.02802 

0. 00953 

-0.00 18j 

0.04242 

9 

0  .02463 

0 .02657 

0.00913 

-0.00167 

0. 04  131 

10 

0  .02469 

0  .02529 

0.0  06  74 

-0. GO  152 

0.04035 

11 

0 .024  70 

0.02415 

JO.  C0340 

-0.OC1 38 

0.03953 

12 

0  .02468 

0.02314 

0.00812 

-0. 0C124 

0 . 03883 

1  J 

0  .02465 

0 .02225 

0.00736 

-0.001 1 1 

0.03824 

14 

0  .02461 

0 .02145 

0.007o4 

-0.00099 

0.03776 

15 

0  .02459 

0.02075 

0.00745 

-0. 00086 

0  .03759 

16 

0  .02458 

0.02014 

0.00729 

-0.00077 

0 . 03710 

1  7 

0  .02458 

0 . 01960 

0. 00715 

-0.00066 

0.03691 

IB 

0  .02460 

0.01912 

0.00703 

-0.00056 

0 .03o80 

19 

0 .02466 

0.01871 

C.C0693 

-0.00047 

0.05677 

2  0 

0 .02473 

0. 01835 

0.  0  0  6t>4 

-0.00037 

0.C3632 

21 

0  .02432 

C  .01 605 

0. 00673 

-0.00028 

0. 03634 

22 

0 .02495 

0. 01730 

0.  00672 

-0.  00020 

0.03714 

23 

0 .0251 1 

0.  01759 

0.00669 

-0.00C 1 1 

C. 03742 

24 

0 .0  2529 

0. 01742 

0.00667 

-0.C0OC2 

0. 03776 
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TABLE  17 

The  Integrals  J441  -  J6°°  for  the  Fluid 
a n n 

of  Table  15 


j(  n;  44U 


J(,\i;442) 


J(N;  44.3) 


J (NJ444) 


J  (  N  J  6  0  C  ) 


0 

0  .04233 

G. 01935 

0.01 160 

-0. 0C1 37 

-0. 00960 

1 

0  .03952 

0 .02022 

0.0  06  95 

0.00027 

-0.00875 

^ 

0 .0370o 

0. 01980 

0.007 J9 

0. 001 19 

-0  .  00324 

3 

0  .03499 

0.01692 

0. 00640 

0.00154 

-0.00786 

4 

0 .03325 

G  .01793 

0. 00572 

0.00165 

-0.00753 

5 

0 .051 77 

0.01698 

0. 00522 

0.00160 

-0. 00723 

5 

0  .03051 

0.01611 

0.00433 

0. 00152 

-0.00694 

7 

0  .  0294_> 

0.01534 

0.00431 

0.00142 

-0.00667 

8 

0  .02850 

0 .0 14o5 

0. 00425 

0. 00132 

-0.  00642 

9 

0  .0270  9 

0  .01405 

0.00402 

0.00123 

-0. 00620 

10 

0  .02700 

0.01353 

0. 003dl 

0.001 1 5 

-0. 00599 

1  1 

0  .  02640 

0.0  1307 

0 . 00355 

0. 00107 

-0 . CG530 

12 

0 . 02558 

0.01267 

0. 00346 

0.00101 

-0. 00563 

1  J 

0  .  02545 

0  .  0  1  2  J  1 

0. 00331 

0. 00095 

-0  .0C543 

14 

0 .02509 

0.01201 

0.0031 7 

0. 00  08  9 

-0.00535 

15 

0 . 024  7  9 

0.01 174 

0. 003C4 

0.00035 

-0  .00523 

lb 

0 .C245o 

0*01152 

0 .00291 

C. 00030 

-0. 00513 

1  7 

0 .02438 

0 .01 1 32 

0.00279 

C. 00077 

-0.00504 

1  8 

0  .02426 

0.01116 

0. 00266 

0.00073 

-0.00496 

19 

0  .0  241  9 

0. 01 103 

0.00257 

0.00070 

-0.00490 

tC 

0 .02417 

0.01095 

0.00246 

0. 000o8 

-0.  00485 

21 

0  .02420 

0. 01085 

0.00236 

0. 00066 

-0. 00481 

22 

0  .02428 

C.01 C79 

0.00226 

0.00064 

-0.00473 

2J 

0 . 02440 

0.01076 

0.00216 

0.00062 

-0 .00475 

24 

0 .02450 

0.  0 10  76 

0.00206 

0. 0C060 

-0. 00474 
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TABLE 

18 

The 

.       T620 
Integrals   J_ 

t660    e         ^ 
J          for    the 

Fluid 

LI                                11 

of   Table   15 

N 

J(N; 620) 

j( n; 64  0) 

J ( NJ  660) 

0 

-0.00247 

-0*0  1 178 

-0.00833 

1 

-0. 00536 

-0.01238 

-0  .00741 

2 

-0. 00673 

-0*01232 

-0 . 00650 

3 

-0. 00736 

-0.0  1 199 

-C  .00573 

<± 

-0.00764 

-0.01 156 

-0  .00524 

5 

-0. 00773 

-0.0  1111 

-0  .00434 

o 

-0. 007b4 

-0.01 063 

-0  .00455 

7 

-0. 00738 

-0.0 1029 

-0  .  00«+33 

B 

-0.00790 

-0.00994 

-0  .0041  6 

9 

-0. 0C792 

-0.00963 

-0.OC4O7 

1  0 

-0. 00795 

-0*00937 

-0  .00399 

1  1 

-0.00797 

-0.00914 

-0 .00394 

1  2 

-0. C08C0 

-0.00394 

-0.00390 

1  5 

-0.C08C3 

-0*00877 

-0.00338 

14 

-0. 00807 

-0  .00863 

-0 .00387 

15 

-0. 00812 

-0*00352 

-0 .00337 

16 

-0.00817 

-0*00344 

-  0  .  0  C  3  3  3 

17 

-0. 00823 

-0.00837 

-0  .00390 

13 

-0. 00830 

-0*00333 

-0.00392 

19 

-0. 00636 

-0.00331 

-0  .00395 

20 

-0. 00346 

-0.00831 

-0.00398 

21 

-0 . 0085O 

-0  .00333 

-0  .00402 

<L2. 

-0. 0C865 

-0*00337 

-0  .00407 

<L3> 

-0. 00873 

-CO  0342 

-0.004 1 1 

24 

-0.00b91 

-0*00350 

-0  .00417 
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TABLE 

19 

The   Integ: 

,       T000        T222    ,            .              ,    _ 
rals   J          -  J          for   a  Lennard-Jones 

ii               ii      _ 
plus   Quadrupole   Fluid.      pa     =    .85,    kT/ 

E   =   1.294, 

Q/(eoV/2 

=   1.0 

N 

j  {  n  ;  o  c  o  ) 

j(n;200) 

j<n;220) 

J(N;221 ) 

J(N;222) 

0 

•  •  •  » 

0 .01296 

-0.50332 

-0.28545 

-0.06940 

1 

•  •   •  • 

0.01221 

-0. 42230 

-0.21 850 

-0.05503 

£L 

•  ♦  •  • 

C. 01333 

-0.37142 

-0. 1 7887 

-0.04514 

3 

•  •    •  • 

0.  0150<i 

—  0 . 557^:5 

-0. 15364 

-0.03305 

4 

1 .27684 

0. 0  167<9 

-0.31298 

-0. 1 3o6 1 

-0. 03273 

5 

0  .77403 

C. 01847 

-0.29499 

-0. 12456 

-0.02373 

fa 

0  .6041o 

0. 02000 

-0.23123 

-0.11 574 

-0  .0255b 

7 

0.51 730 

C . 02139 

-0.27052 

-0. 10914 

-0.02300 

a 

0  .46374 

0 .02266 

-0.26212 

-0.104  13 

-C. 02091 

9 

0  .42709 

0 .02382 

-0.25556 

-0. 10031 

-0. 0191 7 

I  j 

0 .40041 

0 .02491 

-O.^=>053 

-0. 09740 

-0.C1 771 

1  I 

0 . J8028 

0. 02595 

-0 .24681 

-0.  09523 

-0.01647 

1  2 

0  .3o4a0 

0.0^696 

-0.24423 

-0. 09366 

-0. 01 540 

13 

0  .352-82 

0  .  02796 

-0.24263 

-C.C9262 

-0.01443 

L4 

0. 34361 

0. 02898 

-0.24207 

-0.092C2 

-0 .01367 

15 

0  .33669 

0.0  50  0  1 

-.0.24  2  35 

-0. 091 83 

-0. 01297 

16 

0 .331 70 

0.031 09 

-0.24347 

-0.09201 

-0.01234 

17 

0  .32340 

0.03222 

-0.24540 

-0.09254 

-0.011 79 

i  a 

0 .32660 

0. 03341 

-0.2431 1 

-0.09339 

-C .01 129 

15 

0 .326 18 

0 . 03468 

-0.^5161 

-0.09456 

-C.01 034 

20 

0 .32703 

0.03603 

-0.25589 

-0. 09604 

-0. 01044 

21 

0  .32909 

0  .03747 

-0.26096 

-0.09733 

-0.01 007 

22 

0 .332^2 

C . 03905 

-0.26684 

-0. 09  9  93 

-C. 00973 

23 

0  .33668 

0 .04069 

-0. 27356 

-0. 10255 

-0. 00941 

24 

0 .34216 

0 .0  424  9 

-0.281 13 

-0. 1 0509 

-0. 0C912 
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TABLE 

110 

400 

440    „ 

The   Int. 

agrals   J 

J          for    the 

Fluid 

■v              n               ii 

of   Table   19 

N 

j  (  n;  4-00  ) 

J(N; 42  0  ) 

J(N;42l ) 

J(N;422) 

J( N;44C) 

0 

0  .02318 

0. 04503 

0.01871 

0.00810 

0.09731 

1 

0 .031 79 

C. 0  44 10 

0.01767 

0.00502 

0  .09  10  5 

2 

0  .03731 

C. 04239 

0.0 1664 

0.00377 

0.08627 

3 

0  .041 13 

0.04033 

0. 01574 

0.00324 

0.08279 

4 

0  .0  43d6 

0. 03822 

0.01499 

0.00302 

0.08019 

5 

0 . 0459 J 

0. 03620 

0. 01458 

0.00294 

0.07825 

b 

0 .047al 

0. 05437 

0.0 1339 

0. 00295 

0.C7683 

7 

0  .04877 

0 .03273 

0. 01350 

0.00300 

0.07533 

a 

0 .04983 

0. 03130 

0.01319 

0. 00306 

0. 07520 

9 

0 .05078 

C . 03006 

0. 01294 

0.00320 

0. C7439 

10 

0.03169 

0 . 02900 

0.01275 

0.00334 

0. 07435 

1  1 

0 .05260 

0. 0231 0 

jO.  0  1262 

0.00350 

0. 0751 1 

12 

0 .05355 

0.02733 

0. C1252 

0. 0  0  363 

0. 07560 

1  J 

0  •  054o7 

0 . 0^670 

0.0 1247 

0  .0038o 

0. 07633 

14 

0  .  0  55o7 

CO  26  19 

0. 01246 

0.0041 0 

0.07730 

15 

0  .05663 

0 . 02D76 

0.0 1246 

0.00434 

0. 07851 

lb 

0  .05822 

G . 02547 

0. 01254 

0.00459 

0. 07995 

17 

0 .05969 

0 . 02526 

0.0  1263 

0. C0436 

0 .08163 

1  6 

0  .06131 

0.02513 

0.0  1276 

0 . 0051 5 

0.08355 

19 

0  .0  630  9 

0.02503 

0.01292 

0.00547 

0. 03573 

<_0 

0  .06504 

0.0251 1 

0.0  1312 

0. 00^30 

0.06817 

21 

0 . 06718 

0 .02522 

0.01384 

C. 006  16 

0.09090 

22 

0  .06953 

C.  0  2t>3  9 

0.C  I5al 

0. 00655 

0.  09391 

23 

0  .072  0  9 

0 .02564 

0.01391 

0.00697 

0. C9724 

24 

0  .07489 

0. 02596 

0. 01425 

0.  0  0  741 

0. 10090 
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TABLE 
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600    r 

The  Inti 

2grals  J 
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Fluid 

of   Table   19 

N 

J  (  N ;  4  4  1  ) 

J( n;44  2) 

J(NJ445) 

J(NJ444  ) 

•  j (n;600) 

C 

0  .06507 

0 .03501 

0.0  1331 

-0.  01  1  90 

-0.00661 

1 

0 .059o2 

C. 02978 

0.01360 

-0.00549 

-0 .00693 

2 

0  .05622 

0.02650 

0.0  1117 

-0. 00265 

-0.00679 

3 

0  .05359 

0  .02430 

0.O0975 

-0  .00138 

-0.C0646 

4 

0  .05161 

0.02274 

0 . 00381 

-0.00081 

-0.00607 

6 

0 .05010 

0.02162 

0. 00812 

-0.00056 

-0.00557 

6 

0 .04897 

0.02C79 

0.00757 

-O.O0C45 

-0.00530 

7 

0.04315 

0.02018 

0.00711. 

-0. 00040 

-0.0C49O 

3 

0  .04760 

0 .01974 

0.00t>71 

-0.00037 

-0.  00466 

9 

0  .0<+72  7 

0. C1943 

0.00636 

-0. 00036 

-0. 00440 

10 

0  .0<+715 

0 .C  1923 

0. 00605 

-0.00035 

-0. 0C41o 

1  1 

0  .04722 

0.01913 

0.0  0578 

-0.00034 

-0. 00395 

12 

0  .C+745 

C . 019  10 

0. 00553 

-0.00C33 

-0.0  037  9 

1  J 

0 . 04765 

0.019  15 

0.00531 

-0.00031 

-0.  00363 

14 

0  .  0^841 

0. 01927 

0.0051 1 

-0.  00  02  9 

-0. 00350 

15 

0 .04913 

0.01944 

0. 00494 

-0.  000^7 

-0 ,003j9 

16 

0  .05000 

0. 01968 

0.0C477 

-0. 00025 

-0.00329 

17 

0 .05102 

0.01996 

0. 00463 

-0.00023 

-0 . 00320 

ia 

0  .05220 

0 . 02033 

0.004o0 

-0. C0020 

-0. 0031^ 

19 

0  .05354 

0 .02075 

0.00439 

-0.00C1 7 

-0.00306 

20 

0  .05505 

0.02122 

0. 00426 

-0.00014 

-0. 00500 

21 

0 .05673 

0.021 75 

0.00419 

-0.00010 

-0.00294 

^^ 

0 . 05860 

0.02235 

0. 004  10 

-0. 00007 

-0.00289 

23 

0  .06066 

0. 02300 

0.00403 

-0. 00CD3 

-0.00285 

^4 

0  .  0  o  2  9  2 

0 . 02373 

0.C0397 

0.C000  1 

-0.00280 
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TABLE  112 

The  Integrals  J    ,  J    for  the  Fluid 
s n — j n — 

of  Table  19 


j(n;620)    j(n;64  0J 


0 

-0.01498 

-0.02022 

1 

-0.01913 

-0.C 1807 

2 

-0.02094 

-0-0 1691 

3 

-0.02178 

-0.0 162  1 

* 

-0.0^222 

-0*01575 

5 

-0. 02249 

-0.0  1541 

6 

-0. 02270 

-0.0  1516 

7 

-0.02291 

-0*0 1493 

8 

-0. 02314 

-0.01464 

9 

-0. 02340 

-0.01476 

10 

-0.02371 

-0.01472 

i  1 

-0. 02406 

-0-0 147J 

12 

-0.02447 

-C-01478 

13 

-0. 024v4 

-0.0 1*37 

14 

-0.  0254-7 

-0-01500 

15 

-0. 02607 

-0-01 51 8 

16 

-0.02674 

-0-0 1539 

17 

-0. 02748 

-0.0 1566 

16 

-0. 02830 

-0.01 596 

19 

-0. 02921 

-0.01632 

20 

-0.03021 

-0-0 1672 

21 

-0.03131 

-0-0  1717 

^2 

-0. 03252 

-0-0 1763 

23 

-0. 03364 

-0.01824 

24 

-0.03529 

-0.0 1 ooo 
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TABLE  113 


-m.   T      -,   T000    t222  ,     .      ,  T 
The  Integrals  J    -  J    for  a  Lennard-Jones 
e n . —^ _ 

plus  Anisotropic  Overlap  Fluid,  pa  =  .85, 
kT/e  =  1.291,  6  =  0.10 


j(n;oqo>    j(n;^oo)    j(n;^20)    j<n;221)    j(n;222) 


c 

•  •  •  • 

-0. 0  1452 

0. 00475 

0.00002 

-0 .00 137 

1 

•  •  •  • 

-0.0161 8 

0. O0697 

-0.00071 

-0. 00153 

2 

•  •  •  • 

-C .0 1861 

0. 00763 

-0.000o2 

-0. 00121 

3 

•  •  •  • 

-0.02126 

0. 00730 

-0.00026 

-0. 00107 

4 

1  ,2683-> 

-0 .02387 

0.00738 

0.00009 

-0.00092 

5 

0  .76245 

-0.02651 

0.0  0799 

0.00042 

-0.00079 

6 

0 .58975 

-0 .02855 

O. 0031  8 

0.00068 

-0.00063 

7 

0  ,500->0 

-0.03059 

0.0  08  43 

0.00089 

-0.00059 

b 

0  .44451 

-0 . 03^46 

0. 00875 

0.00105 

-0.00051 

9. 

C .40  5J4 

-0.03419 

0.00912 

0. 0011 9 

-0  .00043 

10 

0  .3  7642 

-0 .03583 

0.00933 

0.00130 

-0. 00040 

11 

0  .35410 

-0.03741 

0.C0993 

0.00139 

-0. 0C036 

12 

0  .33647 

-0.0389  7 

0.  Oil  0  47 

0.0C148 

-0. 00033 

13 

0 ,3223b 

-0. 04053 

0.01 099 

0.00  155 

-0.00030 

14 

0.31103 

-0. 0421  1 

0.0 1 154 

0. 00165 

-0. 00028 

15 

0.30195 

-0 .04375 

0.01215 

0.00170 

-0.0C026 

lb 

0 . 29473 

-0 . 04545 

0.0  1276 

0.00177 

-0.0002* 

17 

0 .23924 

-0. 04724 

0.01343 

0.CC184 

-C. 00023 

18 

0 .28513 

-0 .04915 

0.01414 

0.00192 

-0.00021 

19 

0 .23251 

-0. 051 14 

-0.  01439 

0.00200 

-0  .00020 

<±0 

0  .280oo 

-0 .05329 

0.  01569 

0. 00208 

-0.0001 9 

21 

0.2801 1 

-0. 055  3  0 

0.0 1654 

0.C0217 

-0.00013 

22 

0 .28057 

-0.05807 

0. 01744 

0. 00226 

-0.00013 

23 

0  .23202 

-0.06073 

0.0 1839 

0. 00236 

-0.000 17 

24 

0  .^8442 

-C  .  0t>5=>9 

0. 01940 

0.0024  7 

-0.00017 
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TABLE 

114 

400 

440    ,. 

The   Inte 

igrals  J 

J          for   the 

Fluid 

n 
of   Table 

n 

!     113 

N 

j(  n; hOO  ) 

J (N  ;420 ) 

JIN; 421 ) 

J (N;422) 

J (N  J440) 

0 

0 .CC291 

-0. 00736 

-0.00204 

-0.00261 

-0. 00595 

1 

0.0019-5 

-C  .00454 

-0.00  166 

-0.0C232 

-0 .00424 

2 

O.OOlao 

-0. 005 15 

-0.00  1  49. 

-0.00209 

-0.00316 

3 

0.00149 

-0. 00255 

-0. 00 141 

-0.0C1 91 

-0.00244 

4 

0.00157 

-0 .0022o 

-0.00136 

-0.00 178 

-0.00194 

5 

0  .00171 

-0 . 002 19 

-0. 00133 

-0.001 56 

-0.00157 

6 

Q-.0016  J 

-0  .00219 

-0.  0,0129 

-0. 0C160 

-0.001<i9 

7 

0  .00209 

-0.00225 

-0. 00 126 

-0.00154 

-0.00107 

a 

0  .00231 

-0 . 002  52 

-0.00122 

-0. 00150 

-0. 00090 

5» 

0  .00254 

-C .00242 

-COO  119 

-0.00146 

-0.00075 

10 

0  .0  02  7  6 

-0 . 00255 

-0. 00  116 

-0.00144 

-0.00083 

1  1 

0  .00304 

-0.0  0^64 

-0.00114 

-0.0C142 

-0.00052 

12 

C .0  OjjI 

-0. 00277 

-0.00  111 

-0.03141 

-0.00042 

U 

0 .00359 

-0.0  0  29  1 

-0. 001 10 

-0. 00140 

-0.00033 

I  4 

0 .00390 

-0  .  OOJOo 

-0.00109 

-0. 00140 

-0.00023 

15 

0 .004^^ 

-0. 00522 

-0. 001 C9 

-C. 00140 

-0.00014 

16 

0.00456 

-0.  00339 

-0.00110 

-0.00140 

-0.0030* 

1  7 

0 .00492 

-0  .00359 

-0.00111 

-0 .00141 

C. 00005 

18 

0 .00531 

-0.0  03  7  9 

-0.001 13 

-0.0C142 

O.OOOlo 

19 

0 .0057^ 

-0. 00402 

-0.00  115 

-0.00  1 45 

0.0C027 

^C 

0 .00617 

-0 . 00427 

-0. 001 19 

-0.00144 

0 .000 j8 

21 

0 .00664 

-0.00454 

-0. 00 122 

-0.0014O 

0. 00050 

22 

0 .00715 

-0 .00453 

-0.0  0127 

-0.00147 

0.0C063 

^J 

0 .00770 

-0. 0051 5 

-0.00 132 

-0.00149 

0.00077 

24 

0 .0  0829 

-0 . OObSO 

-0. CO  138 

-0.00151 

0.0C092 
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TABLE 

115 

441 

600    n 

The   Int* 

egrals   J 

J          for    the 

Fluid 

n       ■        u 
of   Table   113 

N 

J( n; 441 ) 

J( Ni442) 

J(N; 443) 

J(N; 444) 

J(N;600) 

C 

0  .00105 

0.00599 

0.000^2 

0.00365 

-0 .00323 

1 

-0  .00051 

C  .00187 

0. 00004 

0.00239 

-0 . 0C385 

2 

-0  .001  16 

-0.000  13 

-0.00025 

0.00162 

-0. 00400 

3 

-0  .00138 

-0.00105 

-0.00045 

0.00120 

-0.00393 

4 

-0  .00139 

-0.00142 

-0.00057 

O.O0C93 

-0.00377 

3 

-0 .00131 

-0 .0C151 

-0. 00054 

0.00086 

-0.00353 

6 

-0.00119 

-0. 00146 

-0. 00067 

0.00080 

-0.00340 

7 

-0  .0  C106 

-0.00135 

-0.000o6 

0.00078 

-0.00325 

6 

-0  .00093 

-0.00121 

-0. C0067 

0.00C79 

-0.00312 

9 

-0  .00080 

-0.00107 

-0.0  0066 

o.ocoai 

-0  .00303 

10 

-0  .0  006  i 

-0  .00092 

-0. 00064 

0.00084 

-0.00296 

1  I 

-0  .00058 

-C  .00076 

-0.00C63 

G.C0C37 

-0.00291 

12 

-0  .00049 

-0. 000b5 

-0. 00062 

0.00092 

-0.00239 

13 

-Q. 00040 

-0  .00053 

-0. 0  0061 

0.00C96 

-0.00283 

14 

-0 .00032 

-0. 0  0  041 

-0.00061 

0.C0102 

-0.00289 

15 

-0  .00026 

-0. 00031 

-.0.00062 

0.00103 

-0.  00292 

16 

-0  .00018 

-0  .0002  1 

-0  .000o2 

0.001 14 

-C.0029O 

17 

-0 .0001  1 

-0.0001 1 

-0. 000b4 

O.GO 1 21 

-0  .00301 

18 

-0  .00005 

-0.00C02 

-0. C  OOoo 

0.0C12G 

-0.  00303 

19 

C  .00000 

0.00006 

-0. COO  70 

0.00136 

-0.00515 

20 

0  .00005 

0. 00014 

-0.  00074 

0.00 144 

-0.00o24 

21 

0  .0001  1 

0  .00022 

-0.00080 

0.00154 

-0.00335 

22 

0.00015 

0.00029 

-0. 00C86 

0.00 164 

-0.00546 

23 

0  .00020 

0 . 00086 

-0.  000  95 

0.001 74 

-0. 00359 

2* 

0  .00C2o 

0 .00043 

-0.O0105 

0.00136 

-0.00373 
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TABLE    116 

620 

660    r 

The 

Integrals  J 

-  J          for 

the  Fluid 

it ii 

of   Table   113 

N 

J (n; 620) 

J(N; 640) 

J(N;660) 

C 

-C. 00  1  1  1 

0.00076 

-0.00898 

1 

-0. 00140 

0.00063 

-0.00636 

2 

-0.00  1^2 

0.00057 

-0.00490 

3 

-0. 00132 

0.0005Q 

-0.00406 

■* 

-0.00119 

0.00056 

-0.00355 

5 

-0.00106 

0.00057 

-0  .0032J 

6 

-0.00093 

0.00053 

-0.00302 

7 

-0.00061 

0*00063 

-0  .00288 

6 

-0. 00072 

0.00061 

-0  .00277 

9 

-0. 00063 

0.0C063 

-0  .  00270 

to 

-0.0  0  056 

0  i  0  0  0  6  5 

-0  .00265 

1  1 

-C. 00050 

0.00066 

-0.00261 

12 

-0. 00045 

0.00071 

-0  .00258 

1  5 

-0. 00040 

0*00075 

-0.00257 

1  4 

-0. 00036 

0.00077 

-0.00256 

1  s 

-0.00033 

0.00060 

-0.00256 

16 

-  0. 00050 

0.00064 

-0  .00256 

17 

-0.00027 

CO  0  089 

-0  .00257 

1  a 

-0.00C25 

0  .00093 

-0  .00259 

1  9 

-0.00023 

0.C0099 

-0  .00262 

20 

-0.00021 

0.0010<+ 

-0.00265 

21 

-0.  00020 

0.00  110 

-0.00268 

22 

-0. 00018 

0.00117 

-0  .00272 

Z3 

-0.00016 

0.00124 

-0  .00277 

24 

-0.00015 

0*00152 

-0  .00283 

345 


TABLE 

117 

The  Integi 
plus  Ani: 

1          T000            T22 

:als   J          -  J 
n n- 

;otropic  Overls 

'2 

for  a  Lennard-Jones 

3 

ip   Fluid.      pa 

=    .85, 

kT/e  =  1.287, 

,    6  ■   0.30 

■ 

N 

J<  n; 000 ) 

J(N;200 } 

J<N;220) 

J(N;221 ) 

J(N',222) 

0 

*    ft    •    * 

-0.  07620 

0.09534 

0. 03353 

0. 00746 

1 

•    •    •  • 

-0.0  7C97 

0.09093 

0.02797 

0.00732 

2 

•   •    •   » 

-0. C7581 

0. 08823 

0.02366 

0.00741 

3 

•    •    ft  * 

-0.  08490 

0.  08739 

0. 02030 

0. 00758 

4 

1  .2  t'^09 

-0.09553 

0.08319 

0.01767 

0.00779 

5 

0  .78573 

-0 . 1 0652 

0. 09041 

0.01556 

0.00803 

6 

0  .62071 

-0 .  1  1743 

O. 09382 

0.01391 

0.00828 

7 

0 .53933 

-0. 12621 

0. 09829 

0.01256 

0.00857 

B 

0  .49194 

-0. 13895 

0. 10374 

0. 01 146 

0.00888 

9- 

0  .46219 

-0. 14982 

.0. 11013 

0.01 056 

0. 00924 

10 

0  .44318 

-0.161 08 

0.  1  1747 

0.00982 

0.00964 

1  i 

0 . 431 5* 

-0. 17275 

X).  1^578 

0. 00920 

0.0  1009 

12 

0 .42545 

-C . 1 851 9 

0.  13514 

0 .00868 

0.C1060 

1  3 

0 .42387 

-0.  19855 

.0  .  14564 

0. 00825 

0.01118 

14 

0 .42620 

-0.21301 

0.15737 

0.00790 

0.01 183 

1  5 

0 . 43206 

-0. 22380 

0. 1 7  04  9 

0.00760 

0.01255 

J  o 

0 . 441 28 

-0.2461  1 

0. 16513 

0. 007j5 

0.01337 

17 

0 .4  5381 

-0  .26520 

0.20149 

0.00716 

0.01*29 

13 

0.46966 

-0.26632 

0.21977 

0. 00700 

0.01532 

19 

0 .48395 

-0.30974 

0.24021 

0. 00686 

0.01647 

20 

0.51  137 

-0.33578 

0.26309 

0.00679 

0.01775 

21 

0  .53067 

-0.36481 

Dm  2  88  72 

0.00  673 

0.01920 

22 

0.56967 

-0.39722 

0.31 748 

0.00670 

0.C2081 

23 

0  .60526 

-0.43347 

0.34976 

0.00669 

0.02262 

2  4 

0  .64592 

-0.4  740  7 

0. 38605 

0. 00672 

0.02464 
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TABLE 

118 

The   Int 

1           T400 

egrals  J 

J          for    the 

Fluid 

— ** n 

of   Tabl 

n 
e   117 

N 

J  (  N ;  4  0  0  ) 

j( n;^20 ) 

J(N;421) 

J(N;422) 

J (N  ;A40 ) 

0 

0  .02677 

-0 .03674 

-0.0051 1 

0.0021  1 

0  .  01794 

1 

0  •  0  2  9  5  J 

-C. 03283 

-0.00366 

0.00064 

0 .01670 

2 

0 .0  33  5  9 

-0. 03166 

-0.00235 

-0. 00031 

0. 01580 

J 

0 .0 J30d 

-C. 03262 

-0.00242 

-0.00095 

0.0  1767 

4 

0  .04270 

-0. 03445 

-0.00221 

-0. 00142 

C. 0190 1 

5 

0 .04737 

-0 . 03702 

-0. 0021^ 

-C.001 78 

0.02069 

6 

0 .05212 

-C .040  15 

-0. 00210 

-0.00210 

0.02266 

7 

0  .05705 

-0.04378 

-0. 00213 

-0. C0239 

0. 02491 

a 

0  .06224 

-0 .04767 

-0.00218 

-0.C0267 

0 .02744 

9 

0  .06777 

-0. C5246 

-0.00224 

-0.00297 

0.C3028 

1  c 

0  .07376 

-G . 057o6 

-0.00232 

-0.00327 

0. 05348 

1 1 

0  .08023 

-0.06329 

-0. 00240 

-0. 00560 

0 .03708 

l  2 

0 .06744 

-0 . 06964 

-0. 002o0 

-0.00396 

0.041 13 

1  3 

0   .0  5  3J'» 

-0. 07673 

-0. C0260 

-0.00436 

0 .04569 

14 

0 .1 0409 

-0.08464 

-0 .00271 

-0.00478 

0.05083 

1  5 

0  . 1  I 3&d 

-0. 09349 

-0.00283 

-0.00525 

0.05664 

16 

0  .1 2465 

-0.  1 03*0 

-0. 00296 

-0.00577 

0 . 06320 

17 

0 . 15674 

-0. 1 1451 

-0.0031 1 

-C.C0634 

C .07062 

Id 

0  .  1  5027 

-0. 1 ^699 

-0.0C328 

-0. 00697 

C. 07  30  1 

1  9 

0 . 16542 

-0.141 02 

-0.0034  7 

-0.00  7e>7 

0.08353 

<LQ 

0  .  1  6242 

-C.  15D81 

-0. 00368 

-0.00644 

0.09  931 

21 

0 .20151 

-0.1 7461 

-0. 0C392 

-0.00929 

C. 11 155 

22 

0 .2^3CC 

-0.19470 

-0.  004^:0 

-0.C1C24 

0. 12543 

23 

0  .24720 

-0.21740 

-0.00451 

-0.01 1 26 

0. 14127 

24 

0  .27450 

-0  .24308 

-0.C0436 

-0.01 245 

0. 15927 

347 


TABLE 

119 

441 
The  Integrals  J_ 

J          for   the 

Fluid 

ii 

of   Tabl 

n 
e  117 

N 

j(  n;  44  1  ) 

J(N; 442) 

j (n; 443 J 

J(N;444) 

J(N  ;600) 

0 

-0  .00116 

-0. 00062 

0.00025 

0.00919 

-0.0  170  7 

1 

-0  .00162 

0.00075 

-0.0002^ 

0.00622 

-0.01993 

2 

-0  .00173 

C  .00162 

-0.0.0  0  39 

0. 00459 

-0.02177 

j, 

-0  .00167 

0 .002  12 

-0. 00041 

0.0  03  72 

-0.02319 

4 

-0  .00151 

0.00242 

-0. 00036 

0.00328 

-0.02449 

5 

-0.00  131 

C . 00262 

-0.00029 

0.0031 1 

-0.02587 

6 

-0.00  110 

0 .00278 

-0.00021 

0.00509 

-0. 02741 

7 

-0  .0003d 

0.00292 

-0.00014 

0.00320 

-0. 02520 

8 

-0.00067 

0.  00306 

-0.00007 

0.00340 

-0.03126 

9 

-0  .00047 

0.0032  1 

-0.  00001 

0.00367 

-0.U3364 

1  0 

-0  .0  0026 

C .00337 

0. 00004 

0.00403 

-0.03O37 

1  1 

-C  .00009 

0.00355 

0.00003 

0.00446 

-0  .03950 

12 

0  .0  00  0  9 

0  .00375 

0.0001 1 

0.00493 

-0. 04306 

1  3 

0  .000<dd 

0. 00396 

0.00014 

O.OOSoO 

-0  .0471  1 

14 

0  .00047 

0. 00420 

0.00016 

0. C0633 

-0. 05 170 

1  5 

0  .00067 

0  .004.4-6 

0.000  18 

0. 00719 

-0 .05690 

16 

0.00067 

0.  00474 

0.00019 

0.0082C 

-0 . 06278 

1  7 

0.0010  3 

0.00506 

0.00019 

0.009J8 

-0. 06945 

1  8 

0  .0C13J 

0.0054  1 

0.0001 9 

O.C 1C75 

-0 . 07599 

1  5 

0  .00160 

0.00579 

0.00013 

0.01235 

-0. 08532 

2G 

0  .00183 

0.0062  I 

0.C0016 

0.C1424 

-0 . 09520 

21 

0  .002^1 

0 . 0C663 

0.00014 

0.01 644 

-0 . 106  16 

22 

0  .00257 

0.C0720 

0. 00010 

0.  01900 

-0.11 360 

23 

0  .002V7 

0 .00776 

0. 00006 

0.02201 

-0. 13271 

24 

0.C0344 

0  .00639 

0. 00000 

0.02552 

-0 . 14875 
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TABLE  120 

The  Integrals  J620  -  J660  for  the  Fluid 
a n n 

of  Table  117 


N      J  IN; 620)     J(N;640)     J(N;660) 


0 

0. 00973 

-0 .0  0940 

0.00263 

1 

0.01127 

-0,00666 

0  .00289 

2 

0. 01276 

-0*00846 

0.00313 

3 

0. 01 4^5 

-0*00866 

0  .00343 

4 

0.0 1584 

-0*00915 

0  .00362 

5 

0.  01  75<+ 

-0*  00988 

0.00430 

6 

0.01 939 

-0.01082 

0.  .  0  C  4  8  3 

7 

0. Qdi^J 

-0.0  1  197 

0  .00555 

a 

0.0<iJo8 

-0.01332 

0  .00654 

9 

0. 02618 

-0.014  67 

0.00724 

10 

0.02697 

-0.01666 

0  .00823 

i  i 

0. 03^C9 

-0.0  1 3o9 

0.00946 

12 

0.03556 

-0  .02101 

0  .01080 

1 J 

0. 03951 

-0.02 J64 

0 .01234 

14 

G. 04393 

-0»026o3 

0.01409 

15 

0. 04891 

-0.03003 

0.01609 

1  6 

0. 05452 

-0.03338 

0.01833 

17 

0.06067 

-0*03627 

0.02099 

1  3 

0. 06605 

-0.04325 

0.02393 

19 

0.0761 7 

-0.0439J 

0  .02740 

20 

0.08539 

-0.  05540 

0  .05132 

21 

0. 0  9565 

-0.06273 

0 .03561 

22 

0. 1 0772 

-0.07121 

0  .04093 

2-3 

0. 12123 

-0.06  063 

0  .04691 

24 

0. 13661 

-0.0916^ 

0  .05375 

APPENDIX  J 
VALUES  OF  THE  SITE-SITE  CORRELATION  FUNCTIONS 
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TABLE  Jl 
Site-Site  Correlation  Function  for  Lennard-Jones 


plus  Quadrupole  Fluid  with  l/o  =   0.3292, 
kT/e  =  1.277,  pa3  =  0.85,  Q/(ea5) 


=  0.5 


R/SIGMA        SITE     G 


R/SIGMA        SITE    G 


o  .eco 

0.000 

0  .625 

0.001 

C  .650 

0.005 

0  .675 

0  .015 

0.700 

0.  037 

0  .725 

0.  077 

0  .750 

0.141 

0.775 

0  .238 

0  .80  0 

0  .360 

0  .325 

0.493 

0  .850 

0  .646 

0  .  6  7  o 

0.300 

0  .900 

0  .933 

0  .925 

1  .068 

C  .950 

1  .  1  77 

0  .975 

1  .273 

1  .000 

1  .358 

1  .025 

1  .429 

1  .050 

1  .489 

1  .075 

1  .528 

1.100 

1  .  540 

1  .125 

1  .561 

1  .  150 

1  .551 

1.175 

1.519 

1.200 

1  .489 

1  .225 

1  .433 

1  .250 

1  .  355 

1  .275 

1  .265 

1  .  300 

1  .  180 

1  .325 

1  .092 

1  .350 

1.018 

1  .375 

0.949 

1  .400 

0  .  892 

1  .42  5 

0  .645 

1  .450 

0.309 

1  .475 

0.776 

1  .500 

0.767 

1  .523 

0.751 

1  .5-j0 

0  .743 

1  .57=> 

0.  746 

1  .600 

0.752 

1  .62  5 

0  .769 

1  .650 

0.759 

1  .675 

0.311 

1  .700 

0  .829 

1  .7^5 

0.661 

1  .750 

0  .  666 

1  .775 

0.917 

1  .800 

0.955 

1  .825 

0.  930 

1  .  350 

1.013 

1  .875 

1  .042 

I  .900 

1  .064 

1  .925 

1  .036 

1  .950 

1  .1  07 

1  .975 

1.121 

2.000 

1.134 

2.025 

1.139 

2.050 

1  .139 

2.075 

1.137 

2.100 

1.  132 

2.125 

1.125 

2.  150 

1.113 

2.175 

1  .094 

2  .200 

1  .078 

2.225 

1  .  059 

2.250 

1  .  037 

2.275 

1.018 

2.300 

1  .  000 

2.325 

0.  963 

2.  350 

0.96  7 

2  .j75 

0.953 

2  .400 

0.943 

2.425 

0.936 

2.450 

0.930 

2.475 

0.927 

2.  500 

0.  919 

2.525 

0  .  92  5 

2.550 

0.923 

2.575 

0.  927 

2.600 

0  .935 

2.625 

0.9<+3 

2.650 

0  .953 

2.675 

0.  955 

2.700 

0.969 

2.725 

0.932 

2.750 

0  .992 

2.775 

1  .002 

2.800 

1.010 

2.  825 

1  .020 

2  .  850 

1  .027 

2.675 

1  .034 

2.900 

1  .039 
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TABLE  J2 
Site-Site  Correlation  Function  for  Lennard-Jones 


plus  Quadrupole  Fluid  with  i/o  =   0.2955, 
kT/e  =  0.765,  pa3  =  0.931,  Q/Cea5)1'2 


=   0.707 


R/SIGMA        SITE     G 


R/5IGMA        SITE     G 


.600 
.625 
.650 
.675 


0  .700 
0  .72a 
0  .750 


.775 

.600 
8^5 
0.650 
C  .  8  7  5 
C  .900 

0  .9<i5 
0.950 

•  75 
.000 
,025 

1  .050 
1  .075 

100 
125 
150 
175 
.200 
,225 
.250 
.2  75 
.300 
,325 
.350 
375 
.40  0 
,12.5 
.450 
.475 
50  0 
525 
550 
.575 
.600 
.625 
.650 
.675 
70  0 
.725 
.76  0 


0 
0 

0 


0 

1 
1 


.0 

.0 

.000 

.001 

.  004 

.022 

.070 

.  175 

.356 

.  592 

.670 

.111 

.505 

.433 

.4  94 

.524 

.  t>35 

.551 

.581 

.617 

.661 

.716 

.718 

.656 

.  551 

.406 

.257 

.122 

.939 

.871 

.767 


0.729 


.6  64 
.050 
.629 
.626 
.6j0 
.  b44 

.D38 

.685 
.714 

.750 
.796 

.840 
.684 
.923 


1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 


2< 

2  , 
2, 
2, 


.775 

.800 
.825 
.830 
.875 
.900 
.925 
.950 
975 
000 
025 
050 
2.075 
2.100 
125 
1  50 
1  75 
200 
2.225 
2.250 
2.275 
2.300 
2.325 
2  .35C 
2.375 

2  .425 
450 
475 
500 
525 
550 
57o 
.600 
.625 
.650 
.675 
.700 
.725 
.750 
.775 
.800 
.62t> 
.850 
.375 
.900 


2 

2 
c   i 

2, 

2, 

2 


970 
015 
052 
035 
119 
150 
172 
195 
.21  0 
1  .228 
I  .229 
,225 
.205 
l3o 
158 
133 
100 
.059 
.029 
0.998 
0  .  959 
0.933 
0  .909 
0.88  9 
0  .86  9 
0.360 
0  .  85o 
0  .655 
0  .856 
0.859 
873 
839 
907 
922 
94  4 
.965 


0 

1 

1  , 

1 

1 

1 

1 

1 

1 


0 
0 

o 

0 
0 

0 


0.933 


1  .004 
1  .020 
1  .037 
1  .052 
1  .  070 
081 
.088 
090 
091 
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TABLE  J 3 
Site-Site  Correlation  Function  for  Lennard-Jones 


plus  Quadrupole  Fluid  with  Z/o   =  0.3292, 

1.0 


kT/e  =  1.294,  pa3  =  0.85,  Q/(ca5)1/2 


R/S  1GMA 


SI  TL 


ri/SIG'^A    3  I  T : 


0  .  600 

0  .0 

C  .  6  2  5 

:  .go  j 

C  .650 

C.  001 

0  .6  75 

G  .  0  0  2 

0  .700 

0.003 

0  .725 

0.  041 

0  .750 

0  .  1  0  H 

0.  775 

0.236 

0  .80  0 

0.433 

C  .825 

0  .661 

0.  35  0 

0.  d67 

o  .575 

1  .043 

0.900 

1.165 

0.925 

1.226 

0  .?50 

1  ,d47 

0.97  5 

1.^56 

1  .000 

1  .250 

1  .025 

1  .263 

I  .  050 

1  .  2  '3  1 

1  .075 

1  .  322 

1.100 

1  .5  93 

1.125 

1  •  442 

1.150 

1  .  ■oOzi 

1  .  1  75 

1  .523 

1  .2  00 

1  .  309 

1  .225 

1  .(.bt 

1  .  2  5  C 

1  .o70 

1  .275 

1  .  2  6  o 

1  .300 

I  .  174 

1  ,3Z=> 

.  1  .  061 

1  .350 

C  .  -^  9  3 

1  .37a 

0.940 

1  .4-0  0 

0.  392 

1  .425 

C  .  34  5 

1  .450 

C.  307 

1  .475 

0.  792 

1  .50  0 

0  .775 

1  .525 

0.771 

1  .550 

0  .  779 

575 

,600 


1  .o2: 


.6bu 
.67  3 
.700 
.725 
.75  0 
.  775 
.600 
•  625 
.  35  0 
.37  5 
.900 
.925 
.950 
.975 
.000 
2.C25 
2.  050 
2  .075 
2.100 
2.125 
2.150 
2.  1  75 
2.  20  C 
<_.223 
2.^50 
2  .  2  7  '3 
^.300 
2.325 
2.550 
2.375 
2.400 
2  .425 
2.450 
2.475 
2.50  0 


0 

.  773 

g 

.735 

0 

.304 

c 

.821 

0 

.344 

0 

.357 

~> 

.  333 

J 

.902 

0 

.3  2; 

Q 

.9  50 

2 

.934 

.00  9 

.032 

.0  54 

.07E 

.094 

.10  5 

.  124 

.12  3 

.151 

.  1  2^ 

.115 

.1  03 

•  095 

.07  5 

.051 

.  J  4  d 

.  030 

.01^ 

c 

.937 

0 

.9  32 

c 

.96  s 

o 

.35  9 

0 

.  351 

0 

.945 

■  ~\ 

.333 

.  335 
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TABLE  J  4 


Site-Site  Correlation  Function  for  Lennard- Jones 
plus  Anisotropic  Overlap  Fluid  witft  i/e   =  0.3292, 
kT/e  =  1.291,  po3  ■  0.85,  6  =  0.1 


R/SIGMA 


SI  TE    G 


H/SIGMA        SITE    G 


0.600 

0  .0 

0.  625 

0.  000 

0.650 

0  .003 

0.675 

0.011 

0.  700 

0.033 

0.725 

0  .075 

0.  750 

0.  1  32 

0.  775 

0.210 

0.300 

0  .332 

C.  825 

0.463 

0.850 

0  .601 

0.  8^5 

0.750 

0.900 

0.899 

0.925 

1  .047 

0.  950 

1  .  1  90 

0.  975 

1  .  305 

1  .  000 

1  .430 

1.  025 

1  .518 

1  .050 

1  .578 

1  .  075 

1.617 

1  .  100 

1.613 

1.125 

1  .610 

1.150 

1  .  565 

1  .  175 

1.503 

1  .200 

1  .446 

1  .  225 

1  .369 

1  .  250 

1  .296 

1  .  275 

1.215 

1.  300 

1.142 

1  .  325 

•  1 .065 

1  .  350 

0.  998 

1  .  375 

0.938 

1  .400 

0  .880 

1  .  425 

0.835 

1  .4^0 

0  .800 

1  .475 

0.  778 

1  .  500 

0.758 

1  .525 

0  .751 

I  .  553 

0.  751 

1  .  575 

0.  757 

1  .  600 

0.770 

1  .625 

0.776 

1  .650 

0.  7  95 

1  .  675 

0.  821 

1  .  700 

0.840 

1  .  725 

0  .872 

1  .  750 

0.  398 

1  .775 

0.  523 

1  .300 

0.958 

1  .825 

0.  595 

1  .850 

1  .021 

1  .375 

1  .049 

1  .900 

1  .  068 

1  .925 

1  .094 

1  .95  0 

1.104 

1  .975 

1.121 

2  .000 

1.128 

2.  025 

1.137 

2.050 

1  .  135 

2.075 

1.131 

2.100 

1  .  129 

2.125 

1.114 

2.  150 

1.103 

2.175 

1  .083 

2.20  0 

1  .066 

2.225 

1  .  049 

2  .250 

1  .034 

2.275 

1.016 

2  .300 

0.995 

2.325 

0.985 

2.  350 

C.967 

2.375 

0  .957 

2.400 

0.945 

2.425 

0.936 

2  .450 

0  .928 

2.475 

0.923 

2.500 

0.  927 

2.525 

0.929 

2.550 

0.932 

2.575 

0  .934 

2.600 

0.941 

2.625 

0.944 

2.650 

0  .953 

2.675 

0.961 

2.700 

0.973 

2.725 

0.982 

2. 750 ■ 

0.  994 

2.775 

1  .001 

2.800 

1  .009 

2.825 

1.016 

2  .  850 

1  .0  18 

2.875 

1  .020 

2.900 

1  .015 
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TABLE  J 5 

Site-Site  Correlation  Function  for  Lennard-Jones 
plus  Anisotropic  Overlap  Fluid  with  l/o  =   0.3292, 
kT/e  =  1.287,  pa3  =  0.85,  6  =  0.3 


R/ SIGMA 


IT; 


R/SIGMA   SITE  G 


.600 
.625 
.650 
.675 

.700 
•  7  <_  j 
.750 
0.775 
0  .800 
0  .82  5 
0.850 


.675 
.900 
.925 
.950 
.975 
.000 
.025 
.0  50 
.075 
.  100 
*12o 
.  150 
.175 
.200 
.22b 
.2  =  0 
.275 
.300 

•  325 
.350 
.375 

.400 

.425 
.450 
.475 
.500 
.  525 
.550 
.575 
.600 
.625 
.650 

•  675 
.700 
.725 
.750 


0.0 

0  .0 

0.000 

0.001 

0  .006 

0.  023 

0.058 

0  .130 

0.236 

0  .411 

0  .622 

0  .346 

.079 

.2  32 

.  428 

.530 

•  585 

.597 

.  567 

.567 

.544 

.510 

.456 

.3  93 

.323 

.  252 

.  1  85 

.  129 

.  065 

.016 

0.962 

0  .916 

0.  665 

0.843 

0  .317 

0.795 

0.780 

0  .76  6 

0.  766 

0.  766 

0.793 

0.610 

0  .  825 

0  •  353 

0  .379 

0.909 

0.  937 


1  .775 

0.966 

1  .800 

0.  998 

1  .825 

1.025 

1  .850 

1  .  055 

1  .875 

1  .075 

1  .900 

1  .091 

1  .925 

1.103 

1  .950 

1.110 

1  .975 

1.116 

2.000 

1  .  120 

2.025 

1.12  1 

2.050 

1.105 

2  .075 

1.100 

2.100 

1  .034 

2.125 

1  .070 

2.150 

1  .056 

2.  175 

1  .  048 

2  .200 

1  .041 

2.225 

1.021 

2.250 

1.010 

2.275 

0.993 

2.500 

0.930 

^.^>^Zi 

0.967 

2  .350 

0.955 

2.375 

0  .948 

2  .400 

0.943 

2  .426 

0.  94  1 

2  .450 

0.943 

2.475 

0.94C 

2.500 

0.944 

2.525 

0.  949 

2.550 

0.953 

2.575 

0  .  95^ 

2.600 

0.963 

2.625 

0.966 

2  .650 

0.978 

2  .675 

0.935 

2.700 

0  .995 

2.725 

1  .000 

2.750 

1  .005 

2.775 

1.013 

2.800 

1.014 

2.  825 

1  .015 

2  .650 

1.015 

2.  875 

1.016 

2.900 

1.011 

APPENDIX  K 
VALUES  FOR  THE  INTEGRAL  HJ'   ' 

Table  Kl  gives  values  for  the  single  integral  H^  '    defined 
in  Equation  (3-34).   Values  for  the  Lennard-Jones  (12,6)  radial  dis- 
tribution function  were  taken  from  the  molecular  dynamics  study  by 
Verlet  [  32  ] .   To  facilitate  interpolation  between  these  values  for 
the  state  conditions  used  by  Verlet,  the  results  in  Table  Kl  have 
been  fitted  to  the  following  empirical  equation: 


*   *       *2  *      *2  *  *      *  *  ,„,s 

In   Hn(p  ,T  )  =  Anp  ZT  +  Bnp   +  CnP  T  +  DnP   +  EJ  +  Fn       (Kl) 


Note  that  Equation  (Kl)  is  distinct  from  Equations  (El)  and  (G2) .   The 
constants  in  (Kl)  have  been  determined  by  a  least  squares  fit  and  are: 


A11,B11,Cn,D11,E11,-Fn  =  -1.33992,  1.02377,  1.40226, 

-1.00751,  -0.586969,  -3.30900         (K2) 


Values  for  H   for  p   =  0.85,  T  =  0.658  and  p   =  0.65,  T   =  1.827  do 
not  fall  on  any  smooth  curve  through  the  others  and  are  therefore 
omitted  from  Table  Kl  and  in  fitting  the  constants  in  Equation  (K2) . 
The  maximum  deviation  for  the  predictions  of  Equations  (Kl)  and  (K2) 
is  less  than  1.7%  of  the  values  in  Table  Kl. 
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TABLE  Kl 

The  Integral 

H^2'6)  for 

Pure  Fluids 

* 

P 

* 

T 

u(12,6) 

Hll 

.88 

1.095 

.02171 

.88 

.936 

.02314 

.88 

.591 

.02599 

.85 

2.888 

.01129 

.85 

2.202 

.01463 

.85 

1.273 

.02051 

.85 

1.127 

.02194 

.85 

.880 

.02363 

.85 

.786 

.02446 

.85 

.719 

.02502 

.824 

.820 

.02419 

.75 

2.845 

.01349 

.75 

1.304 

.02113 

.75 

1.070 

.02260 

.75 

.827 

.02392 

.65 

3.669 

.01204 

.65 

1.584 

.01982 

.65 

1.036 

.02268 

.65 

.900 

.02348 

.50 

1.360 

.02101 

.45 

2.934 

.01464 

.45 

1.710 

.01960 

.45 

1.552 

.02005 
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